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Anomalies: a very quick introduction
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An anomaly is the quantum breaking of a classical symmetry.

Anomalies can be of two very different kind:

They affect a nonfundamental symmetries, e.g.

Scale invariance

Global symmetries

These anomalies are at the origin of very interesting physical phenomena:

asymptotic freedom,                 , anomaly matching…
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They affect local (gauge) invariances, e.g.

Gauge anomalies

Gravitational anomalies

These are very dangerous anomalies that have to be cancelled.

The nasty type

Unphysical (ghost) states do not decouple and the whole theory becomes 
inconsistent.
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“Good” anomalies
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This invariance is broken by quantum corrections. Regularization and 
renormalization requires the introduction of an energy scale that breaks 
scale invariance. At one loop:

Consider a massless ϕ4 theory: classically it is scale invariant:

First example: Scale invariance

12.3 The φ4 Theory: A Case Study 239

(12.31)

The factor of 1
2 is a symmetry factor. We can take advantage of the calculations made

in the previous section to isolate the divergent part of the diagram as d → 4

(12.32)

To cancel this divergence we add a counterterm −1
2δm2φ2 to the Lagrangian density

where δm2 is given by
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Adding this counterterm means to include in the Feynman rules a new vertex with
two external legs

(12.34)

Its contribution to the two point function to order λ exactly cancels the divergent part
of the one loop diagram (12.31). There is of course an ambiguity in the definition
of the counterterm because in addition to the pole we could also have subtracted a
finite part. For the time being, however, we choose not to do so.

The next divergent diagram in the φ4 theory comes from the one-loop calculation
of the four-point function. In fact there are three diagrams contributing at order λ2

(12.35)

The last two diagrams differ in a permutation of the momenta p3 and p4. Since
the corresponding legs are attached to different vertices the two diagrams are topo-
logically nonequivalent. Applying the Feynman rules listed above, we find that the
contribution of these three diagrams can be written as

(12.36)
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1 Generalities about anomalies

1.1 What is an anomaly?

Symmetries are at the cornerstone of modern physics. It can be said that the success of particle
physics is mostly based on the implementation of the notion of symmetry1.

Despite of this, there are situations in Quantum Field Theory (QFT) in which classical
symmetries clash with the quantization procedure. When this happens, the corresponding
symmetry of the classical Lagrangian cannot be implemented in the quantum theory. One
says then that the symmetry is anomalous or that there is an anomaly associated with this
symmetry.

To get a flavor of what we mean by this, we look at what maybe is the most obvious example
of an anomaly in QFT. We consider a massless �4 theory in four dimensions,
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Z
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This classical action is invariant under scale transformations acting as
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This simply reflects the fact that the theory does not have any dimensionfull parameter. A
mass term, for example, would break the invariance.

Quantizing the theory we find that some diagrams are divergent and need to be regularized.
After renormalization the coupling constant runs, i.e. its value depends on the scale of the
process under consideration. This is reflected in a nonvanishing beta function at one loop
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, (1.3)

that leads to the running
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Here µ0 is some reference scale at which the coupling constant takes the value �(µ0).

1For the time being we include under the label of symmetry both standard symmetries and gauge invariance.
Later we will make a crucial distintion between them.
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so physics at different scales “does not look the same”.

In QCD this quantum breaking of scale invariance is responsible for the 
most interesting features of the theory, such as asymptotic freedom 
and confinement. 

This results in the running of the coupling constant.

�(�) =
3~�2

16⇡2
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Second example: The axial anomaly

Let us look at QED:

The theory has a U(1) gauge invariance

with a conserved vector current

This current couples to a propagating gauge field and its invariance 
is crucial for the internal consistency of the theory (e.g. unitarity).

2 The axial anomaly

2.1 The symmetries of QED.

After this general discussion we particularize our analysis to quantum electrodynamics (QED),
with action

SQED =

Z
d

4
x
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 (x) �! e
i↵(x)

 (x), ↵(x) 2 R. (2.2)

accompanied by a gauge transformation of the vector potential

Aµ(x) �! Aµ(x) + @µ↵(x). (2.3)

If the fermion is massless, m = 0, the theory has an additional global symmetry consisting on
chiral phase transformations

 (x) �! e
i��5 (x), � 2 R. (2.4)

Applying Noether’s theorem, the massless theory has two classically conserved currents. One
is the vector current associated with phase transformations (2.2) with constant ↵

J
µ

V =  �
µ
 =) @µJ

µ

V = 0. (2.5)

This is the electromagnetic current coupling to the gauge field Aµ. Its conservation is crucial
for the gauge invariance of the theory. The second conserved current is the one associated with
axial-vector transformations (2.4)

J
µ
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µ
�5 =) @µJ

µ

A = 0. (2.6)

Unlike the vector current, this does not couple to any gauge field. For massive fermions, the
conservation of the axial current is classically broken and instead of (2.6) we have

@µJ
µ

A
= 2im �5 . (2.7)

In the quantum theory, conservation laws are codified in the Ward identities. In the case
of QED, there is a simple way to derive the Ward identities associated with the vector (gauge)
transformations by noticing that they reflect the invariance of physical amplitudes with respect

8

with (x) �! e�i↵ (x), (x) �! ei↵ (x), ↵ 2 R

2 The axial anomaly

2.1 The symmetries of QED.

After this general discussion we particularize our analysis to quantum electrodynamics (QED),
with action

SQED =

Z
d

4
x


�1

4
Fµ⌫F

µ⌫ +  (i@/ � m) � e /A 

�
. (2.1)

The theory is classically invariant under local phase transformation of the fermion field

 (x) �! e
i↵(x)

 (x), ↵(x) 2 R. (2.2)

accompanied by a gauge transformation of the vector potential

Aµ(x) �! Aµ(x) + @µ↵(x). (2.3)

If the fermion is massless, m = 0, the theory has an additional global symmetry consisting on
chiral phase transformations

 (x) �! e
i��5 (x), � 2 R. (2.4)

Applying Noether’s theorem, the massless theory has two classically conserved currents. One
is the vector current associated with phase transformations (2.2) with constant ↵

J
µ

V =  �
µ
 =) @µJ

µ

V = 0. (2.5)

This is the electromagnetic current coupling to the gauge field Aµ. Its conservation is crucial
for the gauge invariance of the theory. The second conserved current is the one associated with
axial-vector transformations (2.4)

J
µ

A =  �
µ
�5 =) @µJ

µ

A = 0. (2.6)

Unlike the vector current, this does not couple to any gauge field. For massive fermions, the
conservation of the axial current is classically broken and instead of (2.6) we have

@µJ
µ

A
= 2im �5 . (2.7)

In the quantum theory, conservation laws are codified in the Ward identities. In the case
of QED, there is a simple way to derive the Ward identities associated with the vector (gauge)
transformations by noticing that they reflect the invariance of physical amplitudes with respect

8



M.Á. Vázquez-Mozo                                                             Anomalies and Differential Geometry I                                          PhD Course, Universidad Autónoma de Madrid

In addition, we also have global axial-vector transformations

The associated conserved axial-vector current is conserved in the 
massless limit

In the quantum theory, both the axial and the vector-axial current are 
composite operators that need to be defined. 

The question is whether these operators can be defined to satisfy the 
quantum conservation equations

23

µ jµk x i hJk x (0.265)

S d4x
1
2 µφ µφ

g
4!
φ4 (0.266)

β g
3g2

16π2 (0.267)

g µ
g µ0

1 3
16π3 g µ0 log µ

µ0

(0.268)

µ JµV x ? 0 (0.269)

23

µ jµk x i hJk x (0.265)

S d4x
1
2 µφ µφ

g
4!
φ4 (0.266)

β g
3g2

16π2 (0.267)

g µ
g µ0

1 3
16π3 g µ0 log µ

µ0

(0.268)

µ JµV x ? 0 (0.269)

µ JµA x ? 0 (0.270)

2 The axial anomaly

2.1 The symmetries of QED.

After this general discussion we particularize our analysis to quantum electrodynamics (QED),
with action

SQED =

Z
d

4
x


�1

4
Fµ⌫F

µ⌫ +  (i@/ � m) � e /A 

�
. (2.1)

The theory is classically invariant under local phase transformation of the fermion field

 (x) �! e
i↵(x)

 (x), ↵(x) 2 R. (2.2)

accompanied by a gauge transformation of the vector potential

Aµ(x) �! Aµ(x) + @µ↵(x). (2.3)

If the fermion is massless, m = 0, the theory has an additional global symmetry consisting on
chiral phase transformations

 (x) �! e
i��5 (x), � 2 R. (2.4)

Applying Noether’s theorem, the massless theory has two classically conserved currents. One
is the vector current associated with phase transformations (2.2) with constant ↵

J
µ

V =  �
µ
 =) @µJ

µ

V = 0. (2.5)

This is the electromagnetic current coupling to the gauge field Aµ. Its conservation is crucial
for the gauge invariance of the theory. The second conserved current is the one associated with
axial-vector transformations (2.4)

J
µ

A =  �
µ
�5 =) @µJ

µ

A = 0. (2.6)

Unlike the vector current, this does not couple to any gauge field. For massive fermions, the
conservation of the axial current is classically broken and instead of (2.6) we have

@µJ
µ

A
= 2im �5 . (2.7)

In the quantum theory, conservation laws are codified in the Ward identities. In the case
of QED, there is a simple way to derive the Ward identities associated with the vector (gauge)
transformations by noticing that they reflect the invariance of physical amplitudes with respect

8

2 The axial anomaly

2.1 The symmetries of QED.

After this general discussion we particularize our analysis to quantum electrodynamics (QED),
with action

SQED =

Z
d

4
x


�1

4
Fµ⌫F

µ⌫ +  (i@/ � m) � e /A 

�
. (2.1)

The theory is classically invariant under local phase transformation of the fermion field

 (x) �! e
i↵(x)

 (x), ↵(x) 2 R. (2.2)

accompanied by a gauge transformation of the vector potential

Aµ(x) �! Aµ(x) + @µ↵(x). (2.3)

If the fermion is massless, m = 0, the theory has an additional global symmetry consisting on
chiral phase transformations

 (x) �! e
i��5 (x), � 2 R. (2.4)

Applying Noether’s theorem, the massless theory has two classically conserved currents. One
is the vector current associated with phase transformations (2.2) with constant ↵

J
µ

V =  �
µ
 =) @µJ

µ

V = 0. (2.5)

This is the electromagnetic current coupling to the gauge field Aµ. Its conservation is crucial
for the gauge invariance of the theory. The second conserved current is the one associated with
axial-vector transformations (2.4)

J
µ

A =  �
µ
�5 =) @µJ

µ

A = 0. (2.6)

Unlike the vector current, this does not couple to any gauge field. For massive fermions, the
conservation of the axial current is classically broken and instead of (2.6) we have

@µJ
µ

A
= 2im �5 . (2.7)

In the quantum theory, conservation laws are codified in the Ward identities. In the case
of QED, there is a simple way to derive the Ward identities associated with the vector (gauge)
transformations by noticing that they reflect the invariance of physical amplitudes with respect

8

 (x) �!  (x)ei��5 , with

2 The axial anomaly

2.1 The symmetries of QED.

After this general discussion we particularize our analysis to quantum electrodynamics (QED),
with action

SQED =

Z
d

4
x


�1

4
Fµ⌫F

µ⌫ +  (i@/ � m) � e /A 

�
. (2.1)

The theory is classically invariant under local phase transformation of the fermion field

 (x) �! e
i↵(x)

 (x), ↵(x) 2 R. (2.2)

accompanied by a gauge transformation of the vector potential

Aµ(x) �! Aµ(x) + @µ↵(x). (2.3)

If the fermion is massless, m = 0, the theory has an additional global symmetry consisting on
chiral phase transformations

 (x) �! e
i��5 (x), � 2 R. (2.4)

Applying Noether’s theorem, the massless theory has two classically conserved currents. One
is the vector current associated with phase transformations (2.2) with constant ↵

J
µ

V =  �
µ
 =) @µJ

µ

V = 0. (2.5)

This is the electromagnetic current coupling to the gauge field Aµ. Its conservation is crucial
for the gauge invariance of the theory. The second conserved current is the one associated with
axial-vector transformations (2.4)

J
µ

A =  �
µ
�5 =) @µJ

µ

A = 0. (2.6)

Unlike the vector current, this does not couple to any gauge field. For massive fermions, the
conservation of the axial current is classically broken and instead of (2.6) we have

@µJ
µ

A
= 2im �5 . (2.7)

In the quantum theory, conservation laws are codified in the Ward identities. In the case
of QED, there is a simple way to derive the Ward identities associated with the vector (gauge)
transformations by noticing that they reflect the invariance of physical amplitudes with respect

8

2 The axial anomaly

2.1 The symmetries of QED.

After this general discussion we particularize our analysis to quantum electrodynamics (QED),
with action

SQED =

Z
d

4
x


�1

4
Fµ⌫F

µ⌫ +  (i@/ � m) � e /A 

�
. (2.1)

The theory is classically invariant under local phase transformation of the fermion field

 (x) �! e
i↵(x)

 (x), ↵(x) 2 R. (2.2)

accompanied by a gauge transformation of the vector potential

Aµ(x) �! Aµ(x) + @µ↵(x). (2.3)

If the fermion is massless, m = 0, the theory has an additional global symmetry consisting on
chiral phase transformations

 (x) �! e
i��5 (x), � 2 R. (2.4)

Applying Noether’s theorem, the massless theory has two classically conserved currents. One
is the vector current associated with phase transformations (2.2) with constant ↵

J
µ

V =  �
µ
 =) @µJ

µ

V = 0. (2.5)

This is the electromagnetic current coupling to the gauge field Aµ. Its conservation is crucial
for the gauge invariance of the theory. The second conserved current is the one associated with
axial-vector transformations (2.4)

J
µ

A =  �
µ
�5 =) @µJ

µ

A = 0. (2.6)

Unlike the vector current, this does not couple to any gauge field. For massive fermions, the
conservation of the axial current is classically broken and instead of (2.6) we have

@µJ
µ

A
= 2im �5 . (2.7)

In the quantum theory, conservation laws are codified in the Ward identities. In the case
of QED, there is a simple way to derive the Ward identities associated with the vector (gauge)
transformations by noticing that they reflect the invariance of physical amplitudes with respect

8

(pseudovector-pseudoscalar 
equivalence)



M.Á. Vázquez-Mozo                                                             Anomalies and Differential Geometry I                                          PhD Course, Universidad Autónoma de Madrid

To analyze the problem, we look at a Dirac fermion coupled to an 
classical external U(1) gauge field

The expectation value of the axial current in this background is given by

(remember that                  )

176 9 Anomalies

U(1)V : u eiαu , (9.2)

whereas in the second, the axial U(1), the signs of the phases are different for the
two chiralities

U(1)A : u e iαu . (9.3)

Using Noether’s theorem, there are two conserved currents, a vector current

JµV ψγµψ u σ µu u σ µu µJµV 0 (9.4)

and an axial vector current

JµA ψγµγ5ψ u σ µu u σ µu µJ
µ
A 0. (9.5)

The theory described by the Lagrangian (9.1) can be coupled to the electromag-
netic field. The resulting classical theory is still invariant under the vector and axial
U(1) symmetries (9.2) and (9.3). Surprisingly, upon quantization it turns out that the
conservation of the axial vector current (9.5) is spoiled by quantum effects

µJµA h̄E B. (9.6)

To understand more clearly how this result comes about we study first a simple
model in two dimensions that captures the relevant physics involved in the four-
dimensional case [2]. We work in a two-dimensional Minkowski space with coor-
dinates x0,x1 t,x and where the spatial direction is compactified to a circle
S1 with length L. In this setup we consider a fermion coupled to a classical electro-
magnetic field. Notice that in our two-dimensional world the field strengthFµν has
only one independent component that corresponds to the electric field, F01 E
(in two dimensions there are no magnetic fields!).
To write the Lagrangian for the spinor field we need to find a representation of

the algebra of γ-matrices

γµ ,γν 2ηµν with η
1 0
0 1 . (9.7)

In two dimensions the dimension of the representation of the γ-matrices is 2. In fact,
remembering the anticommutation relation of the Pauli matrices σi,σ j 2δi j is
not very difficult to come up with the following representation

γ0 σ1
0 1
1 0 , γ1 iσ2

0 1
1 0 . (9.8)

This is a chiral representation since the matrix γ5 is diagonal1

1 In any even number of dimensions γ5 is defined to satisfy the conditions γ5 2 1 and γ5,γµ

0.

This correlation function can be computed in perturbation theory

22 2 The Axial Anomaly

2.2 Quantum Breakdown of the Vector-Axial Symmetry

We study now the quantum conservation of the vector-axial current (2.15) in a theory
of massless fermion interacting with an external classical gauge field Aµ through
an interaction term

Sint e d4xJµV x Aµ x . (2.19)

The expectation value of the axial-vector current in the background of the gauge
field is given, in the functional integral language, by

JµA x A

DψDψ JµA x ei d
4x iψ ψ eJµVAµ

DψDψ ei d
4x iψ ψ eJµVAµ

. (2.20)

The right-hand side can be computed in powers of the electric charge e. Notice
that in this expansion, each of the terms contain only functional integrals where
the integration measures are those of a free massless Dirac field. Thus, they can
be interpreted as the expectation value of time-ordered products of operators in the
vacuum of the free theory 0 . In our case, to second order in e we have

JµA x A ie d4y 0 T JµA x JαV y 0 Aα y (2.21)

e2

2
d4y1d4y2 0 T JµA x JαV y1 J

β
V y2 0 Aα y1 Aβ y2 . . .

Since the correlation functions are defined in the free vacuum, they can be computed
usingWick theorem. The first term vanishes after computing the trace over the Dirac
matrices. Then, the leading contribution to the vacuum expectation value of the
axial-vector current is

JµA x A (2.22)

e2

2
d4y1d4y2 0 T JµA 0 J

α
V y1 x JβV y2 x 0 Aα y1 Aβ y2 ,

where we have applied the invariance under spacetime translations of the vacuum
state.
The Wick contractions required to compute the previous correlation function can

be summarized in terms of Feynman diagrams. For computational purposes, it is
convenient to work in momentum space
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Aµ(x)

to gauge transformations in the external photons. Generically, the amplitude in momentum
space with n incoming and m outgoing photons has the structure2

A (p1, . . . , pn; q1, . . . , qm) = "µ1(p1) . . . "µn(pn)"⌫1(q1)
⇤
. . . "⌫n(qm)

⇤

⇥ �µ1...µn⌫1...⌫m(p1, . . . , pn; q1, . . . , qm), (2.8)

where all external momenta are taken on shell, p2
i
= q

2
i
= 0. Under a gauge transformation,

the polarization vectors transform by a term proportional to the momentum

"µ(p) �! "µ(p) + �pµ. (2.9)

The invariance of the amplitude with respect to these gauge transformations means that (2.8)
has to vanish when any of the polarization vector ✏µ(p) is replaced by the momentum pµ.
Symbolically

pµi�
...µi...⌫1...⌫m(pk; q`) = 0 = q⌫i�

µ1...µm...⌫i...(pk; q`). (2.10)

If gauge invariance is preserved in the quantum theory, these identities should be preserved
order by order in perturbation theory, i.e. once all diagrams contributing to a given order have
been summed.

As we will see later, this gauge Ward identity can be formulated in position space in its full
generality as

h@µJµ

V(y)O1(x1) . . .On(xn)i = 0, (2.11)

where Oi(x) are any gauge invariant operator of the theory.

2.2 The triangle diagram

Having discussed the basic ideas concerning anomalies, we proceed to deal in detail with a
first example of an anomalous symmetry in quantum field theory. We studing the quantum
conservation of the vector-axial current (2.6) in a theory of a fermion interacting with an
external classical gauge field Aµ through an interaction term

Sint = �e

Z
d

4
x J

µ

V(x)Aµ(x). (2.12)

The expectation value of the axial-vector current in the background of the gauge field is given,
in the functional integral language, by

hJµ

A(x)iA =

Z
D D J

µ

A(x)e
i

R
d
4
x[(i@/�m) �eJ

µ
VAµ]

Z
D D e

i

R
d
4
x[ (i@/�m) �eJ

µ
VAµ]

. (2.13)

2The amplitude may have also have fermions in the external states, that we omit here to keep things simple.
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The expectation value of the axial current in this background is given by
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U(1)V : u eiαu , (9.2)

whereas in the second, the axial U(1), the signs of the phases are different for the
two chiralities

U(1)A : u e iαu . (9.3)

Using Noether’s theorem, there are two conserved currents, a vector current

JµV ψγµψ u σ µu u σ µu µJµV 0 (9.4)

and an axial vector current

JµA ψγµγ5ψ u σ µu u σ µu µJ
µ
A 0. (9.5)

The theory described by the Lagrangian (9.1) can be coupled to the electromag-
netic field. The resulting classical theory is still invariant under the vector and axial
U(1) symmetries (9.2) and (9.3). Surprisingly, upon quantization it turns out that the
conservation of the axial vector current (9.5) is spoiled by quantum effects

µJµA h̄E B. (9.6)

To understand more clearly how this result comes about we study first a simple
model in two dimensions that captures the relevant physics involved in the four-
dimensional case [2]. We work in a two-dimensional Minkowski space with coor-
dinates x0,x1 t,x and where the spatial direction is compactified to a circle
S1 with length L. In this setup we consider a fermion coupled to a classical electro-
magnetic field. Notice that in our two-dimensional world the field strengthFµν has
only one independent component that corresponds to the electric field, F01 E
(in two dimensions there are no magnetic fields!).
To write the Lagrangian for the spinor field we need to find a representation of

the algebra of γ-matrices

γµ ,γν 2ηµν with η
1 0
0 1 . (9.7)

In two dimensions the dimension of the representation of the γ-matrices is 2. In fact,
remembering the anticommutation relation of the Pauli matrices σi,σ j 2δi j is
not very difficult to come up with the following representation

γ0 σ1
0 1
1 0 , γ1 iσ2

0 1
1 0 . (9.8)

This is a chiral representation since the matrix γ5 is diagonal1

1 In any even number of dimensions γ5 is defined to satisfy the conditions γ5 2 1 and γ5,γµ

0.

This correlation function can be computed in perturbation theory

22 2 The Axial Anomaly

2.2 Quantum Breakdown of the Vector-Axial Symmetry

We study now the quantum conservation of the vector-axial current (2.15) in a theory
of massless fermion interacting with an external classical gauge field Aµ through
an interaction term

Sint e d4xJµV x Aµ x . (2.19)

The expectation value of the axial-vector current in the background of the gauge
field is given, in the functional integral language, by

JµA x A

DψDψ JµA x ei d
4x iψ ψ eJµVAµ

DψDψ ei d
4x iψ ψ eJµVAµ

. (2.20)

The right-hand side can be computed in powers of the electric charge e. Notice
that in this expansion, each of the terms contain only functional integrals where
the integration measures are those of a free massless Dirac field. Thus, they can
be interpreted as the expectation value of time-ordered products of operators in the
vacuum of the free theory 0 . In our case, to second order in e we have

JµA x A ie d4y 0 T JµA x JαV y 0 Aα y (2.21)

e2

2
d4y1d4y2 0 T JµA x JαV y1 J

β
V y2 0 Aα y1 Aβ y2 . . .

Since the correlation functions are defined in the free vacuum, they can be computed
usingWick theorem. The first term vanishes after computing the trace over the Dirac
matrices. Then, the leading contribution to the vacuum expectation value of the
axial-vector current is

JµA x A (2.22)

e2

2
d4y1d4y2 0 T JµA 0 J

α
V y1 x JβV y2 x 0 Aα y1 Aβ y2 ,

where we have applied the invariance under spacetime translations of the vacuum
state.
The Wick contractions required to compute the previous correlation function can

be summarized in terms of Feynman diagrams. For computational purposes, it is
convenient to work in momentum space
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0

Aµ(x)

to gauge transformations in the external photons. Generically, the amplitude in momentum
space with n incoming and m outgoing photons has the structure2

A (p1, . . . , pn; q1, . . . , qm) = "µ1(p1) . . . "µn(pn)"⌫1(q1)
⇤
. . . "⌫n(qm)

⇤

⇥ �µ1...µn⌫1...⌫m(p1, . . . , pn; q1, . . . , qm), (2.8)

where all external momenta are taken on shell, p2
i
= q

2
i
= 0. Under a gauge transformation,

the polarization vectors transform by a term proportional to the momentum

"µ(p) �! "µ(p) + �pµ. (2.9)

The invariance of the amplitude with respect to these gauge transformations means that (2.8)
has to vanish when any of the polarization vector ✏µ(p) is replaced by the momentum pµ.
Symbolically

pµi�
...µi...⌫1...⌫m(pk; q`) = 0 = q⌫i�

µ1...µm...⌫i...(pk; q`). (2.10)

If gauge invariance is preserved in the quantum theory, these identities should be preserved
order by order in perturbation theory, i.e. once all diagrams contributing to a given order have
been summed.

As we will see later, this gauge Ward identity can be formulated in position space in its full
generality as

h@µJµ

V(y)O1(x1) . . .On(xn)i = 0, (2.11)

where Oi(x) are any gauge invariant operator of the theory.

2.2 The triangle diagram

Having discussed the basic ideas concerning anomalies, we proceed to deal in detail with a
first example of an anomalous symmetry in quantum field theory. We studing the quantum
conservation of the vector-axial current (2.6) in a theory of a fermion interacting with an
external classical gauge field Aµ through an interaction term

Sint = �e

Z
d

4
x J

µ

V(x)Aµ(x). (2.12)

The expectation value of the axial-vector current in the background of the gauge field is given,
in the functional integral language, by

hJµ
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D D J

µ

A(x)e
i

R
d
4
x[(i@/�m) �eJ

µ
VAµ]

Z
D D e

i

R
d
4
x[ (i@/�m) �eJ

µ
VAµ]

. (2.13)

2The amplitude may have also have fermions in the external states, that we omit here to keep things simple.
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µJµA x A ie d2y µCµν y Aν x y , (9.30)

where

Cµν x 0 T JµA x JνV 0 0
JµA JνV

(9.31)

In this correlation function the state 0 represents the Fock space vacuum of the free
fermion theory. Therefore it can be evaluated using Wick’s theorem. The Feynman
diagram summarizes the Wick contractions required to compute the timer-ordered
correlation function of the two currents

Cµν x 0 ψγµγ5ψ x ψγνψ 0 0 . (9.32)

We have concluded that the axial anomaly is controlled by the quantity µCµν x .
In computing the anomaly we have to impose the conservation of the vector current.
This is crucial, since the gauge invariance of the theory depends upon it2. Doing this
one arrives at the result

µJ
µ
A A

eh̄
2π

ενσFνσ , (9.33)

with ε01 ε10 1 and Fµν is the field strength of the external gauge field. It is
immediate to check that the diagramatic calculation renders the same result (9.27)
obtained in the previous section using a more heuristic argumentation.
The calculation of the axial anomaly can be also carried out in four dimensions

along the same lines. Again, we have to compute the vacuum expectation value
of the axial vector current coupled to an external classical gauge field Aµ . Now,
however, the first nonvanishing contribution comes from the term quadratic in the
external gauge field, namely

µJµ A
e2

2
d4y1d4y2

x
µ Cµνσ x,y Aν x y1 y2 Aσ x y2 , (9.34)

where now

Cµνσ x,y 0 T JµA x JνV y JσV 0 0 . (9.35)

This correlation function can be computed diagrammatically as

2 In fact there is a tension between the conservation of the vector an axial vector currents. The
calculation of the diagram shown in eq. (9.31) can be carried out imposing the conservation of
the axial vector current, which results in an anomaly for the vector current. Since this would be
disastrous for the consistency of the theory we choose the other alternative.

We are faced with the calculation of the following free-field correlation 
function

Which, applying Wick’s theorem gives14

Cµ!" x,y 0 #$µ$5# x #$!# y #$"# 0 0 0 #$µ$5# x #$!# y #$"# 0 0

These contractions are codified in the celebrated triangle diagram:9.3 Chiral Symmetry in QCD 183

Cµνσ x,y
JµA JνV

JσV

symmetric

(9.36)

This is the celebrated triangle diagram. The subscript indicates that, in fact, Cµνσ

is given by two triangle diagrams with the two photon external legs interchanged.
This is the result of Bose symmetry and can be explicitly checked by performing
the Wick contractions in the correlation function (9.35).
The evaluation of the integral in the right-hand side of (9.34) is complicated by

the presence of divergences that have to be regularized. As in the two-dimensional
case the conservation of the vector currents has to be imposed. The calculation gives
the following anomaly for the axial vector current [3]

µJ
µ
A A

e2

16π2
εµνσλFµνFσλ . (9.37)

This result has very important consequences in the physics of strong interactions as
we will see in the next section.
Here we have paid attention to the axial anomaly in two and four dimensions.

Chiral fermions exists in all even-dimensional space-times and, as a matter of fact,
the axial vector current has an anomaly in all even-dimensional space-times. More
precisely, if the dimension of the space-time is d 2k, with k 1,2, . . ., the anomaly
is given by a one-loop diagram with one axial current and k vector currents, i.e.
a k 1 -gon. For example, in 10 dimensions the axial anomaly comes from the
following hexagon diagram

As in the four-dimensional case, Bose symmetry and the conservation of all vector
currents has to be imposed.

9.3 Chiral Symmetry in QCD

Our knowledge of the physics of strong interactions is based on the theory of Quan-
tum Chromodynamics (QCD) introduced in section 5.3 (see also [5] for reviews).
Here we will consider a slightly more general version with an arbitrary number of

The sought conservation equation is then

@µhJµ
A(x)iA = �e2

2

Z
d4y1d

4y2 @
(x)
µ Cµ⌫�(x, y1 � y2)A⌫(y1)A�(y2)

<latexit sha1_base64="UPgMlVJqktw+Mv5RyW19mKZFgII="></latexit>
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It is convenient to work in momentum space
2.2 Quantum Breakdown of the Vector-Axial Symmetry 23

e2 0 T JµA 0 J
α
V x1 J

β
V x2 0

d4p
2π 4

d4q
2π 4 iΓ

µαβ p,q eip x1 iq x2 (2.23)

The quantum conservation equation takes the form

µ JµA x A
i
2

d4y1d4y2A α y1 A β y2 (2.24)

d4p
2π 4

d4q
2π 4 p q µiΓµαβ p,q eip y1 x iq y2 x .

To find whether the axial symmetry in massless QED is affected by a quantum
anomaly, we have to compute p q µΓµαβ p,q . The function iΓ p,q is given by
the two momentum space Feynman diagrams

iΓµαβ p,q

qβ

pα

p q µ

qβ

pα

p q µ (2.25)

whose contributions can be found using the Feynman rules of QED

iΓµαβ p,q e2
d4ℓ
2π 4 Tr

i
ℓ p iε

γµγ5
i

ℓ q iε
γα

i
ℓ iε

γβ

p q
α β

. (2.26)

These integrals are linearly divergent and therefore ambiguous. To see this am-
biguity, we look at a the simple integral

I a dx f x a . (2.27)

If the integral converges, it is easy to prove that the result is independent of a. When
it does not, it needs to be regularized. However, its derivative

I a dx f x a f f . (2.28)

is finite, even when the integral I a diverges logarithmic or linearly. In the first case,
f x tends to zero when x and we find that I a 0 and the integral (2.27) is
independent of a. If the integral is linearly divergent, the function f x approaches
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Applying the Feynman rules of QED, we have 

Having shown that the correlation function of one vector and one axial-vector current does
not contribute to the anomaly of the axial current, we study the second term in Eq. (2.14).
Again, we work in momentum space
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so the quantum conservation equation takes the form
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To find whether the classical Ward identity (2.7) is corrected quantum mechanically, we
have to compute (p + q)µ�µ↵�(p, q). As in the previous computation, the Wick contractions
required to evaluate the previous correlation function can be summarized in terms of Feynman
diagrams. The momentum space correlation function i�µ↵�(p, q) is given at one loop by the
two Feynman diagrams
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whose contributions can be found using the Feynman rules of QED
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Linearly divergent integrals. These integrals are linearly divergent and therefore ambigu-
ous. To see what is meant by this, we look at a the simple integral
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i
. (2.24)

When the integral converges, a simple change of variables shows that I(⇠) = 0. To see what
happens when the integral diverges linearly or logarithmically, we expand the integrand of
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Linearly divergent integrals. These integrals are linearly divergent and therefore ambigu-
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When the integral converges, a simple change of variables shows that I(⇠) = 0. To see what
happens when the integral diverges linearly or logarithmically, we expand the integrand of

11

However, these integrals are ambiguous!
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To find whether the axial symmetry in massless QED is affected by a quantum
anomaly, we have to compute p q µΓµαβ p,q . The function iΓ p,q is given by
the two momentum space Feynman diagrams
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These integrals are linearly divergent and therefore ambiguous. To see this am-
biguity, we look at a the simple integral

I a dx f x a . (2.27)

If the integral converges, it is easy to prove that the result is independent of a. When
it does not, it needs to be regularized. However, its derivative

I a dx f x a f f . (2.28)

is finite, even when the integral I a diverges logarithmic or linearly. In the first case,
f x tends to zero when x and we find that I a 0 and the integral (2.27) is
independent of a. If the integral is linearly divergent, the function f x approaches
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The problem is that they are linearly divergent.

Let us look at a simpler one-dimensional integral
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Hence, if the integral is linearly divergent the result of the integration 
depends on a shift in the integration variable!

The same happens for multidimensional integrals.

I(a) = I(0)
<latexit sha1_base64="eewNqDBVkm+7/Ku8Kp72qyQo5rw=">AAABpXicdY/NSsNAFIXv1L8a/6Iu3YhZmG5CUgVXQtGNXQgVmrRiS5hMb+vQmSTMTIRSXPsAbvXBfBtbzaYGz+rw3XMv5ya54Nr4/hepra1vbG7Vt62d3b39A/vwKNJZoRiGLBOZ6idUo+AphoYbgf1cIZWJwF4yvV3Oey+oNM/SrpnlOJR0kvIxZ9Qs0GPbpY3rtus3YtvxPf9Hp1UTlMaBUp3YfhuMMlZITA0TVOunwM/NcE6V4UzgqzUoNOaUTekE51RqPZNJBUpqniuQjVbRMqT0WP9z0lo0D/72rJqo6QUXXvPh0mndlD/U4QTOwIUArqAFd9CBEBhIeIcP+CTn5J50SfQbrZFy5xhWROJvAddxpw==</latexit>



M.Á. Vázquez-Mozo                                                             Anomalies and Differential Geometry I                                          PhD Course, Universidad Autónoma de Madrid

Thus, the triangle diagram is ambiguous because its contribution depends on 
how we label the loop momentum!

24 2 The Axial Anomaly

constant values as x and generically

I a f f 0. (2.29)

Integrating this equation we find

I a I 0 a f f , (2.30)

where I 0 contains all the divergences of the original integral. This shows that the
finite part of the linearly divergent integral (2.27) depends on a.
A similar result holds for multidimensional linearly divergent integrals. This dis-

cussion is very relevant for the calculation of the diagrams in (2.25) because it im-
plies that the value of the finite part of the integral changes under shifts of the inte-
gration variable and therefore it depends on how we label the loop momentum. For
example,

ℓ

ℓ p

ℓ q

ℓ p

ℓ

ℓ p q

(2.31)

We will see shortly that this ambiguity is fixed once the conservation of the vector
current is imposed.
There are a number of properties of the function /µ)* p,q that can be deduced

from general considerations. Due to the presence of the axial-vector current in the
correlation function, it should contain a Levi-Civita tensor. Poincaré invariance leads
to the following structure in terms of eight monomials

i/µ)* p,q f1&µ)*1 p1 f2&µ)*1q1 f3&µ)10 p* p1q0

f4&µ)10q* p1q0 f5&µ*10 p) p1q0 (2.32)

f6&µ*10q) p1q0 f7&)*10 pµ p1q0 f8&)*10qµ p1q0 ,

where fi fi p,q are functions of the momenta p and q. Moreover, Bose symmetry
of the two vector currents imposes the condition

i/µ)* p,q i/µ*) q, p , (2.33)

so the coefficients in (2.33) satisfy the relations

f1 p,q f2 q, p , f3 p,q f6 q, p ,

f4 p,q f5 q, p , f7 p,q f8 q, p . (2.34)

In addition, the function /µ)* p,q in (2.25) has dimension of energy. Dimensional
analysis shows that f1 and f2 are dimensionless, whereas f3- f8 have dimensions of
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From Lorentz invariance, the most general form of              is (the Levi-
Civita tensor is due to γ5 )
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In addition, the function /µ)* p,q in (2.25) has dimension of energy. Dimensional
analysis shows that f1 and f2 are dimensionless, whereas f3- f8 have dimensions of
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finite part of the linearly divergent integral (2.27) depends on a.
A similar result holds for multidimensional linearly divergent integrals. This dis-
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gration variable and therefore it depends on how we label the loop momentum. For
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A bit of dimensional analysis:

Dimensions = (energy)0

Dimensions = (energy)-2

Thus, only f1(p,q) and f2(p,q) are (logarithmically) divergent and their values 
depend on the regularization scheme used.

Is there a wise way of fixing these regularization ambiguities?

The remaining integrals f3(p,q)  to f8(p,q)  are convergent and free of 
ambiguities.

[�µ↵� ] = energy
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So far we have ignored the issue of gauge invariance. The relevant gauge 
Ward identities reads

24 2 The Axial Anomaly
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to the following structure in terms of eight monomials

i/µ)* p,q f1&µ)*1 p1 f2&µ)*1q1 f3&µ)10 p* p1q0

f4&µ)10q* p1q0 f5&µ*10 p) p1q0 (2.32)

f6&µ*10q) p1q0 f7&)*10 pµ p1q0 f8&)*10qµ p1q0 ,

where fi fi p,q are functions of the momenta p and q. Moreover, Bose symmetry
of the two vector currents imposes the condition

i/µ)* p,q i/µ*) q, p , (2.33)

so the coefficients in (2.33) satisfy the relations

f1 p,q f2 q, p , f3 p,q f6 q, p ,

f4 p,q f5 q, p , f7 p,q f8 q, p . (2.34)

In addition, the function /µ)* p,q in (2.25) has dimension of energy. Dimensional
analysis shows that f1 and f2 are dimensionless, whereas f3- f8 have dimensions of

24

lim
x

f x 0 (0.276)

0 (0.277)

0 (0.278)

JµA J!V J"V (0.279)

24

lim
x

f x 0 (0.276)

0 (0.277)

0 (0.278)

JµA J!V J"V (0.279)

24

lim
x

f x 0 (0.276)

0 (0.277)

0 (0.278)

JµA J!V J"V (0.279)

24

lim
x

f x 0 (0.276)

0 (0.277)

0 (0.278)

JµA J!V J"V (0.279)

µJµV 0 (0.280)

p! i#µ!" p,q 0 q" i#µ!" p,q 0 (0.281)

24

lim
x

f x 0 (0.276)

0 (0.277)

0 (0.278)

JµA J!V J"V (0.279)

µJµV 0 (0.280)

p! i#µ!" p,q 0 q" i#µ!" p,q 0 (0.281)

16

divd4L4E(0.198)

divd4LE(0.199)

d4(0.200)

(0.201)

(0.202)

(0.203)

d4d3(0.204)

!3(0.205)

d4(0.206)

g0g0g0(0.207)

Ld6
1
2

µ!µ!m2

2
!2"

4!
!4"6

6!
!6"8

8!
!8...(0.208)

"2"66"810(0.209)

g
a
#2

,g2(0.210)

L$im$
a
#2$$2

n

an
#dimOn4On$,$(0.211)

Vector current conservation further constraints the functions fi(p,q)

2.2 Quantum Breakdown of the Vector-Axial Symmetry 25

(energy) 2. These latter functions, therefore, are expressed in terms of convergent
integrals that are unambiguous. As a consequence, all ambiguities of the linearly
divergent integrals (2.25) have to be contained in the coefficients f1 and f2.
To take care of this, we notice that

p' i+µ'( p,q f2 p2 f5 p q f6 *µ('.q' p. ,

q( i+µ'( p,q f1 q2 f4 p q f3 *µ'(.q( p. , (2.35)

p q µ i+µ'( p,q f1 f2 p2 f7 p q f7 f8 q2 f8 *'(.,q. p, ,

This shows that the ambiguities in f1 and f2 can be fixed by demanding the conser-
vation of the vector current is imposed, i.e. when the Ward identities

p' i+µ'( p,q 0 q( i+µ'( p,q . (2.36)

are satisfied. Once this is done, i+µ'( p,q is written only in terms of the coeffi-
cients f3- f8, that are convergent and unambiguous. Thus, the anomaly is given by
the following combination of finite integrals

p q µ i+µ'( p,q p2 f5 f7 q2 f4 f8

p q f3 f6 f7 f8 *'(.,q. p, . (2.37)

The functions f3, f4, and f7 can be evaluated using the Feynman rules of QED.
Introducing Feynman parameters, the result is [1]

f3 p,q
ie2

-2

1

0
dx

1 x

0
dy

xy
x 1 x p2 y 1 y q2 2xyp q

,

f4 p,q
ie2

-2

1

0
dx

1 x

0
dy

y 1 y
x 1 x p2 y 1 y q2 2xyp q

, (2.38)

f7 p,q 0.

whereas the remaining functions are obtained by applying Eq. (2.34).
We substitute these integrals in the expression (2.37). Since they are convergent

for generic values of p and q, and their integration domain is symmetric under the
interchange of x and y (see Fig. 2.1), we can combine the integrands to find that the
resulting numerator cancels the denominator giving the result 12 after the integra-
tion over the Feynman parameters. This leads to the Adler-Bell-Jackiw anomaly in
momentum space [1, 2]

p q µ i+µ'( p,q
ie2

2-2
*'(.,q. p, . (2.39)
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Hence, gauge invariance completely fixes the ambiguities and the 
anomaly is completely determined by finite integrals
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So far we have ignored the issue of gauge invariance. The relevant gauge 
Ward identities reads

24 2 The Axial Anomaly

constant values as x and generically

I a f f 0. (2.29)

Integrating this equation we find

I a I 0 a f f , (2.30)

where I 0 contains all the divergences of the original integral. This shows that the
finite part of the linearly divergent integral (2.27) depends on a.
A similar result holds for multidimensional linearly divergent integrals. This dis-

cussion is very relevant for the calculation of the diagrams in (2.25) because it im-
plies that the value of the finite part of the integral changes under shifts of the inte-
gration variable and therefore it depends on how we label the loop momentum. For
example,

ℓ

ℓ p

ℓ q

ℓ p

ℓ

ℓ p q

(2.31)

We will see shortly that this ambiguity is fixed once the conservation of the vector
current is imposed.
There are a number of properties of the function /µ)* p,q that can be deduced

from general considerations. Due to the presence of the axial-vector current in the
correlation function, it should contain a Levi-Civita tensor. Poincaré invariance leads
to the following structure in terms of eight monomials
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where fi fi p,q are functions of the momenta p and q. Moreover, Bose symmetry
of the two vector currents imposes the condition

i/µ)* p,q i/µ*) q, p , (2.33)

so the coefficients in (2.33) satisfy the relations

f1 p,q f2 q, p , f3 p,q f6 q, p ,

f4 p,q f5 q, p , f7 p,q f8 q, p . (2.34)

In addition, the function /µ)* p,q in (2.25) has dimension of energy. Dimensional
analysis shows that f1 and f2 are dimensionless, whereas f3- f8 have dimensions of
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whereas the remaining functions are obtained by applying Eq. (2.34).
We substitute these integrals in the expression (2.37). Since they are convergent
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Hence, gauge invariance completely fixes the ambiguities and the 
anomaly is completely determined by finite integrals

2.2 Quantum Breakdown of the Vector-Axial Symmetry 25

(energy) 2. These latter functions, therefore, are expressed in terms of convergent
integrals that are unambiguous. As a consequence, all ambiguities of the linearly
divergent integrals (2.25) have to be contained in the coefficients f1 and f2.
To take care of this, we notice that

p' i+µ'( p,q f2 p2 f5 p q f6 *µ('.q' p. ,

q( i+µ'( p,q f1 q2 f4 p q f3 *µ'(.q( p. , (2.35)

p q µ i+µ'( p,q f1 f2 p2 f7 p q f7 f8 q2 f8 *'(.,q. p, ,

This shows that the ambiguities in f1 and f2 can be fixed by demanding the conser-
vation of the vector current is imposed, i.e. when the Ward identities

p' i+µ'( p,q 0 q( i+µ'( p,q . (2.36)

are satisfied. Once this is done, i+µ'( p,q is written only in terms of the coeffi-
cients f3- f8, that are convergent and unambiguous. Thus, the anomaly is given by
the following combination of finite integrals

p q µ i+µ'( p,q p2 f5 f7 q2 f4 f8

p q f3 f6 f7 f8 *'(.,q. p, . (2.37)

The functions f3, f4, and f7 can be evaluated using the Feynman rules of QED.
Introducing Feynman parameters, the result is [1]

f3 p,q
ie2

-2

1

0
dx

1 x

0
dy

xy
x 1 x p2 y 1 y q2 2xyp q

,

f4 p,q
ie2

-2

1

0
dx

1 x

0
dy

y 1 y
x 1 x p2 y 1 y q2 2xyp q

, (2.38)

f7 p,q 0.

whereas the remaining functions are obtained by applying Eq. (2.34).
We substitute these integrals in the expression (2.37). Since they are convergent

for generic values of p and q, and their integration domain is symmetric under the
interchange of x and y (see Fig. 2.1), we can combine the integrands to find that the
resulting numerator cancels the denominator giving the result 12 after the integra-
tion over the Feynman parameters. This leads to the Adler-Bell-Jackiw anomaly in
momentum space [1, 2]

p q µ i+µ'( p,q
ie2

2-2
*'(.,q. p, . (2.39)

2.2 Quantum Breakdown of the Vector-Axial Symmetry 25

(energy) 2. These latter functions, therefore, are expressed in terms of convergent
integrals that are unambiguous. As a consequence, all ambiguities of the linearly
divergent integrals (2.25) have to be contained in the coefficients f1 and f2.
To take care of this, we notice that

p' i+µ'( p,q f2 p2 f5 p q f6 *µ('.q' p. ,

q( i+µ'( p,q f1 q2 f4 p q f3 *µ'(.q( p. , (2.35)

p q µ i+µ'( p,q f1 f2 p2 f7 p q f7 f8 q2 f8 *'(.,q. p, ,

This shows that the ambiguities in f1 and f2 can be fixed by demanding the conser-
vation of the vector current is imposed, i.e. when the Ward identities

p' i+µ'( p,q 0 q( i+µ'( p,q . (2.36)

are satisfied. Once this is done, i+µ'( p,q is written only in terms of the coeffi-
cients f3- f8, that are convergent and unambiguous. Thus, the anomaly is given by
the following combination of finite integrals

p q µ i+µ'( p,q p2 f5 f7 q2 f4 f8

p q f3 f6 f7 f8 *'(.,q. p, . (2.37)

The functions f3, f4, and f7 can be evaluated using the Feynman rules of QED.
Introducing Feynman parameters, the result is [1]

f3 p,q
ie2

-2

1

0
dx

1 x

0
dy

xy
x 1 x p2 y 1 y q2 2xyp q

,

f4 p,q
ie2

-2

1

0
dx

1 x

0
dy

y 1 y
x 1 x p2 y 1 y q2 2xyp q

, (2.38)

f7 p,q 0.

whereas the remaining functions are obtained by applying Eq. (2.34).
We substitute these integrals in the expression (2.37). Since they are convergent

for generic values of p and q, and their integration domain is symmetric under the
interchange of x and y (see Fig. 2.1), we can combine the integrands to find that the
resulting numerator cancels the denominator giving the result 12 after the integra-
tion over the Feynman parameters. This leads to the Adler-Bell-Jackiw anomaly in
momentum space [1, 2]

p q µ i+µ'( p,q
ie2

2-2
*'(.,q. p, . (2.39)

24 2 The Axial Anomaly

constant values as x and generically

I a f f 0. (2.29)

Integrating this equation we find

I a I 0 a f f , (2.30)

where I 0 contains all the divergences of the original integral. This shows that the
finite part of the linearly divergent integral (2.27) depends on a.
A similar result holds for multidimensional linearly divergent integrals. This dis-

cussion is very relevant for the calculation of the diagrams in (2.25) because it im-
plies that the value of the finite part of the integral changes under shifts of the inte-
gration variable and therefore it depends on how we label the loop momentum. For
example,

ℓ

ℓ p

ℓ q

ℓ p

ℓ

ℓ p q

(2.31)

We will see shortly that this ambiguity is fixed once the conservation of the vector
current is imposed.
There are a number of properties of the function /µ)* p,q that can be deduced

from general considerations. Due to the presence of the axial-vector current in the
correlation function, it should contain a Levi-Civita tensor. Poincaré invariance leads
to the following structure in terms of eight monomials

i/µ)* p,q f1&µ)*1 p1 f2&µ)*1q1 f3&µ)10 p* p1q0

f4&µ)10q* p1q0 f5&µ*10 p) p1q0 (2.32)

f6&µ*10q) p1q0 f7&)*10 pµ p1q0 f8&)*10qµ p1q0 ,

where fi fi p,q are functions of the momenta p and q. Moreover, Bose symmetry
of the two vector currents imposes the condition

i/µ)* p,q i/µ*) q, p , (2.33)

so the coefficients in (2.33) satisfy the relations

f1 p,q f2 q, p , f3 p,q f6 q, p ,

f4 p,q f5 q, p , f7 p,q f8 q, p . (2.34)

In addition, the function /µ)* p,q in (2.25) has dimension of energy. Dimensional
analysis shows that f1 and f2 are dimensionless, whereas f3- f8 have dimensions of
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f3(p, q) = �f6(q, p) =
ie2

⇡2

Z 1

0
dx

Z 1�x

0
dy

xy

x(1� x)p2 + y(1� y)q2 + 2xyp · q +m2
,

f4(p, q) = �f5(q, p) =
ie2

⇡2

Z 1

0
dx

Z 1�x

0
dy

y(1� y)

x(1� x)p2 + y(1� y)q2 + 2xyp · q +m2
,

f7(p, q) = �f8(q, p) = 0,
<latexit sha1_base64="n/+AzkN9wH8uf5PTtaENqnF8o4E="></latexit>

Now we only have to evaluate the integrals

to find the result

Back in position space, we get the famous Adler-Bell-Jackiw 
anomaly

Steven Adler
(b. 1939)

John S. Bell
(1928-1990)

Roman Jackiw
(b. 1939)Jack Steinberger

(b. 1921)

where the conservation equation of the axial-vector current picks up an anomalous term that
survives in the massless limit

(p+ q)µi�µ↵�(p, q) =
ie

2

2⇡2
✏↵��⌫p

�
q
⌫ + 2mi�↵�(p, q) (2.62)

Looking at (2.60) we notice another important point. There is no value of a for which both
Ward identities are simultaneously satisfied. This is a general feature of the axial anomaly.
There is a tension between vector and axial-vector current conservation. Of course, the only
physical choice is the one we took: the vector current coupling to the photon has to be conserved
to preserve the consistency of QED.

To find the corresponding expressions for the expectation value of the axial current diver-
gence in position space, we only have to use Eq. (2.21). After a couple of integrations by parts,
we find

@µhJµ

A
(x)iA =

e
2

16⇡2
✏
µ⌫↵�Fµ⌫F↵� + 2imh (x)�5 (x)iA . (2.63)

The second term is the quantum version of the right-hand side of the classical equation (2.7).
The first term, however, is completely new and independent of the fermion mass. This means
that it survive the limit m ! 0 where the theory is classically invariant under chiral transfor-
mations. This spoils the Ward identity associated with the conservation of the axial current
and the corresponding symmetry is anomalous, i.e. broken by quantum e↵ects. This result is
the celebrated Adler-Bell-Jackiw anomaly [3, 4]

(p+ q)µi�µ↵�(p, q) =
ie

2~
2⇡2

✏↵���p
�
q
�
, (2.64)

or in position space

@µhJµ

A
(x)iA =

e
2~

16⇡2
✏
µ⌫↵�Fµ⌫F↵�. (2.65)

Here we have restored the powers of ~ to stress the quantum nature of the axial anomaly.
The calculation we have presented highlights the fact that the axial anomaly in QED is

the result of Bose symmetry and both Lorentz and gauge invariance, and is determined by
ultraviolet finite integrals. All ambiguities associated with the linearly divergent integral has
been fixed by requiring that the quantum theory satisfies the vector Ward identity at one
loop. The anomaly can be then calculated using any regularization scheme preserving gauge
invariance, such as Pauli-Villars or dimensional regularization4 (see, for example, [9, 8]). As we
have seen, the anomaly is independent of the particular method used as far as it preserves the
vector Ward identity.

4The use of dimensional regularization requires some care due to the problem of defining the chirality matrix
for general dimensions.
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The last term in Eq. (2.47) is the contribution of the two triangle diagrams with the axial
current replaced by the scalar bilinear 2m �5 . Thus, we define

i�µ⌫(p, q) ⌘

q
�

p
↵

+

q
�

p
↵

, (2.49)

which is the momentum space representation of the correlation function h �5 i at one loop.
The cross indicates the insertion of the pseudoscalar operator  �5 . As we will see later,
i�↵�(p, q) is given by convergent integrals, so no ambiguities arise there.

Using this piece of notation just introduced and reordering the terms a little bit, we have

(p+ q)µi�µ↵�(p, q) = ie
2

Z
d

4
`

(2⇡)4
Tr

✓
�5

i

/̀� /p � /q � m+ i✏
��

i

/̀� /p � m+ i✏
�↵

� �5
i

/̀� /q � m+ i✏
��

i

/̀� m+ i✏
�↵

◆

� ie
2

Z
d

4
`

(2⇡)4
Tr

✓
�5

i

/̀� /p � m+ i✏
�↵

i

/̀� m+ i✏
�� (2.50)

� �5
i

/̀� /p � /q � m+ i✏
�↵

i

/̀� /q � m+ i✏
��

◆
+ 2mi�↵�(p, q).

After reducing the propagators and computing the corresponding traces, we arrive at

(p+ q)µi�µ↵�(p, q) = 4e2

Z
d

4
`

(2⇡)4

⇢
✏↵��⌫(`� p � q)�(`� p)⌫

[(`� p � q)2 � m2 + i✏][(`� p)2 � m2 + i✏]

� ✏↵��⌫(`� q)�`⌫

[(`� q)2 � m2 + i✏](`2 � m2 + i✏)

�

+ 4e2

Z
d

4
`

(2⇡)4

⇢
✏↵��⌫(`� p)�`⌫

[(`� p)2 � m2 + i✏](`2 � m2 + i✏)
(2.51)

� ✏↵��⌫(`� p � q)�(`� q)⌫

[(`� p � q)2 � m2 + i✏][(`� q)2 � m2 + i✏]

�
+ 2mi�↵�(p, q).

It is important to keep in mind that inside each integrals the first and second terms come
respectively from the first and second triangle diagram in Eq. (2.22).

Naively applying a shift in the integration momentum, we would conclude that both integrals
in the previous expression vanish and that there is no anomaly for the axial current. However,

16

×⌘ 2m�5
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Actually, there are other choices… Suppose we shift the loop momentum:
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Reducing the denominators, the result is
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Again, we have two terms inside each integral related by a shift in the loop momentum ⇠
µ = �p

µ.
Applying again Eq. (2.34) we find
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Our results (2.52) and (2.58) are rather puzzling. We have found that although there is an
anomaly both in the vector and the axial-vector current! This is a disaster, since the vector
current couples to a gauge field and its non conservation renders the theory inconsistent. Going
back to our generic analysis carried out above, it seems that our computation have failed to
impose vector current conservation properly.

To solve this problem, we have to take into account that the very result we have found is
intrinsically ambiguous. The right-hand side of Eqs. (2.52) and (2.58) depend in fact on how the
loop momentum in each of the two triangle diagrams is parametrized in the first place. In fact,
the value of the anomaly of the axial and vector currents depends on how this parametrization
is chosen. To see this in detail, we go back to the correlation function i�µ↵�(p, q) shown in Eq.
(2.23) to see how it changes when the loop momentum is reparametrized.

Fortunately, we do not need to repeat the whole calculation since the change in the amplitude
can be written from general considerations. Lorentz invariance, parity, and Bose symmetry
imply that under a general shift of the loop momentum ` the amplitude changes as
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where a is a numerical constant that depends on the shift. Using our results (2.52) and (2.58),
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Choosing a loop momentum for which a = �1, we arrive at the conservation of the vector
current

p
↵
i�µ↵�(p, q) = 0, (2.61)
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There is no value of a for which both are preserved!
a = �1

our physical choice:
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Steven Adler
(b. 1939)

William A. Bardeen
(b. 1941)

2.3 Nonrenormalization Theorems 27

As a matter of fact, there is also the possibility of defining the theory in such a way
that neither the vector, nor the axial-vector current are conserved. However, unlike
the axial-vector, the vector current couples to a gauge field and its nonconservation
leads to disastrous results for the theory. That is why the axial anomaly is forced
upon us by the consistency of QED at the quantum level.

2.3 Nonrenormalization Theorems

A very interesting feature of the axial anomaly obtained in the previous section is
that it does not receive corrections due to higher loop diagrams. This result, known
as the Adler-Bardeen theorem, was proved in [3]. Although the full proof of this
result is quite involved, the gist of the argument can be easily grasped.
Pertubatively, the origin of the anomaly lies in the ambiguity associated with the

linearly divergent integral associated with the triangle diagram. At two loops, cor-
rections to this result are obtained by inserting photon propagators in the diagram,
for example

. . . (2.44)

The contribution of each of the diagrams contains five fermion propagators. This
eliminates the ambiguous linearly divergent integral appearing at one loop diagram,
rendering the integration convergent. We have still to integrate over the photon loop
momentum. However, this remaining integration can be regularized in a way that do
not interfere with chiral symmetry: for example, a gauge-invariant term

ΔS
1
Λ2

d4xFµν Fµν (2.45)

can be added to the QED action, leading to a photon propagatorwith a leading large-
momentum behavior of the formΛ2p 4. The result is that the two-loop diagrams do
not contribute to the divergence of the axial-vector current and therefore the anomaly
does not receive corrections to this order2. This argument at two loops carries over
to higher loop-diagrams resulting in that the perturbative contribution to the axial
anomaly is exhausted by the one-loop result.
A much simpler proof of the Adler-Bardeen theorem can be constructed using

the renormalization group equations [4].
Here comes the discussion of Zee’s proof.

2 Notice that adding the term (2.45) to the action does not modify the one-loop result for the
anomaly, since the triangle diagram does not contain any photon propagator.

Is the one-loop result enough? We can look at contributions of higher 
loop diagrams to the anomaly, e.g.

These diagrams contain five fermion propagator. The integration over the 
“triangle momentum” has the structure
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and it is unambiguous. The integration over the photon 
momentum can be regularized in a gauge-invariant way, for 
example adding the term
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2.3 Nonrenormalization Theorems

A very interesting feature of the axial anomaly obtained in the previous section is
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as the Adler-Bardeen theorem, was proved in [3]. Although the full proof of this
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rections to this result are obtained by inserting photon propagators in the diagram,
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The contribution of each of the diagrams contains five fermion propagators. This
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can be added to the QED action, leading to a photon propagatorwith a leading large-
momentum behavior of the form02p 4. The result is that the two-loop diagrams do
not contribute to the divergence of the axial-vector current and therefore the anomaly
does not receive corrections to this order2. This argument at two loops carries over
to higher loop-diagrams resulting in that the perturbative contribution to the axial
anomaly is exhausted by the one-loop result.
A much simpler proof of the Adler-Bardeen theorem can be constructed using

the renormalization group equations [4].
Here comes the discussion of Zee’s proof.

2 Notice that adding the term (2.45) to the action does not modify the one-loop result for the
anomaly, since the triangle diagram does not contain any photon propagator.
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Gµ! p
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p4
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Hence, higher-loop triangles do not contribute to the anomaly. 

This is known as the Adler-Bardeen theorem
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Instead of QED, we consider now a fermion coupled (in a certain 
representation) to an external non-Abelian gauge field

Classically, the gauge current                          satisfies the conservation equation

In addition we also have global axial transformations

 �!  ei��5 �! ei��5 

while its associated singlet axial current                        satisfies the identityJµ
A =  �µ�5 
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Similarly to QED, the calculation of the axial anomaly boils down to computing

Diagrammatically, we have again two triangle diagrams, these time with gauge 
group generators on the “vector” vertices

Having shown that the correlation function of one vector and one axial-vector current does
not contribute to the anomaly of the axial current, we study the second term in Eq. (2.14).
Again, we work in momentum space

e
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so the quantum conservation equation takes the form
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.

To find whether the classical Ward identity (2.7) is corrected quantum mechanically, we
have to compute (p + q)µ�µ↵�(p, q). As in the previous computation, the Wick contractions
required to evaluate the previous correlation function can be summarized in terms of Feynman
diagrams. The momentum space correlation function i�µ↵�(p, q) is given at one loop by the
two Feynman diagrams

i�µ↵�(p, q) =

q
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(p+ q)µ +
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(p+ q)µ (2.22)

whose contributions can be found using the Feynman rules of QED
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Linearly divergent integrals. These integrals are linearly divergent and therefore ambigu-
ous. To see what is meant by this, we look at a the simple integral

I(⇠) =

Z 1

�1
dx

h
f(x+ ⇠) � f(x)

i
. (2.24)

When the integral converges, a simple change of variables shows that I(⇠) = 0. To see what
happens when the integral diverges linearly or logarithmically, we expand the integrand of
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Linearly divergent integrals. These integrals are linearly divergent and therefore ambigu-
ous. To see what is meant by this, we look at a the simple integral
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When the integral converges, a simple change of variables shows that I(⇠) = 0. To see what
happens when the integral diverges linearly or logarithmically, we expand the integrand of
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Similarly to QED, the calculation of the axial anomaly boils down to computing
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ous. To see what is meant by this, we look at a the simple integral

I(⇠) =

Z 1

�1
dx

h
f(x+ ⇠) � f(x)

i
. (2.24)

When the integral converges, a simple change of variables shows that I(⇠) = 0. To see what
happens when the integral diverges linearly or logarithmically, we expand the integrand of

11

+�ij �ij

i

j

k

i

j

k

(T a
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R)kj(T b

R)kj
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The two diagrams share the same gauge factor

Tr (T a
RT b

R) = Tr (T b
RT a

R)
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The rest of the calculation is identical to the case of QED. In momentum space, 
we get

(p+ q)µi�ab
µ↵�(p, q) =

ig2

2⇡2
Tr (T a

RT b
R)✏↵��⌫p

�q⌫ + 2mi�ab
↵�(p, q)

Adding the external gauge fields and Fourier transforming back to position 
space, this leads to

The problem with this result is that it is not gauge invariant!
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In fact, in the case of the singlet anomaly the triangle diagram is not enough.

We need to compute the box diagrams as well:

+ permutations

44 2 The Axial Anomaly

The right-hand side of this anomaly equation is in fact a total derivative, that can
be written as

µ Jµ
A x A

1
4p2 eµnsl

µ An s Al
2
3
AnAs Al . (2.133)

The term inside the bracket is the Chern-Simons form. The important thing is that
we see that the right-hand side contains terms with two and three gauge fields. This
means that, diagrammatically, the computation of the anomalous divergences of the
single axial-vector current requires not only the evaluation of the triangle diagram
(associated with the term with two gauge fields), but also the square diagram with
one axial-vector and three vector current insertions

permutations (2.134)

In fact, if we want to compute the anomaly using Feynman diagrams, the introduc-
tion of the square diagram does not mean much extra work. Its contribution is fixed
by the triangle diagram since the coefficient of the cubic term in the Chern-Simons
form is fully determined by gauge invariance.
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This gives a second contribution cubic in the gauge fields that adds 
up to the triangle result
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Important: although there is contribution to the anomaly from the box 
diagram, its coefficient is determined by the triangle diagram
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Here we identify the Chern-Simons form,

so the singlet anomaly can be written as

which is gauge invariant.
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Gauge anomalies
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Prelude: quantum symmetries vs. gauge invariance

Wigner’s theorem says that global symmetries are implemented on the 
Hilbert space by unitary or antiunitary operators:

3 Gauge anomalies

The existence of the axial anomaly is not a problem for the theory. Chiral transformations
define a global symmetry whose breaking does in no way jeopardize the consistency of the
theory. On the contrary, as we will see later, the axial anomaly is behind our understanding of
a number of physical phenomena. Now we turn to the case of gauge anomalies, i.e. anomalies
associated with currents coupling to a gauge field. This is very dangerous situation because
what is broken now is gauge symmetry itself.

Gauge symmetry is very di↵erent from global symmetries of the theory in a crucial aspect.
In the quantum theory, the action of the operator implementing a global symmetry on a state
results generically on a di↵erent state of the theory

U(↵i)| i = | 0i, where | i 6= | 0i. (3.1)

Here we say “generically” because it is also possible that, for certain states, the action of the
symmetry leaves the state invariant. As an example, let us think of the example of the hydrogen
atom. The systems is invariant under SO(3) rotations and he action of the rotation operator
on a state |n, j,mi is

U(✓,', )|n, j,mi =
jX

m0=�j

D (j)
mm0(✓,', )|n, j,m0i, (3.2)

where D (j)
mm0(✓,' ) are the SO(3) rotation matrices in the representation of spin j.

The di↵erence with gauge invariance lies in the fact that in a gauge theory there is a
redundancy in the labelling of physical states by rays of the Hilbert space of the theory. Hence,
a given physical state can be represented by infinitely many kets, and the space of physical
states is written as

Hphys = H /G , (3.3)

where G is the group of gauge transformations. The full Hilbert space H contains states with
negative norm, such as those created by the time component of the gauge field bA0 acting on the
vacuum. It is due to gauge invariance that these states are removed from the set of physical
states, i.e. by the quotient in Eq. (3.3). If gauge invariance is broken, these dangerous states
cannot be eliminated from the physical spectrum and the theory becomes nonunitary. This is
the reason why gauge anomalies have to be avoided at all cost if we want to construct consistent
theories.

Let us begin by inquiring what kind of theories we can expect to have gauge anomalies. We
begin studying the theory of a single Dirac fermion vectorially coupled to an external nonabelian
gauge field

S =

Z
d

4
x iD/ (A ) , (3.4)
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theory. On the contrary, as we will see later, the axial anomaly is behind our understanding of
a number of physical phenomena. Now we turn to the case of gauge anomalies, i.e. anomalies
associated with currents coupling to a gauge field. This is very dangerous situation because
what is broken now is gauge symmetry itself.

Gauge symmetry is very di↵erent from global symmetries of the theory in a crucial aspect.
In the quantum theory, the action of the operator implementing a global symmetry on a state
results generically on a di↵erent state of the theory
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Here we say “generically” because it is also possible that, for certain states, the action of the
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The di↵erence with gauge invariance lies in the fact that in a gauge theory there is a
redundancy in the labelling of physical states by rays of the Hilbert space of the theory. Hence,
a given physical state can be represented by infinitely many kets, and the space of physical
states is written as
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where G is the group of gauge transformations. The full Hilbert space H contains states with
negative norm, such as those created by the time component of the gauge field bA0 acting on the
vacuum. It is due to gauge invariance that these states are removed from the set of physical
states, i.e. by the quotient in Eq. (3.3). If gauge invariance is broken, these dangerous states
cannot be eliminated from the physical spectrum and the theory becomes nonunitary. This is
the reason why gauge anomalies have to be avoided at all cost if we want to construct consistent
theories.

Let us begin by inquiring what kind of theories we can expect to have gauge anomalies. We
begin studying the theory of a single Dirac fermion vectorially coupled to an external nonabelian
gauge field
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Gauge invariance is very different from this. In a gauge theory, a physical 
state is represented by infinitely many rays in the Hilbert space.

The space of physical states is smaller than the “naive” Hilbert space of the 
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In the quantum theory, the action of the operator implementing a global symmetry on a state
results generically on a di↵erent state of the theory

U(↵i)| i = | 0i, where | i 6= | 0i. (3.1)

Here we say “generically” because it is also possible that, for certain states, the action of the
symmetry leaves the state invariant. As an example, let us think of the example of the hydrogen
atom. The systems is invariant under SO(3) rotations and he action of the rotation operator
on a state |n, j,mi is

U(✓,', )|n, j,mi =
jX

m0=�j

D (j)
mm0(✓,', )|n, j,m0i, (3.2)

where D (j)
mm0(✓,' ) are the SO(3) rotation matrices in the representation of spin j.

The di↵erence with gauge invariance lies in the fact that in a gauge theory there is a
redundancy in the labelling of physical states by rays of the Hilbert space of the theory. Hence,
a given physical state can be represented by infinitely many kets, and the space of physical
states is written as

Hphys = H /G , (3.3)
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states, i.e. by the quotient in Eq. (3.3). If gauge invariance is broken, these dangerous states
cannot be eliminated from the physical spectrum and the theory becomes nonunitary. This is
the reason why gauge anomalies have to be avoided at all cost if we want to construct consistent
theories.

Let us begin by inquiring what kind of theories we can expect to have gauge anomalies. We
begin studying the theory of a single Dirac fermion vectorially coupled to an external nonabelian
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Thus, gauge invariance is not a symmetry but a redundancy. Just a 
technicality to describe a spin-1 (or spin-2) theory in a way compatible with 
locality and Lorentz invariance.

These dangerous redundant states are eliminated from the physical 
spectrum by demanding gauge invariance:

But some of these redundant states have negative norm, e.g.

| i = A0|⌦i h | i < 0

Since                           we have

�gauge| iphys = 0

�gaugeA0 = ✏̇(x)

�gauge| i 6= 0 | i is not a physical state
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The absence of ghosts is preserved in time when the quantum theory is 
gauge invariant

[�gauge, H] = 0

i.e., the time evolution of a physical state is a physical state.

This guarantees that 

�gauge| (0)i = 0 �gauge| (t)i = 0

When gauge invariance is anomalous, ghosts can pop up

the theory becomes nonunitary

gauge anomalies should be cancelled in physical theories at all cost
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Gauge anomalies can arise only in parity-violating theories.

Thus, a parity-invariant theory contains as many right- and left-handed fermions 
in the same representation.

P :  R,L �!  L,R

In this case, we can build gauge-invariant mass terms and regularize the 
theory using Pauli-Villars fields which preserve gauge invariance.

Where can we expect gauge anomalies?

Chiral anomalies can only emerge in even-dimensional theories. Besides, 
parity reverses fermion helicity
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For example, consider N Dirac fermions with charges Qi chirally coupled to 
an external U(1) gauge field

This theory has a gauge symmetry

where the associated conserved current is of the V-A type

S =
NX

i=j

Z
d4x


i j�

µ@µ j +Qi j�
µ

✓
1� �5

2

◆
 jAµ

�

with

Aµ(x) �! Aµ(x) + @µ↵(x)

 j(x) �!
1 + �5

2
 j(x) + eiQj↵(x) 1� �5

2
 j(x)

Jµ
L =

NX

j=1

Qj j�
µ

✓
1� �5

2

◆
 j @µJ

µ
L = 0
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To spot the gauge anomaly, we have to compute

Even before computing it, we see that the result should be proportional to the 
quantity

and impose Bose symmetry on all three vertices

We have evaluate a triangle diagram with three left currents at the vertices

NX

j=1

transformations

� = i↵
a(x)T a

�

✓
1 � �5

2

◆
 ,

� = �i↵
a(x) T a

�

✓
1 + �5

2

◆
, (3.8)

�A a

µ
=

1

g
@µ↵

a + f
abcA b

µ
↵
c
.

(3.9)

40

transformations

� = i↵
a(x)T a

�

✓
1 � �5

2

◆
 ,

� = �i↵
a(x) T a

�

✓
1 + �5

2

◆
, (3.8)

�A a

µ
=

1

g
@µ↵

a + f
abcA b

µ
↵
c
.

(3.9)

40

j

j

j

(summing over all
fermion species in
the loop)

@µhJµ
L(x)iA = �1

2

Z
d4y1d

4y2h0|T [Jµ
L(x)J

↵
L (y1)J

�
L(y2)]|0iA↵(y1)A�(y2)

Jµ
L

J↵
L

J�
L

@µhJµ
LiA ⇠

NX

j=1

Q3
j

NX

j=1

Q3
j = 0which cancels if
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A similar calculation for a right-handed theory

S =
NX

i=j

Z
d4x


i j�

µ@µ j + eQi j�
µ

✓
1 + �5

2

◆
 jAµ

�

and we have

For a theory with NR right-handed and NL left-handed fermions, the 
cancellation condition for the anomaly reads

which again cancels when@µhJµ
RiA ⇠ �

NX

j=1

eQ3
j
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We analyze now the non-Abelian case

where we have introduced external gauge fields coupled respectively to 
the right- and left-handed component of the fermion

This theory has a                 gauge invarianceGL ⇥GR

S =

Z
d4x


i �µ

⇣
@µ � iLµ

⌘✓
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◆
 + i �µ
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⌘✓
1 + �5

2

◆
 

�
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Alternatively, we can write the theory in terms of vector and axial-vector 
gauge fields

where                     and                      are given by

In terms of these fields, we have vector and axial gauge 
transformations

 (x) �! ei↵
a(x)Ta

 (x)  (x) �! ei�
a(x)Ta�5 (x)
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Aµ =
1

2

⇣
Lµ � Rµ

⌘

<latexit sha1_base64="A9VczB+E6xBrpSoLuLsvLptiwPo=">AAAB53icdY/NSsNAFIXv1L9a/6Iu3RS7qQtDUgVXQq0bBRdVTFswJUym0zp0JgkzE6GErF26E7c+gU/jwo2+io2GQg2e1eG7517O9SPOlLasD1RaWFxaXimvVtbWNza3jO2djgpjSahDQh7Kno8V5Sygjmaa014kKRY+p11/fJ7Nuw9UKhYGt3oS0b7Ao4ANGcF6ijzj0hVY3ysik7PUS1wRp6eJ7YbTlWojdVtsVJ8FrvLA4Yzc5CTLHXhGzTKtH1WLxs5NDXK1PePRHYQkFjTQhGOl7mwr0v0ES80Ip2nFjRWNMBnjEU2wUGoi/ALMmhQgGcyjLCTVUP1zsjJtbv/tWTSdhmkfmY3r41qzlf9Qhj3YhzrYcAJNuIA2OEDgDd7hE74QQ0/oGb38Rkso39mFOaHXbzaDjvA=</latexit>

Vµ(x) �! iei↵
a(x)Ta

@µe
�i↵a(x)Ta

<latexit sha1_base64="blGGN+joF1KJs7/2vSLuIO7kKuw=">AAACAHicdY+7TsNAEEXH4RXCy0BJE5EmFER2gkQbQUMZpLwknFjjzcZZZf3Q7hqILDc0/AodouUL+AV+ghZKYuImGG4zV3fO7M44IWdSGca7VlhZXVvfKG6WtrZ3dvf0/YOuDCJBaIcEPBB9ByXlzKcdxRSn/VBQ9BxOe870Mu33bqmQLPDbahbSgYeuz8aMoJpHtu5YHqqJJCLuJnZseVFSvT+xeOC7grkThUIEd2VGhzGzkIcTHMaYEu20JlaIQjHki8E5dPoXZesVo2b8qJw3ZmYqkKll64/WKCCRR31FOEp5YxqhGsTpX4TTpGRFkoZIpujSGD0pZ56TC9OrciEZLUcpJORY/vNkab65+XvPvOnWa2ajVr8+qzQvshuKcATHUAUTzqEJV9CCDhB4gw/4hC/tQXvSnrWXBVrQsplDWJL2+g0CjZpV</latexit>

+ ei↵
a(x)Ta

Vµ(x)e
�i↵a(x)Ta

<latexit sha1_base64="A6p1eV3RBwVjbeoCAT/fd9HkCHo=">AAAB5HicdU9NS8NAFHxbv2r8inr0IvZSUUtSBa9FQTxWaNOCacNmu22X7iZhdyOWkLMXb+LVX+Cv8Sb6Y2w0lxqdyxtm5j3m+RFnSlvWOyotLC4tr5RXjbX1jc0tc3vHUWEsCW2TkIey62NFOQtoWzPNaTeSFAuf044/ucz8zh2VioVBS08j2hN4FLAhI1jPJM+8OnKPaT9hLubRGPcTnFbvD1vZTF2B9VgRmTipl7gizpxZ9OSvrGdWrJr1jf0isXNSgRxNz3xwByGJBQ004VipW9uKdC/BUjPCaWq4saIRJhM8ogkWSk2FXxCzfgWRDOalLCTVUP1z0pg1t3/3LBKnXrNPa/Wbs0rjIv+hDHtwAFWw4RwacA1NaAOBV3iDD/hEQ/SIntDzT7SE8p1dmAN6+QJeCI00</latexit>

Aµ(x) �! ei↵
a(x)Ta

Aµ(x)e
�i↵a(x)Ta

<latexit sha1_base64="V0RTusd4c/en0dEc7AvrxK8XwWc=">AAACBXicdY+9TsMwFIWvy18pfwFGloouZaBKChJrgYWxSP2TSBs5rptadeLIdoAqytynYUOsPAEPwHOwgkQDWUrKWe7Rud+1jt2QM6VN8x0VVlbX1jeKm6Wt7Z3dPWP/oKNEJAltE8GF7LlYUc4C2tZMc9oLJcW+y2nXnVyn++49lYqJoKWnIe372AvYiBGs55FjeLaP9VgRGV8mTmz7UVJ9PLG5CDzJvLHGUoqHMh3EzMY8HONBjFOglc5k2ekcPV3GOkbFrJk/KueNlZkKZGo6xsweChL5NNCEY6XuLDPU/RhLzQinScmOFA0xmWCPxthXauq7uTDtlwvJcDFKIalG6p8nS/Pm1t+eedOp16yzWv32vNK4yv5QhCM4hipYcAENuIEmtIHAG3zAJ3yhGXpCz+jlFy2g7OYQFoRevwFV3ZwQ</latexit>

Vµ(x) �! ei�
a(x)Ta

Vµ(x)e
�i�a(x)Ta

<latexit sha1_base64="07RaBE0RnwAmtaL2QS29fIFSHYg=">AAACA3icdU+7TsNAEFyHVwgvAyVNRJpQENkJEm0EDWWQ8pJwYp0vG+eU80N3ZyCyXCI+hg7R8gV8AZ9BCw0xuAkO0+xoZnY164ScSWUY71phZXVtfaO4Wdra3tnd0/cPujKIBMUODXgg+g6RyJmPHcUUx34okHgOx54zvUz93i0KyQK/rWYhDjzi+mzMKFFzydbR8oiaSCribmLHlhcl1fsTiwe+K5g7UUSI4K6Mw5hZDioyjEnqt9OZLNucJ0+XRG29YtSMH5TzxMxIBTK0bP3RGgU08tBXlBMpb0wjVIOYCMUox6RkRRJDQqfExZh4Us48Jyem9XIiHS1KaUjIsfznZGne3PzbM0+69ZrZqNWvzyrNi+yHIhzBMVTBhHNowhW0oAMU3uADPuFLe9CetGft5Tda0LKdQ1iA9voN80ibUg==</latexit>

Aµ(x) �! iei�
a(x)Ta

@µe
�i�a(x)Ta

<latexit sha1_base64="/ps4ITicoHLiJfKnETviK+e3A1Y=">AAAB/nicdY+7TsMwFIaPy62UW4CRpaJLGaiSgsRaYGEsUm8SocFx3dSqnUS2A1RRJDbehA2x8gS8A+/ACjMNzVIC/3J+/ec79jluyJnSpvmOCguLS8srxdXS2vrG5paxvdNRQSQJbZOAB7LnYkU582lbM81pL5QUC5fTrjs+T/vdWyoVC/yWnoT0WmDPZ0NGsJ5GjnFjC6xHisj4NHFiW0RJ9f7A5oHvSeaNNJYyuCsz2o+Z7VKN+zFOgVZaEzvEUjPMZ3NT5vAPyDEqZs38UTlvrMxUIFPTMR7tQUAiQX1NOFbqyjJDfR2nXxFOk5IdKRpiMsYejbFQaiLcXJjelAvJYD5KIamG6p8nS9PNrd975k2nXrOOavXL40rjLLuhCHuwD1Ww4AQacAFNaAOBN/iAT/hCD+gJPaOXGVpA2cwuzAm9fgNFUplY</latexit>

+ ei�
a(x)Ta

Aµ(x)e
�i�a(x)Ta

<latexit sha1_base64="piSiWAUDq1DzAp3Yeu/umx9wK/s=">AAAB4nicdU+7TsNAENwLrxBeBkoaRJogILIDEm14FJRBykvCiXW+bMIpPtu6OyMiyzUSHaLlC/ga2vA1xOAmGKbZ0czsatYNPa60aU5JYWFxaXmluFpaW9/Y3DK2d9oqiCTDFgu8QHZdqtDjPrY01x52Q4lUuB523PFV6nceUCoe+E09CbEn6MjnQ86onkmOcX1kH2M/5raLmvZjmlQeD5vpTGxB9b1iMr5InNgWUerMkid/RB2jbFbNb+zniZWRMmRoOMaTPQhYJNDXzKNK3VlmqHsxlZozD5OSHSkMKRvTEcZUKDURbk5M6+VENpiX0pBUQ/XPydKsufW7Z560a1XrtFq7PSvXL7MfirAHB1ABC86hDjfQgBYweIcPmMInGZBn8kJef6IFku3swhzI2xe9SIw3</latexit>
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The classical conservation equations for the vector and axial-vector currents 
are

(DµJ
µ
A)

a = 0

To find the anomaly we have to calculate

Expanding in perturbation theory, the terms with two gauge fields give the 
contribution of the triangle diagram. The parity-violating triangles ones are

J↵b
V

J�c
V

Jµa
A

J↵b
A

J�c
A

Jµa
A

@µJ
µa
A + fabcV a

µ Jµc
A + fabcA b

µJ
µc
A = 0

<latexit sha1_base64="q2m7ELk9Y3ViGLT03Fzh1a2lhOg=">AAACG3icdY9NS8MwHMaT+bbNt7odvQx3EYTRzoEnYdOLeJrgXsBuJcmyGZa0JUmFUXL2U/hpvIlXD579IrauIrPsueTJk1/+PH8ccqa0bX/Cwsbm1vZOsVTe3ds/OLSOKn0VRJLQHgl4IIcYKcqZT3uaaU6HoaRIYE4HeH6dvg+eqFQs8O/1IqQjgWY+mzKCdBJ5lnFDJDVD3ItdEZnbcXrUkEmuUtQ65mw6jhEmxhVIPyoi475Zkkn8S5P1dCfhsFmZ/Udf2p5Vtxv2j2p542SmDjJ1PevZnQQkEtTXhCOlHhw71KM4XYFwaspupGiIyBzNaIyEUguBc2HaLReSyWqUQlJN1ZqR5aS5879n3vSbDee80bxr1dtX2Q5FcAxOwClwwAVogxvQBT1AwBcswQqswhf4Ct/g+xItwOxPFawIfnwDZNqifA==</latexit>

(DµJ
µ
A)

a + fabcA b
µJ

µc
A = 0

<latexit sha1_base64="3k+1dspLyhZYLypC2y1zLP9xgeY=">AAAB6nicdU/LSsNAFL2pr1pfUZduit1UhJK0giuhVRciLirYB5g2TKbTOnQmCTMToYRZu3cnbv0Cv0aX+iWmNYg1eBZ3zj1zz+VcL2RUKst6N3ILi0vLK/nVwtr6xuaWub3TlkEkMGnhgAWi6yFJGPVJS1HFSDcUBHGPkY43Ppv+d+6JkDTwb9QkJD2ORj4dUoxUIrnmVfncjR0e6cv+7EkawYsNfdCPkT4cJtXD2uFI3Uks4obux57+bSjiH8uJ5Zolq2LNUMwSOyUlSNF0zQdnEOCIE19hhqS8ta1Q9WIkFMWM6IITSRIiPEYjEiMu5YR7GXGaLSPiwbw0HRJyKP9ZWUiS239zZkm7WrFrler1Ual+mt6Qhz3YhzLYcAx1uIAmtADDK7zBB3wazHg0nozn79GckXp2YQ7GyxfUwo/I</latexit>

h(DµJ
µ
A)

aiV ,A =
1

Z

Z
D D 

⇣
@µJ

µa
A + fabcV b

µ J
µc
A + fabcA b

µJ
µc
A

⌘
ei

R
d4x[i �↵(@↵�iV↵�iA↵�5) ]

<latexit sha1_base64="hsH0S6KAw0+YUgcLPMwHIIIu78w="></latexit>
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Their contribution combines with terms coming from the (logarithmically 
divergent) box diagrams

Jµa
A

J↵b
V

J�c
V

J↵b
A

J�c
A

Jµa
AJ�d

V J�d
V

In the non-Abelian case, there are terms in the triangle with three gauge fields.

Anomaly = h(@µJµa
A + fabcV b

µ J
µc
A + fabcA b

µJ
µc
A )iV ,A

<latexit sha1_base64="LyhukIVhTwtHiSVU9efR5hoIR9g=">AAACUnicfVK7TsMwFLXDq5QCATZYKroUgaqkIDEhtbBApyLRh4TbyHHdEtVOIttBVJFnfohPYeFXmEhKhChROYuPzz33+lzJbsg8qSzrAxorq2vrG4XN4lZpe2fX3NvvyiAShHZIwALRd7GkzPNpR3mK0X4oKOYuoz13epPWe89USC/wH9QspAOOJ7439ghWieSYb4i7wUvc9AOO2UxfIYb9CaNVFGKhPMycGPFIt4bpUcY6uQpeburT8TDGLtGIY/UkiYi7ehi7esFNlrub/7lPkJhnSMs/089+9WrHrFg1a45yntgZqYAMbcd8RaOARJz6ijAs5aNthWoQpysSRnURRZKGmEzxhMaYSznjbk5M38+JZLQopSYhx3LJyGKS3P6bM0+69Zp9XqvfX1Qa19kOBXAEjkEV2OASNMAtaIMOIPAQNuAdbMF3+Gkkv+TbasCs5wAswCh9ATvFtu0=</latexit>
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Jµa
A

Jµa
A

Jµa
A

Jµa
A

J↵b
V

J�c
V

J�d
VJ�d

V

J↵b
V

J�c
V

J↵b
A

J↵b
A

J�c
A

J�c
A

J�d
A

J�d
A

J�e
V

J�e
V

J�e
AJ�e

A

Finally, there are also contributions to the anomaly from the (UV finite) 
pentagon diagrams:

Anomaly = h(@µJµa
A + fabcV b

µ J
µc
A + fabcA b

µJ
µc
A )iV ,A

<latexit sha1_base64="LyhukIVhTwtHiSVU9efR5hoIR9g=">AAACUnicfVK7TsMwFLXDq5QCATZYKroUgaqkIDEhtbBApyLRh4TbyHHdEtVOIttBVJFnfohPYeFXmEhKhChROYuPzz33+lzJbsg8qSzrAxorq2vrG4XN4lZpe2fX3NvvyiAShHZIwALRd7GkzPNpR3mK0X4oKOYuoz13epPWe89USC/wH9QspAOOJ7439ghWieSYb4i7wUvc9AOO2UxfIYb9CaNVFGKhPMycGPFIt4bpUcY6uQpeburT8TDGLtGIY/UkiYi7ehi7esFNlrub/7lPkJhnSMs/089+9WrHrFg1a45yntgZqYAMbcd8RaOARJz6ijAs5aNthWoQpysSRnURRZKGmEzxhMaYSznjbk5M38+JZLQopSYhx3LJyGKS3P6bM0+69Zp9XqvfX1Qa19kOBXAEjkEV2OASNMAtaIMOIPAQNuAdbMF3+Gkkv+TbasCs5wAswCh9ATvFtu0=</latexit>
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What about the group theory factors?

T a
ij

T b
jk

T c
ki

+Bose symmetry ⇠ Tr
h
T a{T b, T c}

i

T a
ij

T b
jk

T c
k`

+Bose symmetry ⇠ Tr
h
T a{T b, [T c, T d]}

i

T d
`i

= if cdeTr
h
T a{T b, T e}

i

For triangle we have (AVV and AAA):

whereas the result for the box is (AVVV and AAAV):
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Finally, we deal with the pentagon (AVVVV, AVVAA, and AAAAA):

T a
ij

T b
jk

T c
k`

T d
`m

T e
mi

+Bose symmetry ⇠ Tr
h
T aT [bT cT dT e]

i

⇠ fr[bcfde]sTr
h
T a{T r, T s}

i

• The box and pentagon diagrams only contribute to non-Abelian case.

• The cancellation condition for the triangle diagram 

automatically implies the cancellation of the box and the 
pentagon as well.

Tr
h
T a{T b, T c}

i
= 0

Therefore, to cancel the gauge anomaly we only have to care about the triangle!
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Computing all these diagrams and imposing vector current conservation

where

one arrives at the expression of the Bardeen anomaly

The result preserve vector gauge transformations (it depends on the 
vector field strength         alone).

h(DµJ
µ
V)

aiV ,A = 0
<latexit sha1_base64="5qWeFzwOWvMl/DaiMJ8RfqOxnlY=">AAAB73icdY/LSsNAGIX/1Futt6hLN8FuKkhJquBKqJeFuGrBpgXThsl0WkNnkjgzEUqYtY/gTtz6BD6LC7f6GiY1CDV4NnP+M98M5/ci6gtpmu9aaWFxaXmlvFpZW9/Y3NK3d2wRxhyTDg5pyHseEoT6AelIX1LSizhBzKOk600usvvuA+HCD4MbOY1In6Fx4I98jGQauXrboSgYU2LUHIbkHUY0uVRu4rBYXQ9mRzpwZtjqYJAg5fAZnQEpLTBPbHX468+UOjVdvWrWzZmMorFyU4VcLVd/dIYhjhkJJKZIiFvLjGQ/QVz6mBJVcWJBIoQnaEwSxISYMq8QZg0KIR7ORxnExUj882UlbW797Vk0dqNuHdUb7eNq8zzfoQx7sA81sOAEmnAFLegAhjf4gE/40u61J+1Ze/lBS1r+ZhfmpL1+AzPuknI=</latexit>

William A. Bardeen
(b. 1941)

Vµ⌫ = @µV⌫ � @⌫Vµ � i[Vµ,V⌫ ]� i[Aµ,A⌫ ]

Aµ⌫ = @µA⌫ � @⌫Aµ � i[Vµ,A⌫ ]� i[Aµ,V⌫ ]
<latexit sha1_base64="VMRsgGISI8Yl4A6R+uphnJw5LiI=">AAAC8HicjY/LSsNAFIYn8VbjrdWlm2JBXNiSVMGV0OjGZQv2Ak0Ik+m0Ds4kYWYilJC1r+BO3PoEvoobt/oYJjVK26D2rA7/+c7hO25AiZC6/qqoS8srq2uFdW1jc2t7p1ja7Qg/5Ai3kU993nOhwJR4uC2JpLgXcAyZS3HXvb1M5907zAXxvWs5DrDN4MgjQ4KgTCKnpLQsBuWNQDzqxE5ksdDywvjw3AoglwTSSRTPMglQnZp78/NkoUr6uew4d8WexswcZn5jZcvq67U6YrY2j/9pa/5jay5kay5m+/OUU6zoNX1S5XxjZE0FZNV0ivfWwEchw55EFArRN/RA2lGqjCiONSsUOIDoFo5wBJkQY+bmwtQiF6LBbJRCXAzFLye1xNyY98w3nXrNOKnVW6eVxkX2QwHsgwNwBAxwBhrgCjRBGyDlRXlT3pUPlasP6qP69IWqSrazB2ZKff4E8oT61Q==</latexit>

Vµ⌫
<latexit sha1_base64="0b4x5l6m4j+ntkO2b08fGYmvi7Q=">AAABsnicdY+7TsNAEEVnwyuYl3l0NAg3VJEdIqWNoKEMEnYicGStN5uwyq5t7ayRguWa36CFP+JviMFNsLjV1Zk7oztxJgUa1/0irY3Nre2d9q61t39weGQfnwSY5ppxn6Uy1eOYIpci4b4RRvJxpjlVseSjeHFbzUcvXKNIkwezzPhE0XkiZoJRs0KRfRYqap6R6SIooyJUeZjkZWQ7bsf90UXTeLVxoNYwst/CacpyxRPDJEV88tzMTAqqjWCSl1aYI88oW9A5L6hCXKq4AaseDcim66gKaZzhPyetVXPvb8+mCbod77rTve85g5v6hzacwyVcgQd9GMAdDMEHBq/wDh/wSXrkkVDCfqMtUu+cwpqI/AYn5ni0</latexit>

h(DµJ
µ
A)

aiV ,A = � 1

16⇡2
✏µ⌫↵�Tr

⇢
T a


Vµ⌫V↵� +

1

3
Aµ⌫A↵�

+
8i

3

⇣
AµA⌫V↵� + AµV⌫↵A� + Vµ⌫A↵A�

⌘
� 32

3
AµA⌫A↵A�

��

<latexit sha1_base64="B2d342+9sxjCZDZzLxzT3sSg+JY="></latexit>
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We can recast the Bardeen result for the case of a single left- or right-
handed fermion

Vµ = Aµ =
1

2
Lµ

<latexit sha1_base64="TGaijvpvsZmrk4OsK6KVi1b3GFA=">AAAB3XicdY87T8MwFIWvy6uUV4CRpaILU5QEJCZEgYWBoUj0IZEqcly3WLXjyHaQqigjYkGs/AJ+DSsM/BsaCJVKxJmOvnPv1blhzJk2jvOJKguLS8sr1dXa2vrG5pa1vdPRMlGEtonkUvVCrClnEW0bZjjtxYpiEXLaDccXed69p0ozGd2YSUz7Ao8iNmQEmykKrFNfYHOniUo7WZD6IslOZuTsl6SuL6dH6l42y66KLLAaju18q142bmEaUKgVWI/+QJJE0MgQjrW+dZ3Y9FOsDCOcZjU/0TTGZIxHNMVC64kISzAvUYJkMI/yIaWH+p+TtWlz92/Psul4tntoe9dHjeZ58UMV9mAfDsCFY2jCJbSgDQRe4Q3e4QMF6AE9oeef0QoqdnZhTujlCwl7i3M=</latexit>

left:

right: Vµ = �Aµ =
1

2
Rµ

<latexit sha1_base64="c1oDel7pv0kK8WHGQcu04GdseMs=">AAAB3nicdY9LS8NAFIXv1Fetr6hLN8Vu3FiSWHAlRN24rGIfYEqcTKd16EwSZiZCCdnqStz6C/w1bhX8NyYaCzV4Vofv3Hs51484U9o0P1FlYXFpeaW6Wltb39jcMrZ3uiqMJaEdEvJQ9n2sKGcB7WimOe1HkmLhc9rzJ+d53runUrEwuNbTiA4EHgdsxAjWGfIMxxVY3ykik27qJa6I05PDGTr9RYnlhtmVup3Osqsi84yG2TS/VS8bqzANKNT2jEd3GJJY0EATjpW6scxIDxIsNSOcpjU3VjTCZILHNMFCqanwSzAvUYJkOI/yIalG6p+Ttay59bdn2XTtpnXUtC9bDees+KEKe7APB2DBMThwAW3oAIFXeIN3+EC36AE9oeef0QoqdnZhTujlC3yLi7A=</latexit>

Jµ
L =

1

2

⇣
Jµ
V � Jµ

A

⌘

<latexit sha1_base64="KmxpH9bVXkwjXXGkz0UDQPGYsks=">AAAB3XicdU+7TsNAENwLrxBeBkqaiDShILITJCpECA1CFEEiDwkH63y5hFPubOvujBRZLhENouUL+BpaKPgbHLgmWEw1OzO7mvUjzpS27S9UWFhcWl4prpbW1jc2t6ztna4KY0loh4Q8lH0fK8pZQDuaaU77kaRY+Jz2/Mn5zO89UKlYGNzoaUQHAo8DNmIE60zyrNNLL7lK7xJXxOlJ4rhhFi7XU7fFxtXMcqUod419aOYzM88yB55VsWv2D8p54hhSAYO2Zz25w5DEggaacKzUrWNHepBgqRnhNC25saIRJhM8pgkWSk2FnxMF1vc5kQznpVlIqpH652Qpa+787Zkn3XrNadTq10eVZsv8UIQ92IcqOHAMTbiANnSAwBu8wwd8Ig89omf08hstILOzC3NAr98yG4lU</latexit>
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and similarly for a right-handed fermion

Vµ = Aµ =
1

2
Lµ

<latexit sha1_base64="TGaijvpvsZmrk4OsK6KVi1b3GFA=">AAAB3XicdY87T8MwFIWvy6uUV4CRpaILU5QEJCZEgYWBoUj0IZEqcly3WLXjyHaQqigjYkGs/AJ+DSsM/BsaCJVKxJmOvnPv1blhzJk2jvOJKguLS8sr1dXa2vrG5pa1vdPRMlGEtonkUvVCrClnEW0bZjjtxYpiEXLaDccXed69p0ozGd2YSUz7Ao8iNmQEmykKrFNfYHOniUo7WZD6IslOZuTsl6SuL6dH6l42y66KLLAaju18q142bmEaUKgVWI/+QJJE0MgQjrW+dZ3Y9FOsDCOcZjU/0TTGZIxHNMVC64kISzAvUYJkMI/yIaWH+p+TtWlz92/Psul4tntoe9dHjeZ58UMV9mAfDsCFY2jCJbSgDQRe4Q3e4QMF6AE9oeef0QoqdnZhTujlCwl7i3M=</latexit>
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We have seen that the condition for the cancellation of the gauge 
non-Abelian anomaly reads

In a theory with N+  positive chirality fermions and N-  negative chirality 
fermions, the anomaly cancellation condition takes the form

Are there “safe” representations for which

(anomaly coefficients)
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h
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n
T b, T c

oi
= 0
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Let us do some group theory…

A Lie algebra representation is real or pseudoreal if there is an 
intertwining operator S relating the representation and its 
complex conjugate

T a
R
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RS�1

n
ST = S

ST = �S

real
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we find for real and pseudoreal representations
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Thus, real and pseudoreal are anomaly-free representations

for R real or pseudoreal

All representations of the following groups are safe
• SU(2)

In addition, the adjoint representation of any group is real and therefore 
safe.

• SO(2N+1)

• Sp(2N) for N ≥ 3
• and the exceptional groups G2,  F4,  E7,  E8

• SO(4N) for N ≥ 2

Other groups whose representations are neither real or pseudoreal but 
are still safe are

• SO(4N+2) for N ≥ 2
• E6
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Potentially dangerous Lie group are

• SU(N) for N ≥ 3.

• U(1).

For non-safe groups, anomalies can be eliminated  either by choosing 
an anomaly free representation or by cancellation

If the gauge group is a direct product, G1  ⊗ ... ⊗ Gn, there might be mixed 
gauge anomalies associated with triangles with “different group factors” at 
each vertex

gi
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gj
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Gravitational anomalies
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Gravitons are quantized perturbations over flat (or any other background) 
spacetime

gµ⌫ = ⌘µ⌫ + 2hµ⌫

The graviton action is obtained expanding the Einstein-Hilbert action 
around the Minkowski metric

S = � 1

22

Z
d4x

p
�gR[g]

At the level of the graviton field, diffeomorphism invariance translate into 
gauge tranformations generated by a vector field

�hµ⌫(x) =
1

2

h
@µ⇠⌫(x) + @⌫⇠µ(x)

i

S =

Z
d4x

✓
1

2
@µh↵�@

µh↵� � 1

2
@↵h↵�@µh

µ� + self-interactions

◆

 =
p
8⇡GN(                     )
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Expanding the matter action to linear order in the graviton field

S[�i, ⌘ + 2h] = S[�i] + 2

✓Z
d4xhµ⌫

�S

�gµ⌫

◆����
g=⌘

leads to the coupling between the graviton and the energy-momentum tensor

= S[�i]� 

Z
d4x

p
�ghµ⌫

✓
� 2p

�g

�S

�gµ⌫

◆�����
g=⌘

Sint = �

Z
d4xhµ⌫T

µ⌫

Invariance under gauge transformations                                             

�hµ⌫(x) =
1

2

h
@µ⇠⌫(x) + @⌫⇠µ(x)

i

depends on the conservation of the energy-momentum tensor

�Sint = 

Z
d4x ⇠⌫@µT

µ⌫ @µT
µ⌫ = 0
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Gravitational anomalies appear whenever the energy-momentum 
tensor is not conserved quantum-mechanically

@µhTµ⌫(x)ih 6= 0

Let us consider a theory of a chiral fermion coupled to a background graviton 
field

hTµ⌫(x)ih =
1

Z

Z
D D Tµ⌫(x) ei

R
d4y(i +�

µ@µ +�hµ⌫Tµ⌫)

Expanding in powers of    we find again the triangle 
diagram, this time with three energy-momentum 
tensor insertions


Tµ⌫

T↵�

T��

Tµ⌫ =
i

4
 
⇣
�µ

$
@ ⌫+ �⌫

$
@ µ

⌘
 f1

$
@ ⌫ f2 = f1(@µf2)� (@µf1)f2where

The expectation value of the energy-momentum tensor is then
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But, since anomalies and parity noninvariance come together, the question is 
whether gravitational couplings are sensitive to chirality

This depends on the dimension:

• D = 4k: 

• D = 4k+2: 

CPT reverses the helicity of fermions

CPT preserves the helicity of fermions

Thus, in D = 4k there are as many left-handed as right-handed fermions

There are no pure gravitational anomalies in four dimensions

+ “equivalence principle”

Gravitational couplings are chirality-blind
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However, gravity can contribute to the gauge anomaly…

For example, a left-handed fermion coupled to a gauge field also couples to 
gravity through

The quantum conservation of the current is then

S =

Z
d4x


i �µ@µ +  �µT a

✓
1� �5

2

◆
 A a

µ � hµ⌫T
µ⌫

�

Expanding in powers of    brings down insertions of the energy-momentum 
tensor into the correlation function. Then, we have contributions like



�2

2

Z
d4y1

Z
d4y2 h0|T

h
Jµa
L (x)T↵�(y1)T

��(y2)
i
|0ih↵�(y1)h��(y2)

hJµa
L (x)iA ,h =

1

Z

Z
D D Jµa

L (x)eiS0[ , ,A ]�i
R
d4y Tµ⌫hµ⌫
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Diagrammatically, we have again a triangle diagram with one gauge 
current and two energy-momentum tensors

T↵�

T��

Jµa
L +Bose symmetry

Since we are only interested in cancelling this contribution we just need to 
look at the group theory factor

T↵�

T��

T a
ij

i

i

i

⇠ TrT a
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Thus, the condition for the cancellation of mixed gauge-gravitational 
anomalies is

X

right-handed
TrT a

+ �
X

left-handed
TrT a

� = 0

• SU(N) for N ≥ 2 do not contribute to mixed anomalies (tracelessness!)

• But beware of U(1)’s!!!

The cancellation of mixed anomalies poses very strong nontrivial 
constraint on theories  (e.g. the standard model, MSSM,…).
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Functional methods



M.Á. Vázquez-Mozo                                                             Anomalies and Differential Geometry I                                          PhD Course, Universidad Autónoma de Madrid

Foreword: Euclidean fermion fields

In Minkowski space, the Dirac matrices satisfy  [                                       ]

�µ† = �0�µ�0 �0† = �0

�i† = ��i

n
⌘µ⌫ = diag(1,�1,�1,�1)

Dirac fermions are defined as objects transforming under the Lorentz group 
as

The gauge action then transforms as

SYM = � 1

2gYM

Z
d

4
xTr

⇣
Fµ⌫F

µ⌫

⌘
�! iSE =

i

2gYM

Z
d

4
xTr

⇣
Fµ⌫F

µ⌫

⌘
(B.10)

The Euclidean action is positive definite and therefore the functional integration is well defined

e
iSYM �! e

�SE (B.11)

Upon Wick rotation, the covariant derivatives transforms as

D0 = @0 � iA0 = i@4 + A4 ⌘ iD̂4, Di = @k � iAk ⌘ D̂i, (B.12)

where the hat indicates the Euclidean quantities. Their commutator still satisfies Eq. (B.4).

Fermions. The previous transformation of the Dirac operator under the Wick rotation leads
to the following one for the Dirac operator

iD/ = i�
µ
Dµ = ��0

D̂4 + i�
k
D̂k. (B.13)

This suggests to define a set of Euclidean Dirac matrices �̂µ given by

�̂
4 = ��0

, �̂
k = i�

k
, (B.14)

that satisfy the algebra

{�̂µ, �̂⌫} = 2�µ⌫ . (B.15)

and are Hermitian

�̂
µ† = �̂

µ
. (B.16)

For the chirality matrix we have

�5 = �i�
0
�

1
�

2
�

3 = ��̂0
�̂

1
�̂

2
�̂

3 = �̂
1
�̂

2
�̂

3
�̂

4 ⌘ �̂5. (B.17)

It satisfies �̂2
5 = 1, �̂†5 = �̂5, and {�̂µ, �̂5} = 0.

In Minkowski spacetime, a Dirac fermion is defined as a four-component object  ↵ trans-
forming under the Lorentz group as

 
0 = e

� i
2#µ⌫�

µ⌫
 ⌘ U(#) , (B.18)

where

�
µ⌫ = � i

4
[�µ, �⌫ ]. (B.19)
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where

The gauge action then transforms as

SYM = � 1

2gYM

Z
d

4
xTr

⇣
Fµ⌫F

µ⌫

⌘
�! iSE =

i

2gYM

Z
d

4
xTr

⇣
Fµ⌫F

µ⌫

⌘
(B.10)

The Euclidean action is positive definite and therefore the functional integration is well defined

e
iSYM �! e

�SE (B.11)
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Fermions. The previous transformation of the Dirac operator under the Wick rotation leads
to the following one for the Dirac operator

iD/ = i�
µ
Dµ = ��0

D̂4 + i�
k
D̂k. (B.13)

This suggests to define a set of Euclidean Dirac matrices �̂µ given by

�̂
4 = ��0

, �̂
k = i�

k
, (B.14)

that satisfy the algebra

{�̂µ, �̂⌫} = 2�µ⌫ . (B.15)

and are Hermitian

�̂
µ† = �̂

µ
. (B.16)

For the chirality matrix we have

�5 = �i�
0
�

1
�

2
�

3 = ��̂0
�̂

1
�̂

2
�̂

3 = �̂
1
�̂

2
�̂

3
�̂

4 ⌘ �̂5. (B.17)

It satisfies �̂2
5 = 1, �̂†5 = �̂5, and {�̂µ, �̂5} = 0.

In Minkowski spacetime, a Dirac fermion is defined as a four-component object  ↵ trans-
forming under the Lorentz group as

 
0 = e

� i
2#µ⌫�

µ⌫
 ⌘ U(#) , (B.18)

where

�
µ⌫ = � i

4
[�µ, �⌫ ]. (B.19)
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These generators are not Hermitian. Indeed, using that �0 is Hermitian and �k anti-Hermitian
we find that

�
0i† = ��0i

, �
ij† = �

ij
. (B.20)

Thus, the Hermitian conjugate spinor transforms

 
†0 =  

†
e

i
2#µ⌫�

µ⌫† ⌘  
†
U(#)† 6=  

†
U(#)�1

. (B.21)

We need to construct objects transforming with U(#)�1 in terms of which invariants can be
constructed. We notice that from

�
µ† = �

0
�
µ
�

0 (B.22)

it follows

�
µ⌫† = �

0
�
µ⌫
�

0 =) �
0
U(#)†�0 = U(#)�1

. (B.23)

This identity shows that the conjugate spinor defined by

 =  
†
�

0 (B.24)

actually transforms contravariantly,

 
0 =  

†0
�

0 =  
†
U(#)†�0 =  

†
�

0
U(#)�1 =  U(#)�1

. (B.25)

Similarly to the Minkowskian case, Dirac fermions are defined in Euclidean space as four-
component objects transforming under SO(4) as

 
0 = e

� i
2#µ⌫ �̂

µ⌫
 ⌘ Û(#) , (B.26)

where

�̂
µ⌫ = � i

4
[�̂µ, �̂⌫ ]. (B.27)

Now, however, all �-matrices are Hermitian and this implies that the generators of SO(4) are
Hermitian as well,

�̂
µ⌫† =

i

4
[�̂⌫†, �̂µ†] = � i

4
[�̂µ, �̂⌫ ] = �̂

µ⌫
. (B.28)

This impliest that Û(#)† = Û(#)�1 and the Hermitian conjugate spinor  † actually transforms
contravariantly

 
†0 =  

†
U(#)† =  

†
U(#)�1

. (B.29)
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Euclidean space can be obtained by Wick rotation from Minkowski signature

B Mathematical Appendix II: Euclidean field theory

Gauge fields. Since most of the analysis that we are going to carry out will be done in
Euclidean space, we begin by setting the main expressions that will be used in what follows.
In Lorentzian signature (+,�,�,�) we consider the gauge action

SYM = � 1

2g2
YM

Z
d

4
xTr

⇣
Fµ⌫F

µ⌫

⌘
, (B.1)

where

Fµ⌫ ⌘ F
A

µ⌫
T

A = @µA⌫ � @⌫Aµ � i[Aµ, A⌫ ]. (B.2)

The covariant derivative is given by

Dµ = @µ � iAµ (B.3)

and satisfies

[Dµ, D⌫ ] = �iFµ⌫ . (B.4)

These are the conventions of [12] with the replacement

Aµ �! 1

gYM

Aµ (B.5)

that removes the coupling constant from the field strengths and the covariant derivatives and
places it in front of the gauge action.

To go to Euclidean space we perform the Wick rotation

x
0 = �ix

4
, A0 = iA4, (B.6)

while the other gauge field components are not changed. This implies the rotation

F0i = iF4i, Fij �! Fij (B.7)

With this we find

Fµ⌫F
µ⌫ = 2F0iF

0i + FijF
ij = �2F0iF0i + FijFij

= 2F4iF4i + FijFij = Fµ⌫F
µ⌫
. (B.8)

where in the second line the indices are lowered and raised using the Euclidean metric

�µ⌫ = diag (1, 1, 1, 1). (B.9)
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⌘µ⌫ �! ��µ⌫

while the new Dirac matrices are defined as

b�i = �i

nn {b�µ, b�⌫} = �2�µ⌫I

b�µ† = �b�µ

Euclidean Dirac fermions are objects transforming under SO(4) as

b�µ⌫ =
i

4
[b�µ, b�⌫ ]

n
b�µ⌫† = b�µ⌫

 
0 = e

� i
2!µ⌫b�µ⌫

 ⌘ O(!) 

Now, Hermitian conjugate objects are contravariant

 
0† =  

†
e

i
2!µ⌫b�µ⌫†

⌘  
†
O(!)† =  

†
O(!)�1

b�4 = i�0

In Euclidean QFT,       and       are considered independent variables. 
<latexit sha1_base64="h97jrmDFqmNEIKCCgbstcF31KMw=">AAABoHicdY/NT8JAEMVn8QvrV9WjF0MvnpoWTbgSvXATEgtES8h2GWDDtt3sLCaEePbmVf81/xut9oKN7/TymzeTN4lWkmwQfLLa1vbO7l593zk4PDo+cU/P+pQvjcBI5Co3w4QTKplhZKVVONQGeZooHCSLu2I+eEZDMs8e7ErjKOWzTE6l4LZAsSY5dr3AD350WTVhaTwo1R27r/EkF8sUMysUJ3oKA21Ha26sFApfnHhJqLlY8BmueUq0SpMKTLmdV6CYbKIiZGhK/5x0vpuHf3tWTb/ph9d+s3fjtW/LH+pwAQ24ghBa0IYOdCECAXN4g3f4YA3WYfes9xutsXLnHDbEHr8A1iVxGw==</latexit>
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In Euclidean space, the chirality matrix is defined as

b�5 = �b�1b�2b�3b�4

satisfying

b�†
5 = b�5

A particularly important identity in the computation of anomalies is

Tr
⇣
b�5b�µb�⌫b�↵b��

⌘
= �4✏µ⌫↵� where ✏1234 = 1

Comparing with its Minkowskian counterpart

Tr
⇣
�5�

µ�⌫�↵��
⌘
= �4i✏µ⌫↵� with ✏0123 = 1

we see how Euclidean chiral anomalies will have an addition factor of i.
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Notation WARNING

From now on, Euclidean gamma matrices will be “hatless”

We denote  (x)† ⌘  (x) 6=  (x)†b�0
<latexit sha1_base64="5dizN3wFZRqDjKVV0QB177RkDeo=">AAAB8nicdY+7TsNAEEXH4RXCy0BJE5EmNJEdkGgjaCiDlJfEJtF6PXFW8dqOdx2ILNf8Ax2i5Qv4Ezpa+ApscBMsbnV158zojhW4XCrDeNdKa+sbm1vl7crO7t7+gX541JN+FDLsMt/1w4FFJbrcw67iysVBECIVlot9a3adzfsLDCX3vY5aBjgU1PH4hDOq0misd0ggef3hbBQTmzoOhgnBecQXVeKna9nVOCOSFCEezqtF/J7bOKUqJg4Vgiaj2EjGes1oGD+qFo2Zmxrkao/1R2L7LBLoKeZSKe9MI1DDmIaKMxeTCokkBpTNqIMxFVIuhVUIBVXTQsjs1SiDQjmR/5yspM3Nvz2LptdsmOeN5u1FrXWV/1CGEziFOphwCS24gTZ0gcEbfMAnfGlKe9KetZdftKTlO8ewIu31Gyu2k4w=</latexit>



M.Á. Vázquez-Mozo                                                              Introduction to Anomalies in QFT                                                PhD Course, Universidad Autónoma de Madrid

As above, we study a massless fermion coupled to an external 
gauge field                  and define the Euclidean fermion effective 
action in d dimensions.

which is nonlocal, since we are integrating out a massless state.

Expanding the action in powers of the external gauge field, we see 
that this sums the contribution of all one-loop diagrams with arbitrary 
gauge field insertions:

�[A ] =

2.5 Functional Evaluation of the Axial Anomaly 35

and arrive at the final expression for each term in the expansion (2.76)

Tr
1
i

A

n

d4x1 . . .d4xn tr S xn,x1 gµ1 . . .S xn 1,xn gµn

Aµ1 x1 . . .Aµn xn .

The integration over xi symmetrizes the external gauge fields and the factor 1 n
in the sum (2.76) eliminates the contribution of cyclic permutations. This analysis
shows that the fermion effective action admits the following diagrammatic expan-
sion

G Aµ . . . (2.81)

All diagrams from the second on are calculated using the Euclidean vertex gµ ,
and there is a global minus sign associated with the fermion loop. Applying Furry’s
theorem we see that the only terms contributing to G Aµ are those with an even
number of gauge fields.

2.5 Functional Evaluation of the Axial Anomaly

Let us reanalyze now the axial anomaly to the light of the functional methods intro-
duced above. We go back to the action of a massless Dirac fermion (2.59) coupled
to a U(1) external gauge field Aµ . In addition to gauge invariance

y x eie x y x ,

y x e ie x y x (2.82)

A x A x µ e x ,

the classical theory is also invariant under global axial transformations

y x eiag5y x ,

y x y x eiag5 (2.83)

A x A x ,

where a is constant. The classical theory has therefore two conserved currents,
(2.14) and (2.15) associated with global vector and axial-vector transformations.

The fermion (Euclidean) effective action

Aµ = A aT a
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e��[A ] =

Z
D D exp


�
Z

ddx �µ
⇣
i@µ + Aµ

⌘
 

�
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Let us carry out a gauge transformation on the external field:

�uA a
µ = @µu

a + fabcA b
µu

c ⌘ (Dµu)
a
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The corresponding transformation of the effective action is given by

e��[A ] =

Z
D D exp


�
Z

ddx �µ
⇣
i@µ + Aµ

⌘
 

�
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On the other hand

Aµ = A aT a
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�u�[A ] =

Z
ddx �uA a

µ (x)
��[A ]

�A a
µ (x)
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� ��[A ]

�A a
µ (x)

e��[A ] =

Z
D D 

h
�  (x)�µT a (x)

i
exp


�
Z

ddy  �↵
⇣
i@↵ + A↵

⌘
 

�
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Jµa(x)
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� ��[A ]

�A a
µ (x)

e��[A ] =

Z
D D 

h
�  (x)�µT a (x)

i
exp


�
Z

ddy  �↵
⇣
i@↵ + A↵

⌘
 

�
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��[A ]

�A a
µ (x)

=
1

e��[A ]

Z
D D 

h
 (x)�µT a (x)

i
exp


�
Z

ddy  �↵
⇣
i@↵ + A↵

⌘
 

�

<latexit sha1_base64="vosby+qeihsFc4saPFtHpuEEZ4Y="></latexit>

Z
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We identify the expectation value of the gauge current

��[A ]

�A a
µ (x)

= h (x)�µT a (x)iA = hJµa(x)iA
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�u�[A ] =

Z
ddx �uA a

µ (x)
��[A ]

�A a
µ (x)
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�u�[A ] =

Z
ddx �uA a

µ (x)hJµa(x)iA
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�u�[A ] =

Z
ddx �uA a

µ (x)hJµa(x)iA
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�uA a
µ = (Dµu)

a
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Thus, the variation of the fermion effective action is given by

and integrating by parts

�u�[A ] =

Z
ddx (Dµu)

a(x)hJµa(x)iA
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Identifying the potential gauge anomaly, we arrive at

�u�[A ] = �
Z

ddxua(x)[DµhJµ(x)iA ]a
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�u�[A ] = �
Z

ddxua(x)Ga[A (x)]
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[DµhJµ(x)iA ]a ⌘ Ga[A (x)]
<latexit sha1_base64="iudx7NxReRryi4tT6dXi3r3X+GA=">AAACAnicdY+7TsMwFIZPyq2UW4CRpaJLWaqkILGWiwRiKhK9SHWIHNctVp0LtlNRRdmQeBc2xMoT8Aa8BStMJCVClIh/+v2d/xz9dgLOpDKMN60wN7+wuFRcLq2srq1v6JtbbemHgtAW8bkvug6WlDOPthRTnHYDQbHrcNpxRifpvDOmQjLfu1KTgFouHnpswAhWCbL1fg+5WN0QzKPT2I6QG8aIY2/Iafnievqs3u0hMSXpOMlKIqKjOLbsCMeI3oZsXP7hZ3FKe79yybpl6xWjZkxVzhszMxXI1LT1B9T3SehSTxGOpeyZRqCsCAvFCKdxCYWSBpiM8JBG2JVy4jo5mFbIQdKfRWlIyIH852QpaW7+7Zk37XrN3K/VLw8qjePsD0XYgV2oggmH0IBzaEILCLzCO3zAp3avPWpP2vN3tKBlO9swI+3lC2UImxc=</latexit>
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�u�[A ] = �
Z

ddxua(x)Ga[A (x)]
<latexit sha1_base64="I4Yk07woI2aTxMIlJI9y85cebec=">AAAB8XicdY/NSsNAFIXv+FvrX9Slm2I3FbQkVXAlVF3UZUX7A00aJpNpHTqThMxEWkLWPoM7cesT+Ciu3OpbmGoQa/CsDt8993KuE3Amla6/orn5hcWl5cJKcXVtfWNT29puSz8KCW0Rn/th18GScubRlmKK024QUiwcTjvO6GI679zRUDLfu1GTgFoCDz02YASrFNnatelSrrAdR4nZwELgnimwupUkjM8S6/TQZJ4quf3YTcbmQdSPcVIZ7/9EGomdkt8r6dSytbJe1b9UyhsjM2XI1LS1e9P1SSSopwjHUvYMPVBWjEPFCKdJ0YwkDTAZ4SGNsZByIpwcnFbIQeLOomkolAP5z8li2tz42zNv2rWqcVStXR2X6+fZDwXYhT2ogAEnUIdLaEILCLzAG7zDB5LoAT2ip+/oHMp2dmBG6PkTTyCS+w==</latexit>

Ga[A (x)] = � �

�ua(x)
�[A +Du]

����
u=0

<latexit sha1_base64="fKL6ptVAjNqLNOpMKRLNq8igqDo=">AAACDnicdY9LT8JAFIVnUBDxVXXphsgGY2xaNHFFgo8El5gImDC1mQ4DTJg+MjM1ktq1W3+NO+PWX2Dif3FhgcaIjWf1zZlzb851As6kMoxPmFtazhdWiqultfWNzS1te6cj/VAQ2iY+98WtgyXlzKNtxRSnt4Gg2HU47Trji+l/954KyXzvRk0Carl46LEBI1gllq0FyMVqJImImrEd4bj38z6Lqw8HVv0IcTpQeoT6lCuM/GTZHMvhXZJPMjFqYtfFvycPZ0wwjy7j0EKCDUfq0Y7CuhHbWsXQjZnKWTBTqIBULVt7Qn2fhC71FOFYyp5pBMqKsFCMcBqXUChpgMkYD2mEXSknrpMxp20yJukvWtOQkAP5z8pS0tz82zMLnZpuHuu165NK4zy9oQj2wD6oAhOcgga4Ai3QBgR8gC+YhwX4DF/gK3ybR3MwndkFC4Lv312RnXo=</latexit>

We conclude that the gauge variation of the fermion effective action 
is determined by the anomaly.

In fact, we can write the anomaly as

Thus, one way to compute the anomaly is by directly constructing the 
fermion effective action for the corresponding gauge theory

Differential geometry
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But, how do the anomaly transform under gauge transformations?

Remember that under finite gauge transformations

A g
µ = g�1Aµg + ig�1@µg

<latexit sha1_base64="n0492cl/B2yhcpwLRDgGVczdxoE=">AAAB43icdY9LS8NAFIXv1Fetr6hLN2I3glgSFVwJVRFcVrAPMG2YTG/j0JkkzEyEErJ24U7c+gv8NS7VP2Oj2dTgWR2+c+/lXD8WXBvb/iCVufmFxaXqcm1ldW19w9rc6ugoUQzbLBKR6vlUo+Ahtg03AnuxQip9gV1/fJnn3QdUmkfhrZnE2Jc0CPmIM2qmyLOuXEnNvWYqPc+81JVJNkiD7CwYpIdOVsqCA14kMVWGU1Fgz6rbDftHu2XjFKYOhVqe9egOI5ZIDA0TVOs7x45NP82PMoFZzU00xpSNaYAplVpPpF+CebkSZMNZlA8pPdL/nKxNmzt/e5ZN56jhHDeObk7qzYvihyrswB7sgwOn0IRraEEbGLzBO3zCF0HyRJ7Jy+9ohRQ72zAj8voNIKGN1g==</latexit>

F g
µ = g�1Fµ⌫g

<latexit sha1_base64="9leEDuZIuzSO+4w2Nq0E72de/5k=">AAABz3icdY/NSsNAFIXv1L8a/6Iu3YjZuLFkasGVUBTEZQv2B0wbJtNpHDqThJmJUkLEnfgEPo1bfQbfxlazaYNndfjOvZdzg0RwbVz3G1VWVtfWN6qb1tb2zu6evX/Q1XGqKOvQWMSqHxDNBI9Yx3AjWD9RjMhAsF4wuZ7nvUemNI+jOzNN2ECSMOJjTomZId/GniTmQVOV3eR+5sk0H2ZhfhkOszOcL2delOahbztuzf3VcdngwjhQqOXbr94opqlkkaGCaH2P3cQMMqIMp4LllpdqlhA6ISHLiNR6KoMSnBcpQTpaRPMhpcf6n5PWrDle7lk23XoNn9fq7YbTvCp+qMIRnMApYLiAJtxCCzpA4R0+4BO+UBs9oWf08jdaQcXOISwIvf0AB8mFYw==</latexit>

g ⇡ 1� iuaTa
<latexit sha1_base64="kHrRtR89mFOV0WUG5emasewQ64c=">AAABtHicdY+7TsMwFIaPy62UWwCJhaWiCwtR0iJYK1gYi9SbRErkuKfBqp1YtoOoQmfegxVeiLehhSwl4h+Ofn3nov9ESnBjPe+LVNbWNza3qtu1nd29/QPn8Khv0kwz7LFUpHoYUYOCJ9iz3AocKo1URgIH0fR22R88ozY8Tbp2pnAkaZzwCWfULlDonMQBVUqnL3X/gmePOZ13w0UJnYbnej+ql41fmAYU6oTOWzBOWSYxsUxQYx58T9lRTrXlTOC8FmQGFWVTGmNOpTEzGZWgpPapBNl4FS2HtJmYf07WFsn9vznLpt90/ZbbvL9stG+KH6pwCmdwDj5cQxvuoAM9YPAK7/ABn+SKBIQR/B2tkGLnGFZEkm+IsHjU</latexit>

�uAµ = Dµu
<latexit sha1_base64="9f0ZbplpdBsH6W2vcUlJP9ZL3xU=">AAABzHicdY+7TsNAEEVnwyuEl4GSBpGGyrIDEhVSeBRUKEjkIeHIWm8mYZVd29pdI0Urt/ADfA0t/AR/QxzcBItbXZ25M7oTpYJr43nfpLayura+Ud9sbG3v7O45+wc9nWSKYZclIlGDiGoUPMau4UbgIFVIZSSwH01vinn/BZXmSfxoZikOJZ3EfMwZNXMUOm4wQmFoaLM8kNQ8a6bsVR7aQGb55YIwKuxtSbLQaXqut9Bx1filaUKpTui8BaOEZRJjwwTV+sn3UjO0VBnOBOaNINOYUjalE7RUaj2TUQUWLSqQjZZREVJ6rP852Zg39//2rJpey/XP3NbDebN9Xf5QhyM4gVPw4QLacAcd6AKDd/iAT/gi98QQS/LfaI2UO4ewJPL6AzfRhE8=</latexit>

�uFµ⌫ = �i[Fµ⌫ , u]
<latexit sha1_base64="ABnKame2l/SRFbKmOPlwbxylnis=">AAAB13icdY9LS8NAFIXv1FeNr6hLN2I3LrQkVRAXQlEQlxVMW2lKmEyndehMEuYhlBDcqVt/gb/Gra79NzaaTY2e1eG7517ODRPOlHacT1SZm19YXKouWyura+sb9uZWW8VGEuqRmMeyG2JFOYuop5nmtJtIikXIaSccX+Tzzj2VisXRjZ4ktC/wKGJDRrCeosA+9QeUaxykJvMF1neKyPQyC1JfGD8y2dkh6/3FD0w/sGtO3fnWbtm4halBoVZgP/mDmBhBI004VqrnOonup1hqRjjNLN8ommAyxiOaYqHURIQlmFcpQTKYRXlIqqH656Q1be7+7lk27UbdPao3ro9rzfPihyrswB7sgwsn0IQraIEHBF7hDd7hA92iB/SInn+iFVTsbMOM0MsXssSI1A==</latexit>

Composing two infinitesimal transformations g1 ⇡ 1� iu, g2 ⇡ 1� iv
<latexit sha1_base64="y1DVt/+Pfatzc87vC6KbN16iB3A=">AAABynicdU+7TsNAENwLr2BeBkoaCzcUJvIFJNoIGgqKIJGHhCPrfLmEU8726e4cEVnpkOj5Glr4C/4Gh7ggWMw2o5nZ1WwkBdfG979QbW19Y3Orvm3t7O7tH9iHR12dZoqyDk1FqvoR0UzwhHUMN4L1pWIkjgTrRZObhd+bMqV5mjyYmWSDmIwTPuKUmEIKbW8c5ngeEClV+uzgc555TuAtp7Cav61paLt+w/+BUyW4JC6UaIf2azBMaRazxFBBtH7EvjSDnCjDqWBzK8g0k4ROyJjlJNZ6FkcVMSbmqSLS4aq0CCk90v+ctIrm+G/PKuk2G/ii0by/dFvX5Q91OIFTOAMMV9CCW2hDByi8wTt8wCe6QwrNUL6M1lC5cwwrQC/fiAGAJA==</latexit>

F g1g2
µ⌫ � F g2g1

µ⌫ = (�u�v � �v�u)Fµ⌫ = �i
⇥
Fµ⌫ , [u, v]

⇤
<latexit sha1_base64="tZS8NI3cF44HF01ENvlGDmOOrG4=">AAACSHicdU/LSsNAFJ2Jr1pfUZduxG4qtCWJoqtiURCXFewDmhgm02kcOnmQmRRKmLX/4qf4B/6FO3FnUqNS057F5XDOuZdznZBRLjTtDSorq2vrG6XN8tb2zu6eun/Q5UEcYdLBAQuivoM4YdQnHUEFI/0wIshzGOk545vM701IxGngP4hpSCwPuT4dUYxEKtnqi+kh8cRxlNxKOzG92PRj+Zi4dqLLdBhS1pcmDDmLyWbVHBImkJ3E8odN0r1f+mefLjrWrFPToe5gkVcbxLWJldmWrVa0hjbDcZHoOamAHG1bfTaHAY494gvMEOcDXQuFlaBIUMyILJsxJyHCY+SSBHmcTz2nIGaVCiIezktZKOIjvuRkOW2u/+9ZJF2joZ81jPvzSus6/6EEjsAJqAIdXIIWuANt0AEYqvACXsEWfIXv8AN+fkcVmO8cgjkoyhfxPrVj</latexit>

A g1g2
µ � A g2g1

µ = (�u�v � �v�u)Aµ = Dµ[u, v]
<latexit sha1_base64="33Vcv8c8ZX79FQX0kTXdburUZDU=">AAACL3icdY9LS8NAFIVn6qvWV9SlCGJBK2hJouCqUB8LlxXsA5oaJtNpDZ1JwsykUIZZu/an+GvEjbj1F7g1rVGp0bMYDt+593LGi6gvpGk+w9zM7Nz8Qn6xsLS8srpmrG80RBhzTOo4pCFveUgQ6gekLn1JSSviBDGPkqY3uBjnzSHhwg+DGzmKSIehfuD3fIxkglzjwWFI3gnM1Zl2lcNifav6rrJ08thaH/0d23oyoyslp0uoRK6K9ZcbJkvf9ic+yFyqTAhGVF2mpB0fDjuuUTTL5kQ7WWOlpghS1Vzj3umGOGYkkJgiIdqWGcmOQlz6mBJdcGJBIoQHqE8UYkKMmJeB4yYZiLvTaDzERU/8c7KQNLd+98yahl22jsv29Umxep7+IQ+2wC4oAQucgiq4AjVQBxi8w224B/fhI3yCL/D1czQH051NMCX49gFN5ays</latexit>

In general, acting on any quantity:

�u�v � �v�u = �[u,v]
<latexit sha1_base64="BLudZ3bvSiybDDSONXuVFYmQh/0=">AAAB1nicdY9LS8NAFIXv1FeNr6hLN2I2LjQkVdCNUHTjsoJtA20Jk8ltHTp5kJkUSog76dZf4K9xq3v/ja2mlBo8q49zzr3c68WCS2VZX6Sysrq2vlHd1La2d3b39P2DlozShGGTRSJKHI9KFDzEpuJKoBMnSANPYNsb3s3y9ggTyaPwUY1j7AV0EPI+Z1RNLVe/7vooFHWzNJ/TKD9f4CK+mWMnPRv1clc3LNP60XEZ7AIMKNRw9UnXj1gaYKiYoFJ2bCtWvYwmijOBudZNJcaUDekAMxpIOQ68khlQ9VQymb9szUqJ7Mt/VmrTy+2/d5ahVTPtC7P2cGnUb4sfqnAEJ3AKNlxBHe6hAU1g8Abv8AGfxCHP5IVMfqsVUswcwpLI6zcD1ohs</latexit>
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�u�v � �v�u = �[u,v]
<latexit sha1_base64="BLudZ3bvSiybDDSONXuVFYmQh/0=">AAAB1nicdY9LS8NAFIXv1FeNr6hLN2I2LjQkVdCNUHTjsoJtA20Jk8ltHTp5kJkUSog76dZf4K9xq3v/ja2mlBo8q49zzr3c68WCS2VZX6Sysrq2vlHd1La2d3b39P2DlozShGGTRSJKHI9KFDzEpuJKoBMnSANPYNsb3s3y9ggTyaPwUY1j7AV0EPI+Z1RNLVe/7vooFHWzNJ/TKD9f4CK+mWMnPRv1clc3LNP60XEZ7AIMKNRw9UnXj1gaYKiYoFJ2bCtWvYwmijOBudZNJcaUDekAMxpIOQ68khlQ9VQymb9szUqJ7Mt/VmrTy+2/d5ahVTPtC7P2cGnUb4sfqnAEJ3AKNlxBHe6hAU1g8Abv8AGfxCHP5IVMfqsVUswcwpLI6zcD1ohs</latexit>

Applying it to the fermion effective action

(�u�v � �v�u)�[A ] = �[u,v]�[A ]
<latexit sha1_base64="7Z5OJlJEMLeMTkppQ47KvndaGpE=">AAAB/nicdY/NSsNAFIXv1L9a/6Iu3YjdVNCSVMGVUHWhywr2B5oQJ9NpHTqThJlJoYSAO9/Enbj1CXwH38Gtrm01pdToWX2cc+6dO17ImdKm+YZyc/MLi0v55cLK6tr6hrG51VBBJAmtk4AHsuVhRTnzaV0zzWkrlBQLj9Om178Y580BlYoF/o0ehtQRuOezLiNYjyzXuC3ZHco1duMomdAgOZziNN63L7EQuG0LrO8UkfFZ4pxO4nZ0MHCSPxquUTTL5rd2s2ClUIRUNdd4sDsBiQT1NeFYqbZlhtqJsdSMcJoU7EjREJM+7tEYC6WGwsuY4/czJunMWuOSVF31z8rC6HLr951ZaFTK1lG5cn1crJ6nf8jDDuxBCSw4gSpcQQ3qQOAV3uEDPtE9ekRP6PmnmkPpzDbMCL18ASvFmUk=</latexit>

�u
⇣
�v�[A ]

⌘
� �v

⇣
�u�[A ]

⌘
= �[u,v]�[A ]

<latexit sha1_base64="nbscnGBiUJCQrnXQ1PZOeTHREuw=">AAACI3icdY9NT8IwHMZbfEN8G3qTi3EXTJRsaOLJBPGgR0wckLBl6UrBhnZb2o6ELDsaP4mfxpvx4sFP4JeQ6UjAyXN6+vT3/PuvFzIqlWF8wMLK6tr6RnGztLW9s7unlffbMogEJhYOWCC6HpKEUZ9YiipGuqEgiHuMdLzRTXrfGRMhaeA/qElIHI6GPh1QjNQ0crUnu0+YQm4cJXaTDquz4zixbxHnqGdzpB4lFvF14qTEydkcMt+IljauZkgvOh07/2Guphs140dHeWNmRgeZWq72bPcDHHHiK8yQlD3TCJUTI6EoZiQp2ZEkIcIjNCQx4lJOuJcL0/dzIe4vRikk5EAuGVmabm7+3TNv2vWaeV6r31/ojWb2hyKogGNQBSa4BA1wB1rAAhh8wTI8hBX4Al/hG3z/RQsw6xyABcHPb+NQpUU=</latexit>

But now, if we recall that

we arrive at the Wess-Zumino consistency conditions

�u�[A ] = �
Z

ddxuaGa[A ]
<latexit sha1_base64="BacBFo7t5xg1ZRK/GspS5YlKCCQ=">AAAB63icdU+7TsNAENzjGcLLQEkTkYYCIjsgUSEFKEKDFCTykHKJdT5fwil3tnV3RkSWaz6ADtHyBXxNWvgRErCQgsVUs7Ozu7NeJLg2tj1BC4tLyyurhbXi+sbm1ra1s9vSYawoa9JQhKrjEc0ED1jTcCNYJ1KMSE+wtje6mvXbD0xpHgZ3ZhyxniTDgA84JWYqudYN9pkwxE3iFNeJlKSLJTH3mqrkIu2dH2MemJLfT/z0ER/F/YSkv/166k7LOb9rle2K/Y1SnjgZKUOGhms9YT+ksWSBoYJo3XXsyPQSogyngqVFHGsWEToiQ5YQqfVYejlxdj8nUn9empmUHuh/VhanyZ2/OfOkVa04J5Xq7Wm5dpn9UIB9OIBDcOAManANDWgChXeYwAd8Iome0Qt6/bEuoGxmD+aA3r4A1D2RLQ==</latexit>

Z
ddx va�uGa[A ]�

Z
ddxua�vGa[A ] =

Z
ddx [u, v]aGa[A ]

<latexit sha1_base64="hHzNDEGZmrTJDFK3w1bhbGRFAhw=">AAACQ3icfY/LSsNAFIZn6q2mXqIu3RS7cVFLUgVBEaoudFnBXqBJw2QyrUMnF2YmwRKy9kl8FB/CZ3AnbgWbGsQY7L/6z3/ON3OOHTAqpKa9wtLS8srqWnldqWxsbm2rO7td4Ycckw72mc/7NhKEUY90JJWM9ANOkGsz0rMn12m/FxEuqO/dy2lATBeNPTqiGMlZZKnPBvVk1RnGTvJo1KNhjBLDIUwiKw4Tw0XyQWAe3yTWrDH4qS8T8ygHhr/BaCGoXOTIQViPzDm9gLHUmtbQ5qoWjZ6ZGsjUttQnw/Fx6BJPYoaEGOhaIM0YcUkxI4lihIIECE/QmMTIFWLq2oUw/b8QYicfpUNcjMQ/TyqzzfW/exZNt9nQjxvNu5Na6yq7oQz2wQE4BDo4BS1wC9qgAzCsQB2ewXP4At/gO/z4Hi3BjNkDOcHPL90es+U=</latexit>

Bruno Zumino
(1923-2014)

Julius Wess
(1934-2007)
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Z
ddx va�uGa[A ]�

Z
ddxua�vGa[A ] =

Z
ddx [u, v]aGa[A ]

<latexit sha1_base64="hHzNDEGZmrTJDFK3w1bhbGRFAhw=">AAACQ3icfY/LSsNAFIZn6q2mXqIu3RS7cVFLUgVBEaoudFnBXqBJw2QyrUMnF2YmwRKy9kl8FB/CZ3AnbgWbGsQY7L/6z3/ON3OOHTAqpKa9wtLS8srqWnldqWxsbm2rO7td4Ycckw72mc/7NhKEUY90JJWM9ANOkGsz0rMn12m/FxEuqO/dy2lATBeNPTqiGMlZZKnPBvVk1RnGTvJo1KNhjBLDIUwiKw4Tw0XyQWAe3yTWrDH4qS8T8ygHhr/BaCGoXOTIQViPzDm9gLHUmtbQ5qoWjZ6ZGsjUttQnw/Fx6BJPYoaEGOhaIM0YcUkxI4lihIIECE/QmMTIFWLq2oUw/b8QYicfpUNcjMQ/TyqzzfW/exZNt9nQjxvNu5Na6yq7oQz2wQE4BDo4BS1wC9qgAzCsQB2ewXP4At/gO/z4Hi3BjNkDOcHPL90es+U=</latexit>

• Any anomaly derived as the variation of a functional automatically 
satisfies the Wess-Zumino consistency condition.

• If the functional is local, there is no anomaly, since the gauge variation 
of the functional can be cancelled by adding a local counterterm.

• Only solutions to the Wess-Zumino consistency conditions derived from 
nonlocal functionals can be considered to candidates to represent 
anomalies.

To find these nontrivial solutions to the Wess-Zumino equations we need 
a bit of differential geometry.
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A short detour into mathematics
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Differential forms: definitions and conventions (Nakahara, 2nd edition 2003)

• p-forms:

!p =
1

p!
!µ1...µpdx

µ1 ^ . . . ^ dxµp ⌘ 1

p!
!µ1...µpdx

µ1 . . . dxµp

<latexit sha1_base64="GHi9YfuRbyQjSsC0UfCp0Z7QMMc=">AAACS3icnU+9TsMwGLQLhRL+Ah1ZAl2YqqQgIQakql0Yi0RbJFIix3FDVDs2sVOoosw8DY/CA/AcbIiBNKRIJWLhpvvu7jt9nytoIJVpvsHKymp1bb22oW1ube/s6nv7A8njCJM+5pRHNy6ShAYh6atAUXIjIoKYS8nQnXTn/nBKIhnw8FrNBBkx5IfBOMBIZZKjv9icER85iUgvEsvmWdYQh+lCtVnsJFZqU48rmQ8iTb2nu4WR2o/E80nh59z4sbOoTR7iYGpo/6rOnaU6R2+YTTOHUSZWQRqgQM/Rn22P45iRUGGKpLy1TKFGCYpUgClJNTuWRCA8QT5JEJNyxtySyJC6L4nYW5bmoUiO5R+VWna59fvOMhm0mtZJs3V12mh3ih9q4AAcgWNggTPQBpegB/oAwzo8hx3Yha/wHX7Az+9oBRY7dbCESvULaKy2xA==</latexit>

no wedges!

• exterior product:

!p⌘q = (�1)pq⌘q!q
<latexit sha1_base64="ZUYDguR1ADNsjwACAqLDF1rPdcI=">AAABzHicdY9NS8NAEIZn61etX1GPXsRe6sGQtIInoejFk1SwH2Bq2GyndelussluhRJy1T/gr/Gqf8J/Y6tRqMH3Mi/PvDPMBEpwbRzng5SWlldW18rrlY3Nre0da3evo6NJwrDNIhElvYBqFDzEtuFGYE8lSGUgsBuML+f97iMmmkfhrZkq7Es6CvmQM2pmyLdsL5I4on6qMg/NrMbZee3EPb5PVfxLfjJx5ltVx3a+dFg0bm6qkKvlW8/eIGITiaFhgmp95zrK9FOaGM4EZhVvolFRNqYjTKnUeiqDApTUPBQgGyyieSjRQ/3PysrscvfvnUXTqdtuw67fnFabF/kPZTiAI6iBC2fQhCtoQRsYvMArvME7uSaGpCT7jpZIPrMPCyJPnySkg4A=</latexit>

!p⌘q =
1

p!q!
!µ1...µp⌘⌫1...⌫qdx

µ1 . . . dxµpdx⌫1 . . . dx⌫q

<latexit sha1_base64="/0PNQJNb1pT5xNruRpjNff/n1z4=">AAACNXicdY+7TsMwFIbtcivlFmBkacnCAFVSkJiQKlgYi0QvEi6R47olqh27sYOoIs88Ao/CszCwIVaeAIm0pIgScRb/5//Of3TsSxYo7TgvsLCwuLS8Ulwtra1vbG5Z2zstJeKI0CYRTEQdHyvKgpA2daAZ7ciIYu4z2vaHFxPevqeRCkR4rceSdjkehEE/IFinlmc9IcHpAHuJNIjq9B2Zs8RFIs2UZWVUMTOOeOwlrkGsJ7SaNtJkERT+QuVpNzKm93A7C83QjyUzHOZxlvYs26k60yrnhZsJG2TV8KxH1BMk5jTUhGGlblxH6m6CIx0QRk0JxYpKTIZ4QBPMlRpzP2dyrO9yJunNW5OhSPXVPytL6eXu3zvzolWrusfV2tWJXT/P/lAEe2AfHAAXnII6uAQN0AQEfEIbHsIj+Axf4Rt8/x4twCyzC+YKfnwB6Wqvuw==</latexit>

^ : ⌦d
p(M)⌦ ⌦d

q(M) �! ⌦r
p+q(M)

<latexit sha1_base64="VRHLbwj/6jslFDv6X9gn0A3Ue+0=">AAACEHicdY/LSsNAFIZnvLXGW9Slm2I3FaEkVRBcFd24ESvYC5gaJpPTdOgkE2emlhKydu/TuBO3PoG+jNhoBdvgv/r5z3duXsyZ0pb1gRcWl5ZXCsVVY219Y3PL3N5pKTGUFJpUcCE7HlHAWQRNzTSHTiyBhB6Htjc4z+rtB5CKiehGj2PohiSIWI9RoieRa0pnBH4Ap85VCAG5S/zUTeK04oRE9ynhyWV64AjNQlDGX+R+DuEiCiQL+ppIKUalX1Rm0w7nYNcsW1XrW6W8saemjKZquOaj4ws6DCHSlBOlbm0r1t2ESM0oh9RwhgpiQgckgISESo1DLxdm+3Mh9WejDJKqp/4ZaUwut+fvzJtWrWofVWvXx+X62fSHItpD+6iCbHSC6ugCNVATUfSOPnEBF/ETfsYv+PUHXcDTnl00I/z2BQbMnmE=</latexit>

!p 2 ⌦d
p(M), 0  p  d

<latexit sha1_base64="MYNbwTUaqLo7F7zwBGsk7vS6Wlo=">AAAB3HicdU/LSsNAFL1TX7W+oi7dBLupUErSCu6k6MaNWME+wGnDZDKtQyfJmJkKJWQnuBC3foFf41Y3/o1NjYsaPBcu55774FxXCq60ZX2hwtLyyupacb20sbm1vWPs7nVUOIkoa9NQhFHPJYoJHrC25lqwnowY8V3Buu74PO13H1ikeBjc6KlkfZ+MAj7klOiZ5BinOPTZiDixTDAPTHz1Ww1iL6lgn+g7SkR8mRxVTVxNw8KC3Ztynj3HKFs1aw4zT+yMlCFDyzGesBfSic8CTQVR6ta2pO7HJNKcCpaU8EQxSeiYjFhMfKWmvpsTU1M5kXqLUjoUqaH652Rp5tz+6zNPOvWa3ajVr4/LzbPshyIcwCFUwIYTaMIFtKANFN7gHT7gEw3QI3pGLz+jBZTt7MMC0Os34V2IXQ==</latexit>

!2
p = 0 for p odd

<latexit sha1_base64="Ovv9JCJrM87cRoeKUZRcQFhoRp4=">AAAB0XicdY/LSsNAFIZP6q3WW9Slm2C7EBdh0hZcCUU3LivaC5gaJpPTNjSTCTNTsYSAuHHhE/g0bvURfBtbzaYG/9XPd27/8ZMoVJqQL6O0srq2vlHerGxt7+zumfsHXSWmkmGHiUjIvk8VRmGMHR3qCPuJRMr9CHv+5HJR7z2gVKGIb/UswQGnozgchozqOfLMhis4jqiXJtl9Ws/OieWOVUIZnqbEbjCeWS73xWM6FNKqJTVLBEHmmVVikx9ZRePkpgq52p754gaCTTnGmkVUqTuHJHqQUqlDFmFWcacK5zcndIQp5UrNuF+AnOpxAbJgGS2apBqqf1ZW5smdvzmLplu3nYZdv25WWxf5D2U4gmM4AQfOoAVX0IYOMHiDd/iAT+PGmBlPxvNva8nIZw5hScbrNxgtg64=</latexit>

Differential forms are elements of the algebra of totally antisymmetric 
covariant tensors of rank          . They are spanned by p  d

<latexit sha1_base64="UMucUZ5QrQdeextVKtb8SrkNN90=">AAABo3icdY/NS8NAEMVn61eNX1GPXopB8BSSKngtehG8VGmagglls5nWJbvJmt0IpXj27FX/Mv8bW82lBt/p8Zs3w5tECa6N532R1tr6xuZWe9va2d3bP7APj4a6qEqGAStEUY4SqlHwHAPDjcCRKpHKRGCYZDfLefiCpeZFPjAzhbGk05xPOKNmgUIVCXzupGPb8VzvR52m8WvjQK3+2H6L0oJVEnPDBNX60feUiee0NJwJfLWiSqOiLKNTnFOp9UwmDSipeWpAlq6iZajUE/3PSWvR3P/bs2mGXde/cLv3l07vuv6hDSdwCufgwxX04Bb6EACDDN7hAz7JGbkjD2TwG22ReucYVkTib2gmciM=</latexit>

dxµ1 ^ . . . ^ dxµp =
X

�2Sp

(�1)⇡(�)dxµ�(1) ⌦ . . .⌦ dxµ�(p)

<latexit sha1_base64="OZQRrDfnEWz9NecOh0QkG4jEBnY=">AAACMHicdY87T8MwFIXt8irlFWBEQhEdSAequCAxIVWwMBZBHxIukeO4xWqcRLEDVFFmdn4KvwYmxMovYCRtokptxJ2Ov3Pu0bUduFwq0/yEpaXlldW18nplY3Nre0fb3etIPwopa1Pf9cOeTSRzucfaiiuX9YKQEWG7rGuPriZ+94mFkvvenRoHrC/I0OMDTolKkaW9OS8PMRaRFaMkwc/MGTLsOr6SmdZndpAkF1hGwoqx5ENBMPf02yk2TlAtDQXcyJxaMlvKgIFqabevuGBSz9vz12IySJOWVjXr5nT0okC5qIJ8Wpb2ih2fRoJ5irpEyntkBqofk1Bx6rKkgiPJAkJHZMhiIqQcC7sABVGPBUideTQJhXIg/6mspJejxTuLotOoo9N64+as2rzM/1AGB+AIGACBc9AE16AF2oCCX3gIj6EB3+EH/ILfWbQE8519MDfw5w9pnasy</latexit>
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Differential forms: definitions and conventions (Nakahara, 2nd edition 2003)

• exterior differential:

d!p =
1

p!
@↵!µ1 . . .!µpdx

↵dxµ1 . . . dxµp

<latexit sha1_base64="YJAAuMxlqcKR0HafzUBr0xvjUow=">AAACFnicdY+9TsMwFEbtUqAUWgKMLIUuTFVSkJiQKlgYi0R/JFwix3HbqHZsxQ5qFXnmFXgaNsTKysKzkJYUKUTc6dPxudZ3PckCpW37E5Y2yptb25Wd6u5erb5vHRz2lYgjQntEMBENPawoC0La04FmdCgjirnH6MCb3SzfB080UoEI7/VC0hHHkzAYBwTrFLnW3EeC0wl2E2muEgeJVG7IE4MkjnSAmZsgzOQUm7WGeOwmjjGI+UKrHJXG+PPH9cIq5uTGL0pN12raLXs1jWJwstAE2XRd6xn5gsSchpowrNSDY0s9SpY1CaOmimJFJSYzPKEJ5kotuFeAHOtpARI/j5ZSpMbqny+raXPnb89i6LdbznmrfXfR7FxnN1TAMTgFZ8ABl6ADbkEX9AABX7AMa7AOX+ArfIPvP2oJZjtHIDfw4xubtqIa</latexit>

d(!p⌘q) = (d!p)⌘q + (�1)p!p(d⌘q)
<latexit sha1_base64="en1CIlmYZ9xfwztvBJ07w26YdWI=">AAAB53icdY9NS8NAEIZn61etX1GPXsReUsSStIInoehFbxXsB5gaNptpXbqbxOxWKKVnj97Eq7/AX+PBi/4VU02VGnwv8/LMO8OMFwmutGW9kdzc/MLiUn65sLK6tr5hbG41VTiIGTZYKMK47VGFggfY0FwLbEcxUukJbHn900m/dYex4mFwqYcRdiTtBbzLGdUJco1z33RCiT3qjqKxgzqpt+PSsen/0tIU75sHdul6kvvpJbnpjGsUrbL1pd2ssVNThFR117h3/JANJAaaCarUlW1FujOiseZM4LjgDBRGlPVpD0dUKjWUXgZKqm8ykPmzaBKKVVf9s7KQXG7/vTNrmpWyXS1XLg6LtZP0hzzswB6YYMMR1OAM6tAABi/wCu/wQTh5II/k6TuaI+nMNsyIPH8C2GqN8A==</latexit>

d2!p = 0
<latexit sha1_base64="xNSIU1urH27J+Im6l/3pYXIbPv8=">AAABr3icdY/NTsJAFIXv4B/Wv6JLN0Y2rsgUTViZEN24xEQoiYU6HS51wkw76Qwa0nTtU7jVZ/JtBO0GG8/q5Lvn3pwbaSmMpfSL1DY2t7Z36rvO3v7B4ZHbOB6YdJ5x7PNUptkwYgalSLBvhZU41BkyFUn0o9ntau6/YGZEmjzYhcaRYnEipoIzu0Sh25iM83YRpApjFua6uKah26Qt+qOzqvFK04RSvdB9CyYpnytMLJfMmEePajvKWWYFl1g4wdygZnzGYsyZMmahogpUzD5XIJ+so1UoM1Pzz0ln2dz727NqBu2Wd9lq3181uzflD3U4hXO4AA860IU76EEfOLzCO3zAJ/GIT8bk6TdaI+XOCayJiG9HlXar</latexit>

d!d = 0
<latexit sha1_base64="Ud+RJ+XWxK2ThupdeVqgKrXIsxg=">AAABqXicdY/NSsNAFIXv1L8a/6Iu3YjZCEJIquBKKLpx2YJpgyaEyeQ2Dp1JYmYilNC1j+BWH8u3sdVsavCsDt8993JuXAiutON8kc7a+sbmVnfb2Nnd2z8wD49GKq9Khh7LRV76MVUoeIae5lqgX5RIZSxwHE/vlvPxK5aK59mDnhUYSppmfMIZ1QsUJkEuMaVRncxvnMi0HNv50WnbuI2xoNEgMt+CJGeVxEwzQZV6cp1ChzUtNWcC50ZQKSwom9IUayqVmsm4BSXVzy3IklW0DJVqov45aSyau397ts2oZ7uXdm94ZfVvmx+6cAJncA4uXEMf7mEAHjB4gXf4gE9yQYbEJ4+/0Q5pdo5hRYR9A0FwdL4=</latexit>

(Leibniz rule)

(nihilpotency)

There are two important definitions:

Closed p-form: 

Exact p-form: there is                           such that 

d!p = 0
<latexit sha1_base64="OVyYqdKJc4BvLKvNWZhYiDsvHrs=">AAABqXicdY/NSsNAFIXv1L8a/6Iu3YjZCEJIquBKKLpx2YJpgyaEyeQ2Dp1JYmYilNC1j+BWH8u3sdVsavCsDt8993JuXAiutON8kc7a+sbmVnfb2Nnd2z8wD49GKq9Khh7LRV76MVUoeIae5lqgX5RIZSxwHE/vlvPxK5aK59mDnhUYSppmfMIZ1QsUJkEuMaVRXcxvnMi0HNv50WnbuI2xoNEgMt+CJGeVxEwzQZV6cp1ChzUtNWcC50ZQKSwom9IUayqVmsm4BSXVzy3IklW0DJVqov45aSyau397ts2oZ7uXdm94ZfVvmx+6cAJncA4uXEMf7mEAHjB4gXf4gE9yQYbEJ4+/0Q5pdo5hRYR9A1BAdMo=</latexit>

⌘p�1 2 ⌦d
p(M)

<latexit sha1_base64="ahlCcB2bh1Q7l0eaTAIqEJ1y42s=">AAABx3icdY/LTsJAFIbP4A3xVnXphsgGFpIWTdwS3ejCiIlcEovN6XDACTNt0xmIpOnClUufxq0+h28jaDfY+K/+fOf2Hz+SQhvb/mKFldW19Y3iZmlre2d3z9o/6OhwEnNq81CGcc9HTVIE1DbCSOpFMaHyJXX98eWi3p1SrEUY3JtZRH2Fo0AMBUczR55Vc8mgl0QnTuqKoOzeKhrhYzJI5yytugrNE0eZ3KQ1z6rYdftH5bxxMlOBTC3PenUHIZ8oCgyXqPWDY0emn2BsBJeUltyJpgj5GEeUoNJ6pvwcXNzPQT5YRoumWA/1PytL8+TO35x502nUndN64+6s0rzIfijCERxDFRw4hyZcQQvawOEN3uEDPtk1C9mUPf+2Flg2cwhLYi/f4YCAtg==</latexit>

!p = d⌘p�1
<latexit sha1_base64="zI06ulRoX9Oa2YgP5nuLbMuCm+Y=">AAABtHicdY/NToNAFIXv1L+Kf6iJGzdGNm4kUI2uTBrduKyJtE2kIcNwi5POAGEGkwZZ+x5u9YV8G4uyqcSz+nLuuTfnhpngSjvOF+msrK6tb3Q3ja3tnd09c/9gqNIiZ+ixVKT5OKQKBU/Q01wLHGc5UhkKHIWzu3o+esFc8TR51PMMJ5LGCZ9yRvXCCswjP5UY06DMqpvIR13TuVsFpuXYzo9O2uA2YEGjQWC++VHKComJZoIq9eQ6mZ6UNNecCawMv1CYUTajMZZUKjWXYcuUVD+3TBYtW3UoV1P1z0lj0dz927MNw57tXti9h0urf9v80IVjOIUzcOEa+nAPA/CAwSu8wwd8kiviE0bwN9ohzc4hLIkk35xReOA=</latexit>

d : ⌦d
p(M) �! ⌦r

p+1(M)
<latexit sha1_base64="Gcqkrfmzkcpw79WIIWRYb+8ouqk=">AAAB6HicdY/LSsNAFIZP6q3WW9Slm2I3FaEkVRBcFd2IIFawFzA1TCbTdNqZTJiZKiVk7daduPUJfBrBlT6KjcZFDf6rn/985+ZFjCptWe9GYW5+YXGpuFxaWV1b3zA3t9pKjCUmLSyYkF0PKcJoSFqaaka6kSSIe4x0vNFpWu/cEamoCK/1JCI9joKQ9ilGehq55rl/7FxyEqDb2E/cOEqqDkd6gBGLL5I9h4kwkDQYaCSluC//ojJF9+1Z2DUrVs36Vjlv7MxUIFPTNR8cX+AxJ6HGDCl1Y1uR7sVIaooZSUrOWJEI4REKSIy4UhPu5cJ0fy7E/myUQlL11T8jS9PL7b935k27XrMPavWrw0rjJPuhCDuwC1Ww4QgacAZNaAGGV3iDD/g0hsaj8WQ8/6AFI+vZhhkZL195d48B</latexit>
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Differential forms: definitions and conventions (Nakahara, 2nd edition 2003)

Poincaré lemma: 

Henri Poincaré
(1854-1912)

“All closed forms are locally exact”

All exact forms are closed but, what about the converse?

d!p = 0
<latexit sha1_base64="OVyYqdKJc4BvLKvNWZhYiDsvHrs=">AAABqXicdY/NSsNAFIXv1L8a/6Iu3YjZCEJIquBKKLpx2YJpgyaEyeQ2Dp1JYmYilNC1j+BWH8u3sdVsavCsDt8993JuXAiutON8kc7a+sbmVnfb2Nnd2z8wD49GKq9Khh7LRV76MVUoeIae5lqgX5RIZSxwHE/vlvPxK5aK59mDnhUYSppmfMIZ1QsUJkEuMaVRXcxvnMi0HNv50WnbuI2xoNEgMt+CJGeVxEwzQZV6cp1ChzUtNWcC50ZQKSwom9IUayqVmsm4BSXVzy3IklW0DJVqov45aSyau397ts2oZ7uXdm94ZfVvmx+6cAJncA4uXEMf7mEAHjB4gXf4gE9yQYbEJ4+/0Q5pdo5hRYR9A1BAdMo=</latexit>

locally
!p = d⌘p�1

<latexit sha1_base64="zI06ulRoX9Oa2YgP5nuLbMuCm+Y=">AAABtHicdY/NToNAFIXv1L+Kf6iJGzdGNm4kUI2uTBrduKyJtE2kIcNwi5POAGEGkwZZ+x5u9YV8G4uyqcSz+nLuuTfnhpngSjvOF+msrK6tb3Q3ja3tnd09c/9gqNIiZ+ixVKT5OKQKBU/Q01wLHGc5UhkKHIWzu3o+esFc8TR51PMMJ5LGCZ9yRvXCCswjP5UY06DMqpvIR13TuVsFpuXYzo9O2uA2YEGjQWC++VHKComJZoIq9eQ6mZ6UNNecCawMv1CYUTajMZZUKjWXYcuUVD+3TBYtW3UoV1P1z0lj0dz927MNw57tXti9h0urf9v80IVjOIUzcOEa+nAPA/CAwSu8wwd8kiviE0bwN9ohzc4hLIkk35xReOA=</latexit>

Globally, this is not necessarily true.

• Integration of differential forms: a p-form                can be 
integrated over a p-dimensional open set                         

!p 2 ⌦d
p(M)

<latexit sha1_base64="vNmzSu9zKVSW4NTOkhPGHOveLTs=">AAABx3icdY+7TsMwFIaPy62UW4CRpaJLu1RJqcRawQIDokj0IpESOe5psWrHUexUVFEGJkaehhWeg7ehgSwl4p/+8527HwqujW1/kdLa+sbmVnm7srO7t39gHR71tYojhj2mhIqGPtUoeIA9w43AYRghlb7AgT+7zPKDOUaaq+DeLEIcSToN+IQzapbIsxqukjilXhKmLg+q7m0WPSbjNCN1V1LzxKhIbtKGZ9Xspv2jatE4ualBrq5nvbpjxWKJgWGCav3g2KEZJTQynAlMK26sMaRsRqeYUKn1QvoFmO0vQDZeRVlRpCf6n5GV5eXO3zuLpt9qOmfN1l271rnIfyjDCZxCHRw4hw5cQRd6wOAN3uEDPsk1UWROnn9LSyTvOYYVkZdvegaBJw==</latexit>

Cp ⇢ M
<latexit sha1_base64="e+jp/WKwniWm+ZkIMS3CPLUiFDU=">AAABtnicdY/LSsNAFIbP1FuNt6gbwU2xG1clqYIui924ESrYC5gaJtPTOnSSDDkToYS49UXc6vv4NjaaTQ3+q5/v3P4TaCXJOM4Xq62tb2xu1betnd29/QP78GhAcZoI7ItYxcko4IRKRtg30igc6QR5GCgcBvNuUR++YEIyjh7MQuM45LNITqXgZol8+6TrZzr3KA0ITcMLuXkWXGV3uW83nZbzo0bVuKVpQqmeb795k1ikIUZGKE706DrajDOeGCkU5paXEmou5nyGGQ+JFmFQgcX5ChSTVVQ0JTSlf1Zay+Tu35xVM2i33ItW+/6y2bkpf6jDKZzBObhwBR24hR70QcArvMMHfLJr9sSQzX5ba6ycOYYVMf0NQyJ6Aw==</latexit>

I =

Z

Cp

!p

<latexit sha1_base64="gV5A91v6jVgmmR++spLFCguaIXo=">AAABtnicdY/NSsNAFIXv1L9a/6JuBDdiN65CUgXdCMVudFfBtAVTw2R6G4fOZIbMVCghbn0Rt/o+vo2tZlODZ/Vx7rmXc2MtuLGe90VqK6tr6xv1zcbW9s7unrN/0DNqmjEMmBIqG8TUoOApBpZbgQOdIZWxwH486Szm/RfMDFfpg51pHEqapHzMGbVzK3KO7q5Dntoo70S5LopQSUzoAiOn6bnej06q4JfQhFLdyHkLR4pNJaaWCWrMo+9pO8xpZjkTWDTCqUFN2YQmmFNpzEzGFVNS+1wx2WjZWoQyMzb/nGzMm/t/e1ah13L9c7d1f9Fs35Q/1OEYTuEMfLiENtxCFwJg8Arv8AGf5Io8ESTJb7RGyp1DWBLR32sFeiY=</latexit>
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• Hodge dual: ? : ⌦d
p(M) �! ⌦d

d�p(M)
<latexit sha1_base64="T029KGVOykM6tJ4YrDk6L4Y7Ul4=">AAAB7XicdY/LSsNAFIbPeK31FnXppthNXViSKgiuim7cSCvYC5gaJpNpOnQmE2amSglZ+wTuxK1P4MOIW30PWw1Cjf6rn/985+bHnGlj269obn5hcWm5sFJcXVvf2LS2tttajhShLSK5VF0fa8pZRFuGGU67saJY+Jx2/OHZtN65pUozGV2ZcUx7AocR6zOCzSTyrIarDVYnJbchaIi9JE5vkiCtuAKbAcE8uUj3XS6jULFwMAGVvPtBg4M/YM8q21X7S6W8cTJThkxNz7p3A0lGgkaGcKz1tWPHppdgZRjhNC26I01jTIY4pAkWWo+Fnwun+3MhCWajKaR0X/8zsji53Pl9Z960a1XnsFq7PCrXT7MfCrALe1ABB46hDufQhBYQeIE3eIcPJNEDekRP3+gcynp2YEbo+RMpvpEs</latexit>

?(dxµ1 ^ . . . ^ dxµr ) =

p
|g|

(d� r)!
✏µ1...µr

⌫1...⌫d�r
dx⌫1 ^ . . . ^ dx⌫d�r

<latexit sha1_base64="Gp+DXyTu5BMlSDPoU84QXZUrHjg=">AAACXnicfU/NTgIxGOyuiogiqBcTLyiJARM3u2hiPJgQvXjwgIn8JBY33W5ZNnR/bItKSs++lq/hzUdxgQ0Ric5pOt98802dmPpcmOanpq+srmXWsxu5za38dqG4s9vi0ZBh0sQRjVjHQZxQPyRN4QtKOjEjKHAoaTuDm8m8/UIY96PwQYxi0g2QF/o9HyORSHbxA3KBWMV9e5IwGNrSUgq+EtcjkLqR4DNemo+ZUtUrCfkzE3LsjRWMkvBSxT1l1UMFScx9GoXzqDQjXbQl7PMYYXIiTeMSBwqGP12TR5KjVG56Lfy/zNxtF8umYU5RWiZWSsogRcMuvkM3wsOAhAJTxPmjZcaiKxETPqZE5eCQk6TlAHlEooDzUeAsiQES/SURu4vSxMR4j/8RmUuaW797LpNWzbDOjNr9ebl+nf4hCw7AEagAC1yAOrgFDdAEWDvW7rSm1tK+9Iye1wszq66lO3tgAfr+N0sUuzo=</latexit>

?!p =
1

p!
!µ1...µp ? (dxµ1 . . . dxµp)

<latexit sha1_base64="6dCn0pXFZSxYzRnC91LZji+s40M=">AAAB/XicdY+9TsMwFIVvyl8pfwFGlkCXslRxQWJCqmBhLBL9kUiJHMctUe3Yih1EFUWMPAkbYuUJeAiegRV20pIilYg7HX/nnKtrT7JAadt+N0oLi0vLK+XVytr6xuaWub3TUSKOCG0TwUTU87CiLAhpWwea0Z6MKOYeo11vdD7xu3c0UoEIr/RY0j7HwzAYBATrDLmm6yiNI8sRnA6xm8j0NEGOyBqW3E9n1OGxm6DUYb7QavqQaTot1vz7m5md+9YvykKHrlm16/Z0rKJAuahCPi3XfHR8QWJOQ00YVuoa2VL3ExzpgDCaVpxYUYnJCA9pgrlSY+4VIMf6tgCJP48moUgN1D8rK9nl6O+dRdFp1NFRvXF5XG2e5X8owx4cQA0QnEATLqAFbSDwBh/wCV/Gg/FkPBsvP9GSkXd2YW6M12+HaJkE</latexit>

with

✏01...d�1 = 1

✏01...d�1 = g�1
<latexit sha1_base64="zVCpVdoiEfx33QaAbcB1uhAdbws=">AAAB4nicdY9NS8NAEIZn61eNX1GPXooF8WLYrYInoagHjxXsBzRt2Wy2deluErIboYSeBW/i1V/gr/Faf42pxkMbfC/z8M47w4wXSaENxjNUWlldW98ob1pb2zu7e/b+QUuHScx4k4UyjDse1VyKgDeNMJJ3ophT5Une9sY38377icdahMGDmUS8p+goEEPBqMmsgX3r8kgLmWGKiSv90OiKf0amJ1ek4rpd7NSY6ll/of5yaNRPszqwq9jBP6oUgeRQhVyNgf3s+iFLFA8Mk1TrLsGR6aU0NoJJPrXcRPOIsjEd8ZQqrSfKK5iKmseCyfxFax6K9VD/s9LKLifLdxahVXPIuVO7v6jWr/MfynAEx3AKBC6hDnfQgCYw+IBPmMEX8tELekVvv9ESymcOYUHo/RuV1IkT</latexit>

Differential forms: definitions and conventions (Nakahara, 2nd edition 2003)

The Hodge dual is only defined in spaces with a metric.

Z

M
!p⌘d�p

<latexit sha1_base64="xANY+i6XyKBqeCkoKx8bHRsViRQ=">AAABxHicdY/LSsNAFIbP1Futt6hLN2JB3FiSVnBbFMSNUMG0BVPCZHJah84kQ2YilBC3bnwat/oivo2JZlOD/+b8fOfCfwIluDa2/UUaK6tr6xvNzdbW9s7unrV/MNRxmjB0WSziZBxQjYJH6BpuBI5VglQGAkfB/Lrsj54x0TyOHsxC4UTSWcSnnFFTIN869Xhk/MyT1DwxKrK7PPdiiTPqZyr30BQ1PFe5b7Xtjv2j47pxKtOGSgPfevXCmKUSI8ME1frRsZWZZDQxnAnMW16qUVE2pzPMqNR6IYMaLDPVIAuXUTmU6Kn+52SrSO78zVk3w27H6XW69xft/lX1QxOO4ATOwIFL6MMtDMAFBm/wDh/wSW6IIJqkv6MNUu0cwpLIyzdNy4CL</latexit>

metric independent (topological)

Z

M
!p(?!p)

<latexit sha1_base64="1OImk8CK7I1IWd6COYL5kN6+Nfs=">AAABy3icdY/LSsNAFIbPeK31FnXpRuymLixJFdwW3bgpVLAXMCVMpqd16EwS5kyFGrMUH8CncatP4dvYakBq8F/95zsX/hMmSpJ13U+2tLyyurZe2ihvbm3v7Dp7+x2KJ0ZgW8QqNr2QEyoZYdtKq7CXGOQ6VNgNx1fzfvcBDck4urXTBPuajyI5lILbGQqcU19GNkh9ze294CptZpkfaxzxIE2yqk+Wm9/6JHAqbs391lHReLmpQK5W4Lz4g1hMNEZWKE5057mJ7afcWCkUZmV/QphwMeYjTLkmmuqwAOfRClAMFtF8yNCQ/jlZniX3/uYsmk695p3V6jfnlcZl/kMJDuEYquDBBTTgGlrQBgGv8Abv8MGajNgje/oZXWL5zgEsiD1/AQDCg3Y=</latexit>

depends on the metric
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• Hodge dual: ? : ⌦d
p(M) �! ⌦d

d�p(M)
<latexit sha1_base64="T029KGVOykM6tJ4YrDk6L4Y7Ul4=">AAAB7XicdY/LSsNAFIbPeK31FnXppthNXViSKgiuim7cSCvYC5gaJpNpOnQmE2amSglZ+wTuxK1P4MOIW30PWw1Cjf6rn/985+bHnGlj269obn5hcWm5sFJcXVvf2LS2tttajhShLSK5VF0fa8pZRFuGGU67saJY+Jx2/OHZtN65pUozGV2ZcUx7AocR6zOCzSTyrIarDVYnJbchaIi9JE5vkiCtuAKbAcE8uUj3XS6jULFwMAGVvPtBg4M/YM8q21X7S6W8cTJThkxNz7p3A0lGgkaGcKz1tWPHppdgZRjhNC26I01jTIY4pAkWWo+Fnwun+3MhCWajKaR0X/8zsji53Pl9Z960a1XnsFq7PCrXT7MfCrALe1ABB46hDufQhBYQeIE3eIcPJNEDekRP3+gcynp2YEbo+RMpvpEs</latexit>

?(dxµ1 ^ . . . ^ dxµr ) =

p
|g|

(d� r)!
✏µ1...µr

⌫1...⌫d�r
dx⌫1 ^ . . . ^ dx⌫d�r

<latexit sha1_base64="Gp+DXyTu5BMlSDPoU84QXZUrHjg=">AAACXnicfU/NTgIxGOyuiogiqBcTLyiJARM3u2hiPJgQvXjwgIn8JBY33W5ZNnR/bItKSs++lq/hzUdxgQ0Ric5pOt98802dmPpcmOanpq+srmXWsxu5za38dqG4s9vi0ZBh0sQRjVjHQZxQPyRN4QtKOjEjKHAoaTuDm8m8/UIY96PwQYxi0g2QF/o9HyORSHbxA3KBWMV9e5IwGNrSUgq+EtcjkLqR4DNemo+ZUtUrCfkzE3LsjRWMkvBSxT1l1UMFScx9GoXzqDQjXbQl7PMYYXIiTeMSBwqGP12TR5KjVG56Lfy/zNxtF8umYU5RWiZWSsogRcMuvkM3wsOAhAJTxPmjZcaiKxETPqZE5eCQk6TlAHlEooDzUeAsiQES/SURu4vSxMR4j/8RmUuaW797LpNWzbDOjNr9ebl+nf4hCw7AEagAC1yAOrgFDdAEWDvW7rSm1tK+9Iye1wszq66lO3tgAfr+N0sUuzo=</latexit>

?!p =
1

p!
!µ1...µp ? (dxµ1 . . . dxµp)

<latexit sha1_base64="6dCn0pXFZSxYzRnC91LZji+s40M=">AAAB/XicdY+9TsMwFIVvyl8pfwFGlkCXslRxQWJCqmBhLBL9kUiJHMctUe3Yih1EFUWMPAkbYuUJeAiegRV20pIilYg7HX/nnKtrT7JAadt+N0oLi0vLK+XVytr6xuaWub3TUSKOCG0TwUTU87CiLAhpWwea0Z6MKOYeo11vdD7xu3c0UoEIr/RY0j7HwzAYBATrDLmm6yiNI8sRnA6xm8j0NEGOyBqW3E9n1OGxm6DUYb7QavqQaTot1vz7m5md+9YvykKHrlm16/Z0rKJAuahCPi3XfHR8QWJOQ00YVuoa2VL3ExzpgDCaVpxYUYnJCA9pgrlSY+4VIMf6tgCJP48moUgN1D8rK9nl6O+dRdFp1NFRvXF5XG2e5X8owx4cQA0QnEATLqAFbSDwBh/wCV/Gg/FkPBsvP9GSkXd2YW6M12+HaJkE</latexit>

with

✏01...d�1 = 1

✏01...d�1 = g�1
<latexit sha1_base64="zVCpVdoiEfx33QaAbcB1uhAdbws=">AAAB4nicdY9NS8NAEIZn61eNX1GPXooF8WLYrYInoagHjxXsBzRt2Wy2deluErIboYSeBW/i1V/gr/Faf42pxkMbfC/z8M47w4wXSaENxjNUWlldW98ob1pb2zu7e/b+QUuHScx4k4UyjDse1VyKgDeNMJJ3ophT5Une9sY38377icdahMGDmUS8p+goEEPBqMmsgX3r8kgLmWGKiSv90OiKf0amJ1ek4rpd7NSY6ll/of5yaNRPszqwq9jBP6oUgeRQhVyNgf3s+iFLFA8Mk1TrLsGR6aU0NoJJPrXcRPOIsjEd8ZQqrSfKK5iKmseCyfxFax6K9VD/s9LKLifLdxahVXPIuVO7v6jWr/MfynAEx3AKBC6hDnfQgCYw+IBPmMEX8tELekVvv9ESymcOYUHo/RuV1IkT</latexit>metric!

Differential forms: definitions and conventions (Nakahara, 2nd edition 2003)

The Hodge dual is only defined in spaces with a metric.

Z

M
!p⌘d�p

<latexit sha1_base64="xANY+i6XyKBqeCkoKx8bHRsViRQ=">AAABxHicdY/LSsNAFIbP1Futt6hLN2JB3FiSVnBbFMSNUMG0BVPCZHJah84kQ2YilBC3bnwat/oivo2JZlOD/+b8fOfCfwIluDa2/UUaK6tr6xvNzdbW9s7unrV/MNRxmjB0WSziZBxQjYJH6BpuBI5VglQGAkfB/Lrsj54x0TyOHsxC4UTSWcSnnFFTIN869Xhk/MyT1DwxKrK7PPdiiTPqZyr30BQ1PFe5b7Xtjv2j47pxKtOGSgPfevXCmKUSI8ME1frRsZWZZDQxnAnMW16qUVE2pzPMqNR6IYMaLDPVIAuXUTmU6Kn+52SrSO78zVk3w27H6XW69xft/lX1QxOO4ATOwIFL6MMtDMAFBm/wDh/wSW6IIJqkv6MNUu0cwpLIyzdNy4CL</latexit>

metric independent (topological)

Z

M
!p(?!p)

<latexit sha1_base64="1OImk8CK7I1IWd6COYL5kN6+Nfs=">AAABy3icdY/LSsNAFIbPeK31FnXpRuymLixJFdwW3bgpVLAXMCVMpqd16EwS5kyFGrMUH8CncatP4dvYakBq8F/95zsX/hMmSpJ13U+2tLyyurZe2ihvbm3v7Dp7+x2KJ0ZgW8QqNr2QEyoZYdtKq7CXGOQ6VNgNx1fzfvcBDck4urXTBPuajyI5lILbGQqcU19GNkh9ze294CptZpkfaxzxIE2yqk+Wm9/6JHAqbs391lHReLmpQK5W4Lz4g1hMNEZWKE5057mJ7afcWCkUZmV/QphwMeYjTLkmmuqwAOfRClAMFtF8yNCQ/jlZniX3/uYsmk695p3V6jfnlcZl/kMJDuEYquDBBTTgGlrQBgGv8Abv8MGajNgje/oZXWL5zgEsiD1/AQDCg3Y=</latexit>

depends on the metric
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Differential forms: definitions and conventions (Nakahara, 2nd edition 2003)

• Stokes theorem:                     a p-form and                  an open set with 
boundary

!p 2 ⌦d
p(M)

<latexit sha1_base64="vNmzSu9zKVSW4NTOkhPGHOveLTs=">AAABx3icdY+7TsMwFIaPy62UW4CRpaJLu1RJqcRawQIDokj0IpESOe5psWrHUexUVFEGJkaehhWeg7ehgSwl4p/+8527HwqujW1/kdLa+sbmVnm7srO7t39gHR71tYojhj2mhIqGPtUoeIA9w43AYRghlb7AgT+7zPKDOUaaq+DeLEIcSToN+IQzapbIsxqukjilXhKmLg+q7m0WPSbjNCN1V1LzxKhIbtKGZ9Xspv2jatE4ualBrq5nvbpjxWKJgWGCav3g2KEZJTQynAlMK26sMaRsRqeYUKn1QvoFmO0vQDZeRVlRpCf6n5GV5eXO3zuLpt9qOmfN1l271rnIfyjDCZxCHRw4hw5cQRd6wOAN3uEDPsk1UWROnn9LSyTvOYYVkZdvegaBJw==</latexit>

Cp+1 ⇢ M
<latexit sha1_base64="li4djLnIEwr1Eo2hoblrH9PTi18=">AAABuHicdY/LSsNAFIbP1Futt6g73RSzEYSStILgqtiNG6GCaQumxMn0tA6dXJgzEUoouPNN3Orr+Da2mk0N/quf79z+E6ZKknGcL1ZZW9/Y3Kpu13Z29/YPrMOjHiWZFuiJRCV6EHJCJWP0jDQKB6lGHoUK++G0s6z3X1CTTOIHM0txGPFJLMdScLNAgXXSCfL0wp37lIWEpu5H3DwLrvK7eWDZTsP5Ub1s3MLYUKgbWG/+KBFZhLERihM9uk5qhjnXRgqF85qfEaZcTPkEcx4RzaKwBJfnS1CMVtGySdOY/llZWyR3/+Ysm16z4bYazftLu31T/FCFUziDc3DhCtpwC13wQMArvMMHfLJr9sQmTP62VlgxcwwrYvobB/B6cw==</latexit>

@Cp+1
<latexit sha1_base64="21AHrQmgDIG9XjatQqRmxsCsD9k=">AAABrnicdY/NSsNAFIXv1L8a/6Iu3RSzEYQwqYLbYjcuK5i0YEKYTKft0JlkmJkWSujal3Cr7+Tb2Gg2NXhWh++eezk3U4Ibi/EXau3s7u0ftA+do+OT0zP3/CIyxUJTFtJCFHqUEcMEz1louRVspDQjMhNsmM371Xy4ZNrwIn+xK8USSaY5n3BK7Aalrhsroi0notNPS3UbrFPXwz7+Uadpgtp4UGuQum/xuKALyXJLBTHmNcDKJmV1lQq2duKFYYrQOZmykkhjVjJrQEnsrAHpeBtVIW0m5p+TzqZ58Ldn00RdP7jzu8/3Xu+x/qENV3ANNxDAA/TgCQYQAoUlvMMHfCKMIpSg9DfaQvXOJWwJzb4BPFR16w==</latexit>

Z

Cp+1

d!p =

Z

@Cp+1

!p

<latexit sha1_base64="pUdktVoNzvpqir131kpdtRrIVSo=">AAAB2XicdU9NS8NAEJ2tX7V+RT16KfYiCCWpBQ8iFHvxWMF+QFPCZjutS3eTJbsVSsjBk+LVX+Cv8apH/42pjUgNvtObN29m3vhKcG1s+5MUVlbX1jeKm6Wt7Z3dPWv/oKPDacSwzUIRRj2fahQ8wLbhRmBPRUilL7DrT5rzfvceI83D4NbMFA4kHQd8xBk1qeRZFy4PjBc3vVidOkkydEOJY5pWyeWi4yoaGU5F+cfy6/Csil21v1HOEycjFcjQ8qxHdxiyqcTAMEG17ju2MoN4foAJTEruVKOibELHGFOp9Uz6OVFSc5cT2XBZmpsiPdL/rCylyZ2/OfOkU6s6Z9XaTb3SuMp+KMIRHMMJOHAODbiGFrSBwSu8wTt8kD55IE/keWEtkGzmEJZAXr4AHQKI9A==</latexit>
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Gauge theory in the language of differential forms

Associated with the gauge potential, we construct the gauge-algebra-
valued one-form

A = �iAµdx
µ = �iA a

µ T adxµ
<latexit sha1_base64="zmbd+xPYDkqvLEc15Pw55I+ps98=">AAAB6nicdU89T8MwFHwuXyV8BRhZEF1YiJKCxIRUYGFgKFLTViJt5LhusWonke0gqigzOxti5Rfwa2CEX0JTwlAibnn37s7WvSDmTGnb/kCVhcWl5ZXqqrG2vrG5ZW7vtFWUSEJdEvFIdgOsKGchdTXTnHZjSbEIOO0E48vc79xTqVgUtvQkpj2BRyEbMoL1VPLNa09gfUcwT8+zsyM22xSR081PPZFkg4f+bM57/RQXfiunvyHfrNmWPcN+mTgFqUGBpm8+eoOIJIKGmnCs1K1jx7qXYqkZ4TQzvETRGJMxHtEUC6UmIiiJeauSSAbzUh6Saqj++dKYNnf+9iyTdt1yjq36zUmtcVHcUIU9OIBDcOAUGnAFTXCBwBu8wyd8IY6e0DN6+YlWUPFmF+aAXr8B63iRYw==</latexit>

which is by construction antihermitian A† = �A
<latexit sha1_base64="yHDF5TPMo1h++t5Eq4OtbEREym8=">AAABwHicdY/LTsJAFIbP4A3rrerSjaEbNzYtmrgyQdy4xMQCiUUyHQ5lwvTizGCCTdf6NG71VXwbqXYhNv6rP9+5/SdIBVfacT5JbWV1bX2jvmlsbe/s7pn7B12VzCRDjyUikf2AKhQ8Rk9zLbCfSqRRILAXTK+Leu8JpeJJfKfnKQ4iGsZ8zBnVCzQ0G35E9YRRkV3lD5k/omGIMr88/YWHpuXYzreOq8YtjQWlOkPzxR8lbBZhrJmgSt27TqoHGZWaM4G54c8UppRNaYgZjZSaR0EFFucrkI2WUdEk1Vj9s9JYJHf/5qyabtN2z+zm7bnVapc/1OEIGnACLlxAC26gAx4weIU3eIcP0iYTkpDHn9YaKWcOYUnk+QvK3X40</latexit>

Associated with it, we construct the field strength two-form

F = dA+A2
<latexit sha1_base64="xEDXvybvV0H1Rlhfs8V67B/Toyw=">AAABxnicdY/LSsNAFIbP1FuNt6hLN2I2BSEkseBKqArSZQXTFkwNk8m0Dp1JQmailBBw586ncavv4dvYaBBr8F/95zsX/hMknEllWR+osbS8srrWXNc2Nre2d/Tdvb6Ms5RQl8Q8TocBlpSziLqKKU6HSUqxCDgdBNPLsj94oKlkcXSjZgkdCTyJ2JgRrObI11uewOqeYJ5fFWfhT3FeHP/yd7lT+LphmdaXDuvGrowBlXq+/uyFMckEjRThWMpb20rUKMepYoTTQvMySRNMpnhCcyyknImgBssINUjCRVQOpXIs/zmpzZPbf3PWTd8x7RPTuW4bnYvqhyYcwBG0wIZT6EAXeuACgRd4hTd4R10UoQw9fo82ULWzDwtCT5+/dICy</latexit>

which in components read

F = �i@µA⌫dx
µdx⌫ � AµA⌫dx

µdx⌫ = �i
⇣
@µA⌫ � iAµA⌫

⌘
dxµdx⌫

= � i

2

⇣
@µA⌫ � @⌫Aµ � i[Aµ,A⌫ ]

⌘
dxµdx⌫ ⌘ � i

2
Fµ⌫dx

µdx⌫

<latexit sha1_base64="1/ERmyYDOB1mk3iGKcehQlpFuhc="></latexit>
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Gauge theory in the language of differential forms

Associated with the gauge potential, we construct the gauge-algebra-
valued one-form

A = �iAµdx
µ = �iA a

µ T adxµ
<latexit sha1_base64="zmbd+xPYDkqvLEc15Pw55I+ps98=">AAAB6nicdU89T8MwFHwuXyV8BRhZEF1YiJKCxIRUYGFgKFLTViJt5LhusWonke0gqigzOxti5Rfwa2CEX0JTwlAibnn37s7WvSDmTGnb/kCVhcWl5ZXqqrG2vrG5ZW7vtFWUSEJdEvFIdgOsKGchdTXTnHZjSbEIOO0E48vc79xTqVgUtvQkpj2BRyEbMoL1VPLNa09gfUcwT8+zsyM22xSR081PPZFkg4f+bM57/RQXfiunvyHfrNmWPcN+mTgFqUGBpm8+eoOIJIKGmnCs1K1jx7qXYqkZ4TQzvETRGJMxHtEUC6UmIiiJeauSSAbzUh6Saqj++dKYNnf+9iyTdt1yjq36zUmtcVHcUIU9OIBDcOAUGnAFTXCBwBu8wyd8IY6e0DN6+YlWUPFmF+aAXr8B63iRYw==</latexit>

which is by construction antihermitian A† = �A
<latexit sha1_base64="yHDF5TPMo1h++t5Eq4OtbEREym8=">AAABwHicdY/LTsJAFIbP4A3rrerSjaEbNzYtmrgyQdy4xMQCiUUyHQ5lwvTizGCCTdf6NG71VXwbqXYhNv6rP9+5/SdIBVfacT5JbWV1bX2jvmlsbe/s7pn7B12VzCRDjyUikf2AKhQ8Rk9zLbCfSqRRILAXTK+Leu8JpeJJfKfnKQ4iGsZ8zBnVCzQ0G35E9YRRkV3lD5k/omGIMr88/YWHpuXYzreOq8YtjQWlOkPzxR8lbBZhrJmgSt27TqoHGZWaM4G54c8UppRNaYgZjZSaR0EFFucrkI2WUdEk1Vj9s9JYJHf/5qyabtN2z+zm7bnVapc/1OEIGnACLlxAC26gAx4weIU3eIcP0iYTkpDHn9YaKWcOYUnk+QvK3X40</latexit>

Associated with it, we construct the field strength two-form

F = dA+A2
<latexit sha1_base64="xEDXvybvV0H1Rlhfs8V67B/Toyw=">AAABxnicdY/LSsNAFIbP1FuNt6hLN2I2BSEkseBKqArSZQXTFkwNk8m0Dp1JQmailBBw586ncavv4dvYaBBr8F/95zsX/hMknEllWR+osbS8srrWXNc2Nre2d/Tdvb6Ms5RQl8Q8TocBlpSziLqKKU6HSUqxCDgdBNPLsj94oKlkcXSjZgkdCTyJ2JgRrObI11uewOqeYJ5fFWfhT3FeHP/yd7lT+LphmdaXDuvGrowBlXq+/uyFMckEjRThWMpb20rUKMepYoTTQvMySRNMpnhCcyyknImgBssINUjCRVQOpXIs/zmpzZPbf3PWTd8x7RPTuW4bnYvqhyYcwBG0wIZT6EAXeuACgRd4hTd4R10UoQw9fo82ULWzDwtCT5+/dICy</latexit>

which in components read

F = �i@µA⌫dx
µdx⌫ � AµA⌫dx

µdx⌫ = �i
⇣
@µA⌫ � iAµA⌫

⌘
dxµdx⌫

= � i

2

⇣
@µA⌫ � @⌫Aµ � i[Aµ,A⌫ ]

⌘
dxµdx⌫ ⌘ � i

2
Fµ⌫dx

µdx⌫

<latexit sha1_base64="1/ERmyYDOB1mk3iGKcehQlpFuhc="></latexit>
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F = dA+A2
<latexit sha1_base64="xEDXvybvV0H1Rlhfs8V67B/Toyw=">AAABxnicdY/LSsNAFIbP1FuNt6hLN2I2BSEkseBKqArSZQXTFkwNk8m0Dp1JQmailBBw586ncavv4dvYaBBr8F/95zsX/hMknEllWR+osbS8srrWXNc2Nre2d/Tdvb6Ms5RQl8Q8TocBlpSziLqKKU6HSUqxCDgdBNPLsj94oKlkcXSjZgkdCTyJ2JgRrObI11uewOqeYJ5fFWfhT3FeHP/yd7lT+LphmdaXDuvGrowBlXq+/uyFMckEjRThWMpb20rUKMepYoTTQvMySRNMpnhCcyyknImgBssINUjCRVQOpXIs/zmpzZPbf3PWTd8x7RPTuW4bnYvqhyYcwBG0wIZT6EAXeuACgRd4hTd4R10UoQw9fo82ULWzDwtCT5+/dICy</latexit>

Taking the exterior differential on the field strength, we have

Using now dA = F �A2
<latexit sha1_base64="B82VCniknXY83cVxMIt4RBDffCM=">AAABxnicdY/NSsNAFIXv1L8a/6Iu3YjZdGNIYsGVUBWkywqmLZgaJpNpHTqThMxEKSHgzp1P41bfw7ex0SDW4Fkdvnvu5dwg4Uwqy/pAjaXlldW15rq2sbm1vaPv7vVlnKWEuiTmcToMsKScRdRVTHE6TFKKRcDpIJhelvPBA00li6MbNUvoSOBJxMaMYDVHvt4KPYHVPcE8Py/OfvxVcfyL3+VO4euGZVpfOqwbuzIGVOr5+rMXxiQTNFKEYylvbStRoxynihFOC83LJE0wmeIJzbGQciaCGiwr1CAJF1EZSuVY/nNSmze3//asm75j2iemc902OhfVD004gCNogQ2n0IEu9MAFAi/wCm/wjrooQhl6/I42ULWzDwtCT5/Bx4C0</latexit>

dF =
⇣
F �A2

⌘
A�A

⇣
F �A2

⌘
= FA�AF �A3 +A3

<latexit sha1_base64="TEc1UWFLOYAg4L3fOfOsgDgJQuE=">AAACW3icjU9LS8NAGNzd+qixalQ8eRFzqYghSQVPhVpB9FYffYCpZbPZtks3D7JboYSc/VX+EA/+FxsNkjYUnNPszHzDrBNyJqRhfEJUWlvf2CxvKduVnd09df+gI4JpRGibBDyIeg4WlDOftiWTnPbCiGLP4bTrTG5Sv/tGI8EC/1nOQtr38MhnQ0awnEsD9cO1PSzHBPP4NqnbTTaq5oSLP36dvMZWkvpnOS3v/+tWqecSq4pWddSS86X3QNUM3fjBSZGYGdFAhtZAfbfdgEw96kvCsRAvphHKfowjyQiniWJPBQ0xmeARjbEnxMxzCmI6oSASd1FKQ5EYihWVyny5ubyzSDqWbtZ06+FSazSzP5TBMTgFVWCCK9AAd6AF2oBADd7DR/gEv1AJKajyG0UwuzkEC0BH39eotxI=</latexit>

and we arrive at the Bianchi identity

dF = FA�AF
<latexit sha1_base64="NZSvyZVwIkv8hlDK4xny8OcOd8M=">AAAB2HicdY/LSsNAFIbP1FuNt6hLN2I2bgxJLQiCUBXEZQXTFk0Jk8m0Dp1JQmYqlBBwV9z6BD6NW936NjYaJDX4rz7+85+bH3MmlWV9otrC4tLySn1VW1vf2NzSt3c6MhonhDok4lHS87GknIXUUUxx2osTioXPadcfXeb17iNNJIvCWzWJaV/gYcgGjGA1szz9NHAFVg8E8/QqOyvxL55nRyUuJTzdsEzrW/tVsAswoFDb06duEJGxoKEiHEt5b1ux6qc4UYxwmmnuWNIYkxEe0hQLKSfCr5j5+opJgnkrDyVyIP8Zqc0ut//eWYVOw7SPzcZN02hdFD/UYQ8O4BBsOIEWXEMbHCDwCm/wDh/oDj2hKXr+idZQ0bMLc0IvX765iMg=</latexit>

In the Abelian case,      and      commute and we haveF
<latexit sha1_base64="LKfgE+ltWJ8hyzf5azXdb0gaggg=">AAABp3icdY/LSsNAFIbP1FuNt6hLN2I2uglJLbgtCuLOCiYNNKWcTKd16CQTZiZCCV37BG71uXwbG82mBv/Vz3du/0lywbXxvC/S2tjc2t5p71p7+weHR/bxSahloSgLqBRSRQlqJnjGAsONYFGuGKaJYINkflfVB69MaS6zZ7PI2SjFWcannKJZoWGconmhKMr75dh2PNf70XnT+LVxoFZ/bL/FE0mLlGWGCtR66Hu5GZWoDKeCLa240CxHOscZKzHVepEmDVidb0A6WUdVk9JT/c9Ka5Xc/5uzacKO61+7naeu07utf2jDGVzAJfhwAz14gD4EQEHCO3zAJ7kijyQk0W9ri9Qzp7Amgt9V/HQt</latexit>

A
<latexit sha1_base64="ELDq4Wy1hZDLdOXp/uvwYayY6wc=">AAABp3icdY+7TsMwFIaPy62EW4CRBZEFligplVgLLGwUiaSRmqo6cd1i1Ykj20Gqos48ASs8F29DA1lKxD/9+s7tP0kuuDae90VaG5tb2zvtXWtv/+DwyD4+CbUsFGUBlUKqKEHNBM9YYLgRLMoVwzQRbJDM76v64JUpzWX2bBY5G6U4y/iUUzQrNIxTNC8URXm7HNuO53o/Om8avzYO1OqP7bd4ImmRssxQgVoPfS83oxKV4VSwpRUXmuVI5zhjJaZaL9KkAavzDUgn66hqUnqq/1lprZL7f3M2Tdhx/Wu389R1enf1D204gwu4BB9uoAcP0IcAKEh4hw/4JFfkkYQk+m1tkXrmFNZE8BtP2nQo</latexit>

dF = 0
<latexit sha1_base64="che5iqjSzsjJlPOIHlJ35R7Xnd8=">AAABqnicdY/NSsNAFIXv1L8a/6Iu3YjZuJCQVMGVUBTEZRXTVppaJpPbOnQmCTMToYSufQW3+la+jY1mU4NndfjuuZdzo0xwbTzvizRWVtfWN5qb1tb2zu6evX/Q1WmuGAYsFanqR1Sj4AkGhhuB/UwhlZHAXjS9Kee9V1Sap8mjmWU4lHSS8DFn1CzQcxxKal4YFcXt/Mob2Y7nej86rhu/Mg5U6ozstzBOWS4xMUxQrQe+l5lhQZXhTODcCnONGWVTOsGCSq1nMqrBskANsngZlSGlx/qfk9aiuf+3Z910W65/7rbuL5z2dfVDE47gBE7Bh0towx10IAAGCt7hAz7JGXkgT2TwG22QaucQlkTib9HadRw=</latexit>

(remember that              )F = dA
<latexit sha1_base64="vi0LbDxYEcfK/OaK9wZVavAeamI=">AAABtnicdU9NS8NAEJ2tXzV+Rb0IXsRcPIWkFvQiVAXxWMG0BVPDZjONSzcfZDdCCfHqH/Gq/8d/Y6NBqMF3evPmzcwbPxVcKsv6JK2l5ZXVtfa6trG5tb2j7+4NZJJnDB2WiCQb+VSi4DE6iiuBozRDGvkCh/70uuoPnzGTPInv1SzFcUTDmE84o2ouefqBG1H1xKgobsqL4Le4LD3dsEzrG0dNYtfEgBp9T391g4TlEcaKCSrlg22lalzQTHEmsNTcXGJK2ZSGWNBIylnkN8TqfENkwaJUmTI5kf+s1ObJ7b85m2TQMe1Ts3PXNXpX9Q9tOIRjOAEbzqAHt9AHBxi8wBu8wwc5J48ESfhjbZF6Zh8WQNIvKzp58A==</latexit>

dF = d2A+ dAA�AdA = dAA�AdA
<latexit sha1_base64="nv1j0McfXYzWHxfSiFLXwI19o/I=">AAACG3iclY9NS8MwGMefzLetvtXt6EXsRRBLOwVPg6kgHifYbWBnSdNshqUvNKkwSs9+Cj+NN/HqwbNfxFWLdBYP/k+//PJP8sSNOBPSMN5RbWl5ZXWt3lDWNza3ttWdZl+ESUyoRUIexkMXC8pZQC3JJKfDKKbYdzkduNOLfH/wQGPBwuBGziI68vEkYGNGsJwrR80828fynmCeXmYd7y5tZz/iLDv0SosSHpW4XOn8s++omqEbX9mrglmABkV6jvpoeyFJfBpIwrEQt6YRyVGKY8kIp5liJ4JGmEzxhKbYF2LmuxWZP1+RxFtUeSkWY/HHlcp8cvP3nFXot3XzWG9fn2jd8+IPddiFfTgAE06hC1fQAwsIfKAGaqIWekLP6AW9fldrqDjTgoWgt09lqqKb</latexit>
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We implement now gauge transformations

g = e�iuaTa

⌘ eu
<latexit sha1_base64="3GqSyG9Rsq2oi/gWvTbgvbYeS9Y=">AAABvHicdY/LSsNAFIbP1FuNt6hLQYrduDEkVXClFN24rNC0BdOWyeS0Dp1JYmZSKCE7wXdxqy/j29hoNjX4Lw4/37nwHz8WXGnb/iK1tfWNza36trGzu7d/YB4e9VSUJgxdFokoGfhUoeAhupprgYM4QSp9gX1/dl/0+3NMFI/Crl7EOJR0GvIJZ1Qv0dg8nd7gKLvg6SijebcouYcvKZ83ljjNx2bTtuwfNarGKU0TSnXG5psXRCyVGGomqFJPjh3rYUYTzZnA3PBShTFlMzrFjEqlFtKvQEn1cwWyYBUVQ4maqH9OGsvkzt+cVdNrWc6l1Xq8arbvyh/qcAJncA4OXEMbHqADLjB4hXf4gE9ySwIyI/J3tEbKnWNYEZl/A1GXfKo=</latexit>

The transformation of the connection one-form is given by

Ag = g�1Ag + g�1dg
<latexit sha1_base64="wqK5i/BjPtTvpTViD4+95tSgJRI=">AAAByXicdY9LS8NAFIXv1FeNr6hLN2I2QjEkreBKqLoR3FQwbcHUMJlMx6GTh5mpWENWLlz7a9zqz/Df2NgsrMGzOnz33Mu5fiK4VJb1hWoLi0vLK/VVbW19Y3NL397pynicEuqQWMRp38eSCh5RR3ElaD9JKQ59QXv+6KKY9x5pKnkc3ahJQgchZhEfcoLVFHl6ww2xuidYZGe5l7H8lN1lR3b+i7LGDAXM0w3LtH60XzV2aQwo1fH0VzeIyTikkSICS3lrW4kaZDhVnAiaa+5Y0gSTEWY0w6GUk9CvwKJIBZJgHhWhVA7lPye1aXP7b8+q6TZNu2U2r4+N9nn5Qx324AAOwYYTaMMldMABAm/wDh/wia7QA3pCz7NoDZU7uzAn9PINT4qBlg==</latexit>

while the field strength two-form transform as an adjoint field

Fg = g�1Fg
<latexit sha1_base64="7VjXHDCmuZG+DIdbe+NQ41Zv94A=">AAABwHicdY/LSsNAFIbP1FuNt6hLN9Js3BiSKrgSSgVxWcG0BVPDZDpNh84kcWYi1JC1Po1bfRXfxkazsAb/1c93bv8JU86UdpxP1FhZXVvfaG4aW9s7u3vm/kFfJZkk1CMJT+QwxIpyFlNPM83pMJUUi5DTQTi7KuuDJyoVS+I7PU/pSOAoZhNGsF6gwGz5AuspwTy/LoI8Ki6jh/zULX7RKDAtx3a+dVw3bmUsqNQLzBd/nJBM0FgTjpW6d51Uj3IsNSOcFoafKZpiMsMRzbFQai7CGizv1yAZL6OySaqJ+melsUju/s1ZN/227Z7Z7dtzq9OtfmjCEbTgBFy4gA7cQA88IPAKb/AOH6iLpihBjz+tDVTNHMKS0PMXy3V+NQ==</latexit>

For infinitesimal gauge transformations                   and g = 1 + u
<latexit sha1_base64="/WQQ51vCCTCQtb1BR+FFp7YjrkU=">AAABoXicdY/NS8NAEMVn60dr/Ip69CLmIgghWwuehFIveoti2kJbymY7jUt3k7C7EUrx7NGr/mn+N7aaSw2+0+M3b4Y3cS6FsUHwRWobm1vb9caOs7u3f3DoHh13TVZojhHPZKb7MTMoRYqRFVZiP9fIVCyxF89uV/PeC2ojsvTJznMcKZakYio4s0sUJTf0shi7XuAHPzqrGloaD0qFY/dtOMl4oTC1XDJjBjTI7WjBtBVc4qszLAzmjM9YggumjJmruAIVs88VyCfraBXSZmr+Oeksm9O/Paum2/Tpld98aHntTvlDA07hHC6AwjW04Q5CiICDgHf4gE/ikXsSksffaI2UOyewJjL4BrzicPI=</latexit>

g�1 = 1� u
<latexit sha1_base64="5F+/KfhPFrD9Fzxb2C/VzVmbOw4=">AAABpnicdY+9TsNAEIT3wl8wfwZKGoSbNLF8IRIVUgQNFQoSjiNICOfLxpxyZ1u+M1JkpeYFaOG9eBsScBMsphp9O7uaDVMptPG8L1JbW9/Y3KpvWzu7e/sH9uFRTyd5xtHniUyyfsg0ShGjb4SR2E8zZCqUGITT6+U8eMVMiyS+N7MUh4pFsZgIzswCPURPRZPOL2kzH9mO53o/Oq0aWhoHSnVH9ttgnPBcYWy4ZFo/Ui81w4JlRnCJc2uQa0wZn7IIC6a0nqmwAhUzLxXIx6toGcr0RP9z0lo0p397Vk2v5dJzt3XXdjpX5Q91OIEzaACFC+jADXTBBw4xvMMHfJIGuSU+CX6jNVLuHMOKyPM3mBdy2g==</latexit>

(Abelian: Ag = A+ g�1dg)
<latexit sha1_base64="kkLAyOex82ECvQRRKG44ms3OmDY=">AAAB1nicdU/LSsNAFL1TX7W+oi7dFNtFRSxJFRRBaHXjsoJ9gKlhZjpNh84kITMVS4g76dYv8Gvc6t6/MdUsrMGzOvfccw/nkkBwpU3zE+UWFpeWV/KrhbX1jc0tY3unrfxxSFmL+sIPuwQrJrjHWpprwbpByLAkgnXI6Gq27zywUHHfu9WTgPUkdj0+4BTrRHKMs4otif8YNUgSgb3zYtmWWA8pFlEjdiI3vvg1H7r30ZEV991yfOAYJbNqfqOYJVZKSpCi6RhTu+/TsWSepgIrdWeZge5FONScChYX7LFiAaYj7LIIS6UmkmTEWZWMSPvz0swUqoH6J7KQNLf+9sySdq1qHVdrNyel+mX6Qx72YB8qYMEp1OEamtACCq/wBu/wgbroCT2j6Y81h9KbXZgDevkCINSGPw==</latexit>

(Abelian: Fg = F)
<latexit sha1_base64="UozE38jpNnq+sfe+DwGRew+21wo=">AAABzXicdU/LSsNAFL1TX7W+oi7dFNNF3dSkCoIgVAVxZwX7AFPCzHQah84kITMRS4zbfoFf41Y/wr8x1SyswbM699xzD+eSUHClLesTlRYWl5ZXyquVtfWNzS1je6ergjiirEMDEUR9ghUT3GcdzbVg/TBiWBLBemR8Odv3HlmkeODf6UnIBhJ7Ph9xinUmucZh3ZEkeErOSRaB/dNqzZFYP1AskqvUTbz07NdcSw9cw7Qa1jeqRWLnxIQcbdeYOsOAxpL5mgqs1L1thXqQ4EhzKlhacWLFQkzH2GMJlkpNJCmIswYFkQ7npZkpUiP1T2Qla27/7Vkk3WbDPmo0b4/N1kX+Qxn2YB/qYMMJtOAa2tABCq/wBu/wgW5QjJ7Ry4+1hPKbXZgDmn4BdFOC3g==</latexit>

�uA = du+ [A, u]
<latexit sha1_base64="HEFElP5aoJEm4SZdU0ZaN281xuI=">AAABxnicdY/JSsNQFIbPrVOtU9SlG7GbghKSKrgSqm66rGAHaEK4uTmtl94M3EEpoeDOnU/jVt/Dt7HVLKzBf/Wf7wz8J8wEV9pxPkllZXVtfaO6Wdva3tnds/YPeio1kmGXpSKVg5AqFDzBruZa4CCTSONQYD+c3C76/UeUiqfJvZ5m6Md0nPARZ1TPUWA1vAiFpkFuZl5M9QOjIr+eXUXmdPirPjN+YNUd2/nWcdm4halDoU5gvXhRykyMiWaCKjV0nUz7OZWaM4GzmmcUZpRN6BhzGis1jcMSXCQoQRYto8WQVCP1z8naPLn7N2fZ9Jq2e2437y7qrZvihyocwQk0wIVLaEEbOtAFBq/wBu/wQdokIYY8/YxWSLFzCEsiz1/KbIC2</latexit>

and

�uF = [F , u]
<latexit sha1_base64="sEEItt4TV0qWWSLzJ3Hbl4p+elc=">AAABw3icdY/LSsNAFIbP1Futt6hLN2IQXEhJWsGVUBTFZQXTFpoQJpPTOnRyYWYilJC1C5/GrT6Jb2OjWViD/+o/37nwnyAVXGnL+iSNldW19Y3mZmtre2d3z9g/GKgkkwwdlohEjgKqUPAYHc21wFEqkUaBwGEwuyn7w2eUiifxo56n6EV0GvMJZ1QvkG+cuiEKTf08K9yI6idGRX5XXI1/FeeZ5xum1ba+dVw3dmVMqNT3jRc3TFgWYayZoEqNbSvVXk6l5kxg0XIzhSllMzrFnEZKzaOgBssENcjCZVQOSTVR/5xsLZLbf3PWzaDTtrvtzsOF2buufmjCEZzAGdhwCT24hz44wOAV3uAdPsgtmRFJ9M9og1Q7h7AkUnwB/vR/ng==</latexit>

(Abelian: �uA = du)
<latexit sha1_base64="2yUhohcsDT/aRXknwhJZRt9FcsE=">AAABynicdY9LS8NAFIXv1Fetr6hLN8V2UUFK0gqCILS6ceGign2AKWFmMq1DZ5IwMxFDyE5w769xq//Cf2Or2dTgWR2+e+7lXBIJro1tf6HSyura+kZ5s7K1vbO7Z+0fDHQYK8r6NBShGhGsmeAB6xtuBBtFimFJBBuS2fViPnxiSvMwuDdJxMYSTwM+4RSbOfKs04YrSficdsn8BA4uqnXXZ8JgL40zV2LzSLFIu9mlH9ezE8+q2U37R9WicXJTg1w9z3p1/ZDGkgWGCqz1g2NHZpxiZTgVLKu4sWYRpjM8ZSmWWieSFOCiRAFSfxktQkpP9D8nK/Pmzt+eRTNoNZ12s3V3Vutc5T+U4QiOoQEOnEMHbqAHfaDwBu/wAZ/oFimUoPQ3WkL5ziEsCb18A2SsgZQ=</latexit>

(Abelian: �uF = 0)
<latexit sha1_base64="pPzIlCgdhv52EhWUl9ogW13DjdY=">AAAByXicdY9LS8NAFIXv1FeNr6hLN8V2URFKUgVBEKqCCG4q2AeYEmam0zp0JomZibSGrFy49te41Z/hvzHRbGrwrA7fPfdyLgkEV9qyvlBpYXFpeaW8aqytb2xumds7XeVHIWUd6gs/7BOsmOAe62iuBesHIcOSCNYjk8ts3ntioeK+d6dnARtIPPb4iFOsU+Sah3VHEn8an5P0BPZOKzVnyITGbhwljsT6gWIRXyVnVi05cM2q1bB+VCkaOzdVyNV2zVdn6NNIMk9TgZW6t61AD2Icak4FSwwnUizAdILHLMZSqZkkBZh1KEA6nEdZKFQj9c9JI21u/+1ZNN1mwz5qNG+Pq62L/Icy7ME+1MGGE2jBNbShAxTe4B0+4BPdoEc0Rc+/0RLKd3ZhTujlG2YPgOY=</latexit>
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The transformation of the connection one-form gives the definition of the 
covariant derivative acting on zero-forms:

�uA a
µ = (Dµu)

a
<latexit sha1_base64="ZGsZQd2U2wkvwIF8T2X/+W31ByU=">AAAB13icdY87T8MwFIWvy6uUV4CRpaJLWaqkICEGpPIYGItE2iJSIsd1i1U7iWwHqbIiNmDlF/BrWGHm39CULCXiTEffuffq3CDmTGnb/kalhcWl5ZXyamVtfWNzy9re6agokYS6JOKR7AVYUc5C6mqmOe3FkmIRcNoNxhdZ3n2kUrEovNGTmPYFHoVsyAjWU+RbJ96Aco19k6SewPpBEWnOUt94IknvDU5Pq/UZJ5iby5wnB1niWzW7Yc9ULRonNzXI1fatF28QkUTQUBOOlbpz7Fj3DZaaEU7TipcoGmMyxiNqsFBqIoICzKoUIBnMo2xIqqH652Rl2tz527NoOs2Gc9hoXh/VWuf5D2XYg32ogwPH0IIraIMLBN7hAz7hC92iJ/SMXn9HSyjf2YU5obcfaDqInA==</latexit>

�uA = du+ [A, u]
<latexit sha1_base64="HEFElP5aoJEm4SZdU0ZaN281xuI=">AAABxnicdY/JSsNQFIbPrVOtU9SlG7GbghKSKrgSqm66rGAHaEK4uTmtl94M3EEpoeDOnU/jVt/Dt7HVLKzBf/Wf7wz8J8wEV9pxPkllZXVtfaO6Wdva3tnds/YPeio1kmGXpSKVg5AqFDzBruZa4CCTSONQYD+c3C76/UeUiqfJvZ5m6Md0nPARZ1TPUWA1vAiFpkFuZl5M9QOjIr+eXUXmdPirPjN+YNUd2/nWcdm4halDoU5gvXhRykyMiWaCKjV0nUz7OZWaM4GzmmcUZpRN6BhzGis1jcMSXCQoQRYto8WQVCP1z8naPLn7N2fZ9Jq2e2437y7qrZvihyocwQk0wIVLaEEbOtAFBq/wBu/wQdokIYY8/YxWSLFzCEsiz1/KbIC2</latexit>

Du = du+ [A, u]
<latexit sha1_base64="SsTlboix4iVLWcUEeYP2u2phEjw=">AAABs3icdY9LS8NAFIXv1FeNr6i4ciNmIyghaRVXQn0sXFYwbSEJYTKZ1qEzScjMCCV07e9wq7/If2Oj2dTgWR2+e+7l3DjnTCrH+UKtldW19Y32prG1vbO7Z+4fDGSmC0I9kvGsGMVYUs5S6immOB3lBcUi5nQYT++r+fCVFpJl6bOa5TQUeJKyMSNYLVBkHj3om0Sf+4HA6oVgXt7OL3QYmZZjOz86aRq3NhbU6kfmW5BkRAuaKsKxlL7r5CoscaEY4XRuBFrSHJMpntASCylnIm7AqkEDkmQZVaFCjuU/J41Fc/dvz6YZdGy3a3eeLq3eXf1DG47hFM7AhWvowSP0wQMCJbzDB3yiK+SjGCW/0Raqdw5hSUh8A3T7eBA=</latexit>

�uA = Du
<latexit sha1_base64="EVG5tIc0mJtCE5opHaoNYyChcM8=">AAABtnicdY9LS8NAFIXv1Fetr6gbwY2YjauQVEE3Qn0sXFYwbcHUMJncxqGTBzMToYS49Y+41f/jv7HRbGrwrA7fPfdybpAJrrRtf5HW0vLK6lp7vbOxubW9Y+zuDVSaS4YuS0UqRwFVKHiCruZa4CiTSONA4DCY3lTz4QtKxdPkQc8yHMc0SviEM6rnyDcOvBCFpn6Rl15M9TOjorgqL29z3zBty/7RUdM4tTGhVt833rwwZXmMiWaCKvXo2JkeF1RqzgSWHS9XmFE2pREWNFZqFgcNWDVoQBYuoiok1UT9c7Izb+787dk0g67lnFrd+zOzd13/0IZDOIYTcOAcenAHfXCBwSu8wwd8kgvyRJBEv9EWqXf2YUEk+wZGI3oD</latexit>

On a general Lie-algebra valued adjoint r-form, the covariant 
derivative is defined by

which satisfies the same Leibniz rule as the differential (Exercise)

D(!s⌘s) = (D!r)⌘s + (�1)r!r(D⌘s)
<latexit sha1_base64="+FjJYJzFQK+bYWKdU+F1aE4nUxg=">AAAB53icdY9NS8NAEIZn61etX1GPXsReUsSSVMGTULQHvVWwH2Bq2GyndWk2CbtboYSePXoTr/4Cf40HL/pXTGuK1OB7mZdn3hlmvMjnSlvWB8ktLC4tr+RXC2vrG5tbxvZOU4VDybDBQj+UbY8q9HmADc21j+1IIhWejy1vcDHptx5QKh4GN3oUYUfQfsB7nFGdINe4qplOKLBP3ViNHdTTWjozazMqx6UZPjSP7NJdQn57SW424xpFq2xNtZ81dmqKkKruGo9ON2RDgYFmPlXq1rYi3Ymp1Jz5OC44Q4URZQPax5gKpUbCy0BB9X0Gsu48moSk6ql/VhaSy+2/d2ZNs1K2j8uV65Ni9Tz9IQ97cAAm2HAKVbiEOjSAwRu8wyd8EU6eyDN5+YnmSDqzC3Mir99nHY2f</latexit>

and it is indeed covariant (Exercise)

Dg(g
�1!rg) = g�1(D!r)g

<latexit sha1_base64="3ux6wNLGfO8DSvfq44Z5jWjuRa8=">AAABy3icdY/NSsNAFIXv1L9a/6Iu3YjdpIuGpBVcCUW7cCNUsD9ga5hMp+PQmSTMTIUasxQfwKdxq0/h29jagNTgWR2+e+7l3CAWXBvX/UKFldW19Y3iZmlre2d3z9o/6Ohooghtk0hEqhdgTQUPadtwI2gvVhTLQNBuML6cz7uPVGkehbdmGtOBxCzkI06wmSHfqjb9hKU2u0+qXtqPJGXYT1TKKucLZDd/YYX5Vtl13B8d542XmTJkavnWa38YkYmkoSECa33nubEZJFgZTgRNS/2JpjEmY8xogqXWUxnkoMTmIQfJcBnNQ0qP9D8nS7Pm3t+eedOpOV7dqd2clhsX2Q9FOIITsMGDM2jAFbSgDQTe4B0+4BNdI42e0PMiWkDZziEsCb18A8J7gcM=</latexit>

constructed 
with Ag

<latexit sha1_base64="n5YCVR1eKeD/xAvsgS/IgynU0Pg=">AAABrXicdY+9TsNAEIT3wl8wPzFQ0iDcUAU7RKIN0FAGCSeRcLDOl4055c627s5IkeWah6CFh+JtiMFNsJhq9O3sajbKBNfGdb9Ia2Nza3unvWvt7R8cduyj45FOc8XQZ6lI1SSiGgVP0DfcCJxkCqmMBI6jxV01H7+i0jxNHs0yw6mkccLnnFGzQqHdCSQ1L4yK4qYMi7gMbcftuj86axqvNg7UGob2WzBLWS4xMUxQrZ88NzPTgirDmcDSCnKNGWULGmNBpdZLGTVgVaEB2WwdVSGl5/qfk9aqufe3Z9OMel3vqtt76DuD2/qHNpzCOVyAB9cwgHsYgg8McniHD/gkl8QnAXn+jbZIvXMCayLxN4brdj8=</latexit>

D!r ⌘ d!r +A!r � (�1)r!rA
<latexit sha1_base64="Euel1pd2SCp4UBJnCd5h5qhUWUs=">AAAB73icdY/LTsJAFIbP4A3xVnXphsgGYyAtmLjFy8IlJHJJLDbTYcAJM22ZmZKQhrWP4M649Ql8Fhdu9TWk2qTBxn/155v/P3OOG3CmtGm+o9zK6tr6Rn6zsLW9s7tn7B90lB9KQtvE577suVhRzjza1kxz2gskxcLltOuOr+L37pRKxXzvVs8C2hd45LEhI1gvkGO0rm1f0BF2Ijm36SRk0+IgJae2wPqBYB5dzFNaKVesk/u4kFbTnGOUzKr5o2LWWIkpQaKmYzzaA5+EgnqacKzUnWUGuh9hqRnhdF6wQ0UDTMZ4RCMslJoJNwPj7zOQDJZRHJJqqP4ZWVhsbv3dM2s6tapVr9ZaZ6XGZXJDHo7gGMpgwTk04Aaa0AYCb/ABn/CFJugJPaOX32gOJZ1DWBJ6/QYXOJJZ</latexit>
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When computing traces of forms, one has to take into account their 
noncommutative character in applying the cyclic property

Tr (!r⌘s) = (�1)rsTr (⌘s!r)
<latexit sha1_base64="e8z+JGZqcHtoQyffDOMAUsDjAoM=">AAAB5HicdU/LSsNAFL1TX7W+oi7dFLtpQUtSBVdCURCXFfoCU8NkeluHziRhZiqUkLUbd+LWL/Br3Il+jK0GtAbP5h7OOfdyrh8Jro1tv5HcwuLS8kp+tbC2vrG5ZW3vtHU4VgxbLBSh6vpUo+ABtgw3AruRQip9gR1/dD7zO3eoNA+DpplE2JN0GPABZ9RMJc+6iF0li03lHiRlN5Q4pF6sEhfNdOqkclo+dCo3sdLJ71zq/uQrnlWyq/YXilnipKQEKRqede/2QzaWGBgmqNbXjh2ZXkyV4UxgUnDHGiPKRnSIMZVaT6SfESU1txmR9eelWUjpgf7nZGHa3PnbM0vatapzVK1dHZfqZ+kPediDfSiDAydQh0toQAsYvMArvMMHGZAH8kievqM5ku7swhzI8yc8D4xf</latexit>

or in general

Tr (!r⌘s1 . . . ⌘sn) = (�1)r(s1+...+sn)Tr (⌘s1 . . . ⌘sn!r)
<latexit sha1_base64="zmKJvESLW8pB+aKMpVUWfIL6itI=">AAACJXicfU/LSsNAFJ2pr1pf1S5VKHaTUA2ZKrgSim5cVugLTA2T6bSGziRhZiqUMGs/xa9xJ4Irv8B/MG2DWoOezT2ce+6ZM17EfKls+w3mlpZXVtfy64WNza3tneLuXluGY0Foi4QsFF0PS8r8gLaUrxjtRoJi7jHa8UZX033ngQrph0FTTSLa43gY+AOfYJVIbvExdgQvN4VzrA0n5HSI3Vhoh6pkSjdGWjusHypZ/pICrc0L4wSZd7EwZpbq3FKdLU39M/H/nO8HTbdYsS17hnKWoJRUQIpG0tzph2TMaaAIw1LeIjtSvRgL5RNGdcEZSxphMsJDGmMu5YR7GZFjdZ8RSX9RmpqEHMg/IgtJc/S7Z5a0axY6tWo3Z5X6ZfqHPNgHR8AACJyDOrgGDdACBHzAEjyAh/AJPsMX+Dq35mB6UwILgO+fYdylcw==</latexit>

For example, in the case of the covariant derivative

D!r ⌘ d!r +A!r � (�1)r!rA
<latexit sha1_base64="Euel1pd2SCp4UBJnCd5h5qhUWUs=">AAAB73icdY/LTsJAFIbP4A3xVnXphsgGYyAtmLjFy8IlJHJJLDbTYcAJM22ZmZKQhrWP4M649Ql8Fhdu9TWk2qTBxn/155v/P3OOG3CmtGm+o9zK6tr6Rn6zsLW9s7tn7B90lB9KQtvE577suVhRzjza1kxz2gskxcLltOuOr+L37pRKxXzvVs8C2hd45LEhI1gvkGO0rm1f0BF2Ijm36SRk0+IgJae2wPqBYB5dzFNaKVesk/u4kFbTnGOUzKr5o2LWWIkpQaKmYzzaA5+EgnqacKzUnWUGuh9hqRnhdF6wQ0UDTMZ4RCMslJoJNwPj7zOQDJZRHJJqqP4ZWVhsbv3dM2s6tapVr9ZaZ6XGZXJDHo7gGMpgwTk04Aaa0AYCb/ABn/CFJugJPaOX32gOJZ1DWBJ6/QYXOJJZ</latexit>

TrD!r = Tr d!r +Tr (A!r)� (�1)rTr (!rA) = Tr d!r = dTr!r
<latexit sha1_base64="mSJDzJGrL1jU+22tGVqzpcz8GLs=">AAACQXicdY+7TsMwGIXtcmvLLcDIUtGlFbQkBQkYKpXLwFik3iRSIsdxi1U7iWwXqYoy8yA8Ck/BI7AhVhZSiEhL4ExH339+/8e2z6hUuv4CMwuLS8sr2Vx+dW19Y1Pb2u5IbywwaWOPeaJnI0kYdUlbUcVIzxcEcZuRrj26nM67D0RI6rktNfFJn6OhSwcUIxUhS3sKTMELLWEehFemx8kQWYEI6wl1Erqf0JLJkbrHiAXnYRIoV0oVo3wXudnkz3hmp/z3hbqT4IRaWlGv6l8qpI0RmyKI1bS0R9Px8JgTV2GGpLw1dF/1AyQUxYyEeXMsiY/wCA1JgLiUE26n4LRrCmJnHk1DQg7kP0/mo+bG755p06lVjaNq7ea42LiI/5AFu2APlIABTkADXIMmaAMMc/AQnsIz+Axf4Rt8/45mYLyzA+YEPz4BAs+vLg==</latexit>

Thus, the trace of a covariant derivative is an exact form.
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Invariant polynomials

In an even-dimensional space      , we can define the invariant 
polynomial associated with a gauge connection as

D = 2m
<latexit sha1_base64="6jFvXynKQFFZTQhL75jFI174zQI=">AAABoHicdY+9T8MwEMXP5auErwAjC2oWpigJSJ2QKmDoRiuRtoJWleNeW6t2YtkOUlUxs7HCv8Z/A4EsJeJNT797d3qXKMGNDYJPUtvY3Nreqe86e/sHh0fu8UnPZLlmGLNMZHqQUIOCpxhbbgUOlEYqE4H9ZHFbzPvPqA3P0ge7VDiSdJbyKWfUFujuOpJj1wv84EfnVROWxoNSnbH7OpxkLJeYWiaoMU9hoOxoRbXlTOCLM8wNKsoWdIYrKo1ZyqQCJbXzCmSTdVSEtJmaf046383Dvz2rphf54aUfda+81k35Qx3OoAEXEEITWtCGDsTAYA5v8A4fpEHa5J50f6M1Uu6cwprI4xcu7nCT</latexit>

• Invariant polynomials are gauge invariant: we look at the single 
trace 2n-form  

• Invariant polynomials are closed forms: computing the exterior 
differential  

dTrFn = Tr
⇣
dFF . . .F + FdF . . .F + . . .+ FF . . . dF

⌘

= nTr
⇣
dFFn�1

⌘

<latexit sha1_base64="cOkE+Yxxr7jWwC6vt5oDcF6IVBc=">AAACj3icjY9LS8NAFIUn8VXjK9Wlm2ChVKolqUJXlVJBdFehL2hqmUymdehMEmamQgnZ2t/oz/AfmLZZpAaLd3X47rmHc52AEiFN80tRd3b39g9yh9rR8cnpmZ4/7wp/xhHuIJ/6vO9AgSnxcEcSSXE/4Bgyh+KeM31c7nsfmAvie205D/CQwYlHxgRBGaOR/u2GNmdGm9s3kc2gfEeQhk/RW+hFxXpq1SSTkpsypCV1fSlSoJzS7nbjipS35RobCXGNa8O2B2alithQK9a9/3WM/7m11ucjvWBWzNUYWWElogCSaY30he36aMawJxGFQgwsM5DDEHJJEMWRZs8EDiCawgkOIRNizpwMXDbJQORuoqWJi7H4I1KLm1u/e2ZFt1qx7irV1/tCo5n8kAOX4AqUgAVqoAGeQQt0AFJ6SqR8Kgs1r9bUB7WxtqpKcnMBNkZ9+QEMTstN</latexit>

P(F) =
X

njm

cn,j
⇣
TrFn

⌘j

<latexit sha1_base64="k1Z3K8vw8VGfZJzViFXX80p0j6A=">AAAB9HicdY/NSsNAFIVv6l+tf1GXbordtFBKooIroVQQlxX6B04bJtNpnXYmiTOTQglZ+xLuxK1P4Iu4dasPYVuDWINn9XHOvZdz3YAzpS3rzcisrK6tb2Q3c1vbO7t75v5BS/mhJLRJfO7LjosV5cyjTc00p51AUixcTtvu+HKetydUKuZ7DT0NaFfgoccGjGA9sxyzhQTWdwTzqB4Xf/gqLl0gFQon8kaI0/u8iMmMy6MY1diwGCEp8g2JyvGvjV7kLdJSLxrFjlmwKtZC+TTYCRQgUd0xH1DfJ6GgniYcK3VrW4HuRlhqRjiNcyhUNMBkjIc0wkKpqXBT5rxLyiT9ZWs+JNVA/XMyN2tu/+2ZhtZJxT6tnNycFaq15IcsHMExFMGGc6jCNdShCQRe4R0+4NOYGI/Gk/H8PZoxkp1DWJLx8gUGCZPn</latexit>

TrFn �! Tr
⇣
g�1Fng

⌘
= Tr

⇣
Fngg�1

⌘
= TrFn

<latexit sha1_base64="wjHErtp8V/QM5WGFEDpke0SHu3c=">AAACN3icdY/LSsNAGIVn6q3GW9Slm2IRKmhMquBKKBXEZYXewLRlMp1Oh04yYWaqlJC1z+Cj+Ciu3Ilbn0AbzcImeFaH839nOOOFnClt26+wsLS8srpWXDc2Nre2d8zdvbYSU4lJCwsuZNdDinAWkJZmmpNuKAnyPU463uQ6uXceiFRMBE09C0nPRzRgI4aRnkcD8zlypV9qSvckdn2kxxjx6CbuR0HschFQyehYIynFY8n4Q9YZrdB+dOpkSzQ5HV9l0CyUVrPoIjUwy7Zl/6iUN05qyiBVY2A+uUOBpz4JNOZIqXvHDnUvQlIzzElsuFNFQoQniJII+UrNfC8XJhNyIR4uRgkk1Uj986QxX+5kd+ZNu2o551b17qJcq6d/KIIDcAgqwAGXoAZuQQO0AAZf8Aha8Ay+wDf4Dj9+0QJMO/tgQfDzGzw8rDQ=</latexit>
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On each terms we can apply the Bianchi identity dF = FA�AF
<latexit sha1_base64="NZSvyZVwIkv8hlDK4xny8OcOd8M=">AAAB2HicdY/LSsNAFIbP1FuNt6hLN2I2bgxJLQiCUBXEZQXTFk0Jk8m0Dp1JQmYqlBBwV9z6BD6NW936NjYaJDX4rz7+85+bH3MmlWV9otrC4tLySn1VW1vf2NzSt3c6MhonhDok4lHS87GknIXUUUxx2osTioXPadcfXeb17iNNJIvCWzWJaV/gYcgGjGA1szz9NHAFVg8E8/QqOyvxL55nRyUuJTzdsEzrW/tVsAswoFDb06duEJGxoKEiHEt5b1ux6qc4UYxwmmnuWNIYkxEe0hQLKSfCr5j5+opJgnkrDyVyIP8Zqc0ut//eWYVOw7SPzcZN02hdFD/UYQ8O4BBsOIEWXEMbHCDwCm/wDh/oDj2hKXr+idZQ0bMLc0IvX765iMg=</latexit>

dTrFn = nTr
⇣
dFFn�1

⌘

<latexit sha1_base64="xud1+xCWOjn3kLeVA78C7cgJqOY=">AAAB63icdY/NSsNAFIXv1L8a/6Iu3RS7qaAlqYIroVQQN0KFpi2YWiaTaR06k4SZqVBC1j6AO3HrE/g03eqL2NQsWoNndTj3u5dzvYgzpS1rigorq2vrG8VNY2t7Z3fP3D9oq3AsCXVIyEPZ9bCinAXU0Uxz2o0kxcLjtOONrtN555lKxcKgpScR7Qk8DNiAEaxnUd+882NXilJLuqeJK7B+IpjHN8ljHCRXwcKowYYVfwFYZs/sOXHSN8tW1ZqrlDd2ZsqQqdk3X1w/JGNBA004VurBtiLdi7HUjHCaGO5Y0QiTER7SGAulJsLLhWmTXEj85SiFpBqof04as+b23555065V7fNq7f6iXG9kPxThCI6hAjZcQh1uoQkOEPiEKXzBNxLoFb2h91+0gLKdQ1gS+vgBy2KPog==</latexit>

With this, we have shown two important properties of the invariant 
polynomials

and

dTrFn = 0
<latexit sha1_base64="ngIC69SwAkg8HY0y5rbtl1odXio=">AAABunicdY/NSsNAFIXv1L8a/6IudVHMxoWEpApuFIqCuKzQtAVTw2QyrUNmkjAzEUrIxo2v4lbfxrex0Wxq8KwO3z33cm6Ycaa043yh1srq2vpGe9PY2t7Z3TP3D4YqzSWhHkl5KschVpSzhHqaaU7HmaRYhJyOwvi2mo9eqFQsTQZ6ntGJwLOETRnBeoEC8zgqfCk6A+mflb7A+plgXtyVT0VSXjuBaTm286NO07i1saBWPzDf/CgluaCJJhwr9eg6mZ4UWGpGOC0NP1c0wyTGM1pgodRchA1YlWhAEi2jKiTVVP1z0lg0d//2bJph13bP7e7DhdW7qX9owxGcwCm4cAk9uIc+eEDgFd7hAz7RFQoRQ/FvtIXqnUNYEtLfSah7Pg==</latexit>

�uTrFn = 0
<latexit sha1_base64="rgDhENVMt/NNGGlUGC8NZWWMuuI=">AAABw3icdY/NSsNAFIXv1L9a/6Iu3RSD4EJKUgVXQlEUlxWatmBqmExv69CZJMxMhBKyduHTuNUn8W1sNJsaPKvDd8+9nBsmgmvjOF+ktrK6tr5R32xsbe/s7ln7B30dp4qhx2IRq2FINQoeoWe4EThMFFIZChyEs5tiPnhBpXkc9cw8wZGk04hPOKNmgQLrxB+jMDTI0jzzlWz2lH+W+5KaZ0ZFdpc/ZVF+5QSW7bScHzWrxi2NDaW6gfXqj2OWSowME1TrR9dJzCijynAmMG/4qcaEshmdYkal1nMZVmBRogLZeBkVIaUn+p+TjUVz92/Pqum3W+55q/1wYXeuyx/qcATHcAouXEIH7qELHjB4g3f4gE9yS2ZEEfMbrZFy5xCWRPJvtjd/Zg==</latexit>

dP(F) = 0
<latexit sha1_base64="l1A3wrR4w3eKBNbCZvxKNJMDwgE=">AAABuXicdY/NSsNAFIXv1L9a/6IuuxGzqZuQ1IILEYqCuIxg2oIpYTKZtmNnkjAzEUrIwpWP4lYfx7ex0SDU4Fkdvnvu5dww5Uxp2/5EjbX1jc2t5nZrZ3dv/8A4PBqoJJOEeiThiRyFWFHOYupppjkdpZJiEXI6DOc35Xz4TKViSfygFykdCzyN2YQRrJcoMNqRL7CeEcxzt+j8+tvi7MoODNO27G+d1I1TGRMquYHx6kcJyQSNNeFYqUfHTvU4x1IzwmnR8jNFU0zmeEpzLJRaiLAGywY1SKJVVIakmqh/TraWzZ2/Petm0LWcc6t73zP719UPTWjDKXTAgQvowx244AGBF3iDd/hAlwijGXr6iTZQtXMMK0LqC2a5ep4=</latexit>

�uP(F) = 0
<latexit sha1_base64="r8w3Wih2bq7FfASxQkVDyBALrtA=">AAABwnicdY9LS8NAFIXv1Fetr6hLN2Jc1E1IquBKKCriMoJpC6aEyeS2jp08zEyEErMW/DVu9Z/4b2w0CDV4Vofvnns5108El8o0P0ljYXFpeaW52lpb39jc0rZ3ejLOUoYOi0WcDnwqUfAIHcWVwEGSIg19gX1/clHO+0+YSh5Ht2qa4DCk44iPOKNqhjzt0A1QKOrlWeGGVN0zKnK7aP/6q+LozPQ03TTMb+3XjVUZHSrZnvbiBjHLQowUE1TKO8tM1DCnqeJMYNFyM4kJZRM6xpyGUk5DvwbLBjXIgnlUhlI5kv+cbM2aW3971k2vY1jHRufmRO+eVz80YQ8OoA0WnEIXrsEGBxi8whu8wwe5JA/kkcifaINUO7swJ/L8Bc9ofsY=</latexit>

dTrFn = nTr
⇣
FAFn�1 �AFn

⌘

= nTr
⇣
AFn

⌘
� nTr

⇣
AFn

⌘
= 0

<latexit sha1_base64="Q60s9kn2EMuTKtYW5DFy4TYKnOI=">AAACf3iclU9bS8MwGE3rbdZb1UdfhgOd4Eo6BfFhMCeojxN2g3WONMtqWNKWJJuM0md/o4/+E7dZZFud4Hk6nMuXEzdkVCoIPzR9bX1jcyuzbezs7u0fmIdHDRkMBSZ1HLBAtFwkCaM+qSuqGGmFgiDuMtJ0B/dTvzkiQtLAr6lxSDoceT7tU4zUROqan73IETxbE85l7HCkXjFi0UP8EvnxWcmf8yrUy88FfujdUq1gx4WV5uzMRdZx2tAqYt4x/njj927hn/kS7Jo5aMEZsmliJyQHElS75rvTC/CQE19hhqRs2zBUnQgJRTEjseEMJQkRHiCPRIhLOeZuSpwuSYm4tyhNQ0L25YqTxmS5vbwzTRpFy76yis/XuXIl+UMGnIBTkAc2uAFl8ASqoA6w9qhxbaS96Zp+rls6/I7qWtI5BgvQb78AAvPDNQ==</latexit>
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Using this property and the Poincaré lemma, we conclude that the locally

dTrFn = 0
<latexit sha1_base64="ngIC69SwAkg8HY0y5rbtl1odXio=">AAABunicdY/NSsNAFIXv1L8a/6IudVHMxoWEpApuFIqCuKzQtAVTw2QyrUNmkjAzEUrIxo2v4lbfxrex0Wxq8KwO3z33cm6Ycaa043yh1srq2vpGe9PY2t7Z3TP3D4YqzSWhHkl5KschVpSzhHqaaU7HmaRYhJyOwvi2mo9eqFQsTQZ6ntGJwLOETRnBeoEC8zgqfCk6A+mflb7A+plgXtyVT0VSXjuBaTm286NO07i1saBWPzDf/CgluaCJJhwr9eg6mZ4UWGpGOC0NP1c0wyTGM1pgodRchA1YlWhAEi2jKiTVVP1z0lg0d//2bJph13bP7e7DhdW7qX9owxGcwCm4cAk9uIc+eEDgFd7hAz7RFQoRQ/FvtIXqnUNYEtLfSah7Pg==</latexit>

TrFn = d!0
2n�1(A)

<latexit sha1_base64="C6ziKPwHtZbTMP4X515avl6T8e4=">AAAB13icdY/LSsNAFIbP1Futt6hLN8VuKmhJoiAuhKogLiv0JqYNk+m0Dp1JwsxUKGFwp259Ap/Gra59G1sNQg3+q5/v/OcWxJwpbdufKDc3v7C4lF8urKyurW9Ym1tNFY0koQ0S8Ui2A6woZyFtaKY5bceSYhFw2gqGF9N6655KxaKwrscx7Qg8CFmfEawnyLdOEk+KYl16+8YTWN8RzJNL001Cc9rzIkEHuJvYxk/c8MAx5d/ImdnzrZJdsb9VzBonNSVIVfOtJ68XkZGgoSYcK3Xr2LHuJFhqRjg1BW+kaIzJEA9ogoVSYxFk4HR/BpLeLJqGpOqrf0YWJpc7f+/MmqZbcQ4r7vVRqXqe/pCHHdiFMjhwDFW4gho0gMArvME7fKAb9IAe0fNPNIfSnm2YEXr5AocEhzA=</latexit>

where                    is the Chern-Simons form.!0
2n�1(A)

<latexit sha1_base64="Kd37SVCK8PIOgQxW2hV4GEMZH5o=">AAABvHicdY/LSsNAFIbP1Futt6hLQcRs6sKSRMGdVN24rGDagqlhMjmtQ2eSkJkUSshO8F3c6sv4NjaaTQ3+q5/v3P4TJIIrbVlfpLGyura+0dxsbW3v7O4Z+wd9FWcpQ5fFIk6HAVUoeISu5lrgMEmRykDgIJjelfXBDFPF4+hRzxMcSTqJ+JgzqhfIN469WOKEPudW4edOdG4XbU9S/cKoyG+KM98wrY71o5O6sStjQqWeb7x5YcwyiZFmgir1ZFuJHuU01ZwJLFpepjChbEonmFOp1FwGNVjer0EWLqOyKVVj9c/K1iK5/Tdn3fSdjn3RcR4uze5t9UMTjuAU2mDDFXThHnrgAoNXeIcP+CTXJCRTIn9bG6SaOYQlkdk3DoN7qA==</latexit>

But since 

the gauge variation of the Chern-Simons form is also closed, and locally exact

0 = �uTrFn = TrFn
1+u � TrFn = d!0

2n�1(A1+u)� d!0
2n�1(A)

= d
h
!0
2n�1(A1+u)� !0

2n�1(A)
i
= d�u!

0
2n�1(A)

<latexit sha1_base64="Lvx4eusalUwEyD+yr6olaxAKOTc=">AAACy3icjVDLSsNAFJ3EV42vVpduioXSYluSKrgq1AriRqjQF3TaMJmMMXQmCZmJUGOW4gf4NW71K/wbUw1KDS2e1eGcc8+9M4ZHbS5U9UOSV1bX1jcym8rW9s7uXja33+Nu4GPSxS51/YGBOKG2Q7rCFpQMPJ8gZlDSNyYXM79/T3xuu05HTD0yYshy7FsbIxFLek6qqA1oEiqQHgZRCH2W7/iwEkGGxB1GNLyMxqETFRsLLT3UjoOoutBvmNBlxELjUI2zdaeqRaWfyHkyXq4uT5XzEA7VWh2zkVKMG1u2NfxX7fLWWc+ooZi/P7A8r2cLak39Qj5NtIQUQIK2nn2GposDRhyBKeJ8qKmeGIXIFzamJFJgwImH8ARZJESM8ykzUuJsf0rE5rw0C/n8li+oVOLLtb93pkmvXtNOavWb00KzlbwhAw7BESgBDZyBJrgCbdAFWHqRXqU36V2+lrn8ID9+R2UpmTkAc5CfPgGx3t8L</latexit>

d�u!
0
2n�1(A) = 0

<latexit sha1_base64="ejughy2XKNaU/WB/KNTeS79ghcw=">AAAByXicdY+7TsNAEEVnwyuEl4GSBpEmCBGtAxIVUoAGiSZI5CHhYK3Xk7DKrm28a0SwXFFQ8zW08Bn8DQm4CRa3ujpzZ3THi6TQhtIvUpqbX1hcKi9XVlbX1jesza2ODpOYY5uHMox7HtMoRYBtI4zEXhQjU57Erje6mM67jxhrEQY3ZhxhX7FhIAaCMzNBrnXgOz5Kw9w0yZxQ4ZDdpTRz00ZwaGc1RzFzz5lMz7L9U+paVVqnP9otGjs3VcjVcq1Xxw95ojAwXDKtb20amX7KYiO4xKziJBojxkdsiClTWo+VV4DTBgXI/Vk0DcV6oP85WZk0t//2LJpOo24f1RvXx9Xmef5DGXZgD2pgwwk04RJa0AYOb/AOH/BJrsgDeSLPv9ESyXe2YUbk5RvPaIEt</latexit>

locally
�u!

0
2n�1(A) = d!1

2n�2(u,A)
<latexit sha1_base64="EDWrp9Z5u9JqIhx4/lk6SV7L1Xk=">AAAB6HicdU9NS8NAFHxbv2r9inr0IvZSQUs2Cp6EqhfxVMG0BVPDZrOta3eTkN0IJeTs1Zt49Rf4awRP+lNsbQRrcE7DzLz35nmR4Eqb5jsqzczOzS+UFytLyyura8b6RkuFSUyZTUMRxh2PKCZ4wGzNtWCdKGZEeoK1vcHZ2G/fs1jxMLjSw4h1JekHvMcp0SPJNS4cnwlN3DTJnFCyPrlJzcxNrWAfZzVHEn1LiUhPst1j/8fHE9/Kasne74RrVM26+Y3tIsE5qUKOpms8OH5IE8kCTQVR6hqbke6mJNacCpZVnESxiNAB6bOUSKWG0iuI4/sFkfrT0jgUq576Z2Vl1Bz/7VkkLauOD+rW5WG1cZr/UIYt2IEaYDiCBpxDE2yg8Apv8AGf6A49oif0PImWUD6zCVNAL1/xUY3W</latexit>



M.Á. Vázquez-Mozo                                                             Anomalies and Differential Geometry I                                          PhD Course, Universidad Autónoma de Madrid

Back to the anomaly
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TrFn = d!0
2n�1(A)

<latexit sha1_base64="C6ziKPwHtZbTMP4X515avl6T8e4=">AAAB13icdY/LSsNAFIbP1Futt6hLN8VuKmhJoiAuhKogLiv0JqYNk+m0Dp1JwsxUKGFwp259Ap/Gra59G1sNQg3+q5/v/OcWxJwpbdufKDc3v7C4lF8urKyurW9Ym1tNFY0koQ0S8Ui2A6woZyFtaKY5bceSYhFw2gqGF9N6655KxaKwrscx7Qg8CFmfEawnyLdOEk+KYl16+8YTWN8RzJNL001Cc9rzIkEHuJvYxk/c8MAx5d/ImdnzrZJdsb9VzBonNSVIVfOtJ68XkZGgoSYcK3Xr2LHuJFhqRjg1BW+kaIzJEA9ogoVSYxFk4HR/BpLeLJqGpOqrf0YWJpc7f+/MmqZbcQ4r7vVRqXqe/pCHHdiFMjhwDFW4gho0gMArvME7fKAb9IAe0fNPNIfSnm2YEXr5AocEhzA=</latexit>

Bruno Zumino
(1923-2014)

With these ingredients it is possible to construct a nontrivial solution to 
the Wess-Zumino consistency condition.

Let us take a (2n-1)-dimensional ball           with                           and write 
the integral

D2n�1
<latexit sha1_base64="H1A4oZWGP+YsPtrV/0pb1UBKWTE=">AAABpHicdY87T8NAEIT3wiuYl4GSBmEJ0WDZDhJtBBQUFEHgxBIJ1vmyCafc2dbdGSmyUtPTwh/j35CAm2Ax1ejb2dVskguujed9kcbK6tr6RnPT2tre2d2z9w+6OisUw5BlIlNRQjUKnmJouBEY5QqpTAT2ksn1Yt57RaV5lj6aaY4DSccpH3FGzRxFN3EZpOf+LLYdz/V+dFw3fmUcqNSJ7bf+MGOFxNQwQbV+8r3cDEqqDGcCZ1a/0JhTNqFjLKnUeiqTGpTUvNQgGy6jRUjpkf7npDVv7v/tWTfdwPVbbnB/4bSvqh+acAQncAY+XEIbbqEDITAQ8A4f8ElOyR15IOFvtEGqnUNYEnn+BpYncjQ=</latexit>

@D2n�1 = S2n�2
<latexit sha1_base64="FA+048+vEe3ukDZBHx/P5NBoUGc=">AAABuHicdY9LS8NAFIXv1FeNr6g73RSzcWPIpIIgCEVduKxo2oKpcTKd1qGTBzMToYSAO/+JW/07/hsbzaYGz+rj3HMv54ap4Eo7zhdqLC2vrK41142Nza3tHXN3r6eSTFLm0UQkchASxQSPmae5FmyQSkaiULB+OL0q5/0XJhVP4ns9S9kwIpOYjzklem4F5oGfEqk5Ea3rIHfjE1xc3D2W4BaBaTm286NWHXAFFlTqBuabP0poFrFYU0GUesBOqod5eZ8KVhh+plhK6JRMWE4ipWZRWDMjop9rJh0tWmVIqrH656Qxb47/9qxDz7Vx23ZvT63OZfVDEw7hCI4Bwxl04Aa64AGFV3iHD/hE5+gJTRD/jTZQtbMPC0LyG7x4eWc=</latexit>

I[A] =

Z

D2n�1

!0
2n�1(A)

<latexit sha1_base64="sRQBSgMHztOga4ksLKTeUNhZQIA=">AAAB2nicdY/LTsJAFIbP4A3xVnXpxsgGF5IWTNxogpeF7jCxQEJrMx0OOGGmbTqDCWm6cWOMW5/Ap3GrO99G0C7Exn/15zv/ufmR4Eqb5icpzM0vLC4Vl0srq2vrG8bmVkuFo5ihzUIRxh2fKhQ8QFtzLbATxUilL7DtD8+n9fY9xoqHwY0eR+hKOgh4nzOqJ8gzjq+6jqT6jlGRnKbuicMD7SUXXlILDqw0dUKJA3qbmGlGKr/S+55RNqvmt3bzxspMGTI1PePR6YVsJDHQTFClupYZaTehseZMYFpyRgojyoZ0gAmVSo2ln4PT/TnIerNoGopVX/0zsjS53Pp7Z960alWrXq1dH5YbZ9kPRdiBPaiABUfQgEtogg0MXuEN3uGDOOSBPJHnn2iBZD3bMCPy8gUkxIgY</latexit>

�u!
0
2n�1(A) = d!1

2n�2(u,A)
<latexit sha1_base64="EDWrp9Z5u9JqIhx4/lk6SV7L1Xk=">AAAB6HicdU9NS8NAFHxbv2r9inr0IvZSQUs2Cp6EqhfxVMG0BVPDZrOta3eTkN0IJeTs1Zt49Rf4awRP+lNsbQRrcE7DzLz35nmR4Eqb5jsqzczOzS+UFytLyyura8b6RkuFSUyZTUMRxh2PKCZ4wGzNtWCdKGZEeoK1vcHZ2G/fs1jxMLjSw4h1JekHvMcp0SPJNS4cnwlN3DTJnFCyPrlJzcxNrWAfZzVHEn1LiUhPst1j/8fHE9/Kasne74RrVM26+Y3tIsE5qUKOpms8OH5IE8kCTQVR6hqbke6mJNacCpZVnESxiNAB6bOUSKWG0iuI4/sFkfrT0jgUq576Z2Vl1Bz/7VkkLauOD+rW5WG1cZr/UIYt2IEaYDiCBpxDE2yg8Apv8AGf6A49oif0PImWUD6zCVNAL1/xUY3W</latexit>

Its gauge variation is given by

�uI[A] =

Z

D2n�1

�u!
0
2n�1(A) =

Z

D2n�1

d!1
2n�2(u,A) =

Z

S2n�2

!1
2n�2(u,A)

<latexit sha1_base64="p4fYF9sd0Dvlz+CzJ9TfxsOip7c=">AAACUHichY9NS8MwHMaT+TbrW9WL4EXcZYKOtgqelPkCzttE9wLrVtI0m2FJW5pUGCVnv48fxZvfxJtursNtRXwu+fM8vyf5xw0ZFdIwPmBuYXFpeSW/qq2tb2xu6ds7dRHEESY1HLAgarpIEEZ9UpNUMtIMI4K4y0jD7d+M8sYLiQQN/Cc5CEmbo55PuxQjObQc/c32CJPISWJ137I5ks8YseRKtS9s6ksnuXUSyz8xlfrl7ICTHuokhkqz4lTvSJsvehPeHPOWKsbH04208NgZp+o/3tELRsn40UF2MNOhAFJVHf3V9gIcc+JLzJAQLdMIZTtBkaSYEaXZsSAhwn3UIwniQgy4mzFH72dM7M1aIygSXfHHldpwc3N+z+xQt0rmacl6OCuUr9M/5ME+OARFYIJzUAYVUAU1gOEevIR3sALf4Sf8ysExOjnBLphRTvsG4rSyiQ==</latexit>
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I[A] =

Z

D2n�1

!0
2n�1(A)

<latexit sha1_base64="sRQBSgMHztOga4ksLKTeUNhZQIA=">AAAB2nicdY/LTsJAFIbP4A3xVnXpxsgGF5IWTNxogpeF7jCxQEJrMx0OOGGmbTqDCWm6cWOMW5/Ap3GrO99G0C7Exn/15zv/ufmR4Eqb5icpzM0vLC4Vl0srq2vrG8bmVkuFo5ihzUIRxh2fKhQ8QFtzLbATxUilL7DtD8+n9fY9xoqHwY0eR+hKOgh4nzOqJ8gzjq+6jqT6jlGRnKbuicMD7SUXXlILDqw0dUKJA3qbmGlGKr/S+55RNqvmt3bzxspMGTI1PePR6YVsJDHQTFClupYZaTehseZMYFpyRgojyoZ0gAmVSo2ln4PT/TnIerNoGopVX/0zsjS53Pp7Z960alWrXq1dH5YbZ9kPRdiBPaiABUfQgEtogg0MXuEN3uGDOOSBPJHnn2iBZD3bMCPy8gUkxIgY</latexit>

�uI[A] =

Z

S2n�2

!1
2n�2(u,A)

<latexit sha1_base64="54+XoqsxSigL0Ck1BeZt1BhWOiE=">AAAB5nicdY+7TsMwFIaPy62UW4CRBdGlSFAlKRITUoGlbEXQi9S0keO6rVU7iWIHqbIys7EhVp6Ap2FhgGehpRkoEf/06zv/uXkhZ1KZ5gfKLS2vrK7l1wsbm1vbO8buXlMGcURogwQ8iNoelpQznzYUU5y2w4hi4XHa8sbXs3rrgUaSBf69moS0K/DQZwNGsJoi16g5fcoVdnWc3HQcgdWIYK4vk+6Fw3zl6ruetv1TO0mcQNAh7mkrceekFJ/8yh+7RtEsmz86zBorNUVIVXeNR6cfkFhQXxGOpexYZqi6GkeKEU6TghNLGmIyxkOqsZByIrwMnO3PQNJfRLNQJAfyn5GF6eXW3zuzpmmXrUrZvj0rVq/SH/JwAEdQAgvOoQo1qEMDCLzBO3zCFxqhJ/SMXubRHEp79mFB6PUbIqGNdA==</latexit>

We identify the anomaly in 2n-2 dimensions as

being the variation of a functional it automatically solves the Wess-
Zumino consistency equation.

Moreover, the (2n-1)-dimensional integral     is nonlocal in the physical 
(2n-2)-dimensional space.

I[A]
<latexit sha1_base64="z8lx7Z9OPE/KBHpeLKpFyOGHGGw=">AAABqnicdY+5TsNAFEXfhC2YzUBJg3BDgSw7INEGaKALCCdBtonG45cwynjRzBgpslLzC7TwV/wNMbgJFre6Om+7L8oFV9pxvkhrZXVtfaO9aWxt7+zumfsHfZUVkqHHMpHJYUQVCp6ip7kWOMwl0iQSOIimN1V98IpS8Sx91LMcw4ROUj7mjOoFer7zg4TqF0ZFeTUPR6bl2M6PjpvGrY0FtXoj8y2IM1YkmGomqFK+6+Q6LKnUnAmcG0GhMKdsSidY0kSpWRI1YHW/AVm8jKomqcbqn5XGIrn7N2fT9Du2e2537i+s7nX9QxuO4AROwYVL6MIt9MADBhLe4QM+yRl5IE/E/21tkXrmEJZE4m8EpnVH</latexit>

      is a nontrivial solution to the Wess-Zumino equations!1
2n�2(u,A)

<latexit sha1_base64="2FJrOwFcmvT5TdPDEd4epa36SLw=">AAABvnicdY/LTsJAFIbP4A3xVnXphtgNJkraauIWdeMSEwskFpvpcMAJM52mMzWSplt9Gbf6Lr6NoN1g47/6853bf6JEcG0c54vUVlbX1jfqm42t7Z3dPWv/oKdVljL0mRIqHURUo+Ax+oYbgYMkRSojgf1oerOo958x1VzF92aW4FDSSczHnFEzR6HVDJTECX3M3SLMvfjMK1rZaSCpeWJU5FfFSWjZTtv5UbNq3NLYUKobWm/BSLFMYmyYoFo/uE5ihjlNDWcCi0aQaUwom9IJ5lRqPZNRBS7uVyAbLaNFU6rH+p+VjXly92/Oqul5bfe87d1d2J3r8oc6HMExtMCFS+jALXTBBwav8A4f8Ek6ZEwkUb+tNVLOHMKSyMs3NLt8Xw==</latexit>

Z

S2n�2

uaGa[A] = �cn

Z

S2n�2

!1
2n�2(u,A)

<latexit sha1_base64="+IopM6hO5p3oq7i0d0VunY0+QOo=">AAACBHicdY+7TsMwFIaPy62UW4CRBdGlSLRKAhITUoEBxiLoRWrayHHdYtW5KHaQKisrvAwbYuUJeAFegxUGkpKBNuKf/vOd89vnOAFnQur6ByosLC4trxRXS2vrG5tb2vZOS/hRSGiT+NwPOw4WlDOPNiWTnHaCkGLX4bTtjC/TfvuBhoL53p2cBLTn4pHHhoxgmSBbG1rMk7a67SvTq5pxHPUVji0Xy3tBQnUV20nZndYEc3Ue986qxFZePBezfJeOcF8ZSWBKKtHRn9ShrZX1mj7Vft4YmSlDpoatPVkDn0Qu9SThWIiuoQeyp3AoGeE0LlmRoAEmYzyiCrtCTFwnB9P/c5AMZlE6FIqh+OfJUrK5Mb9n3rTMmnFcM29OyvWL7IYi7MEBVMCAU6jDNTSgCQTe4RO+4Bs9omf0gl5/Rwsoy+zCjNDbDyRDmpE=</latexit>
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I[A] =

Z

D2n�1

!0
2n�1(A)

<latexit sha1_base64="sRQBSgMHztOga4ksLKTeUNhZQIA=">AAAB2nicdY/LTsJAFIbP4A3xVnXpxsgGF5IWTNxogpeF7jCxQEJrMx0OOGGmbTqDCWm6cWOMW5/Ap3GrO99G0C7Exn/15zv/ufmR4Eqb5icpzM0vLC4Vl0srq2vrG8bmVkuFo5ihzUIRxh2fKhQ8QFtzLbATxUilL7DtD8+n9fY9xoqHwY0eR+hKOgh4nzOqJ8gzjq+6jqT6jlGRnKbuicMD7SUXXlILDqw0dUKJA3qbmGlGKr/S+55RNqvmt3bzxspMGTI1PePR6YVsJDHQTFClupYZaTehseZMYFpyRgojyoZ0gAmVSo2ln4PT/TnIerNoGopVX/0zsjS53Pp7Z960alWrXq1dH5YbZ9kPRdiBPaiABUfQgEtogg0MXuEN3uGDOOSBPJHnn2iBZD3bMCPy8gUkxIgY</latexit>

�uI[A] =

Z

S2n�2

!1
2n�2(u,A)

<latexit sha1_base64="54+XoqsxSigL0Ck1BeZt1BhWOiE=">AAAB5nicdY+7TsMwFIaPy62UW4CRBdGlSFAlKRITUoGlbEXQi9S0keO6rVU7iWIHqbIys7EhVp6Ap2FhgGehpRkoEf/06zv/uXkhZ1KZ5gfKLS2vrK7l1wsbm1vbO8buXlMGcURogwQ8iNoelpQznzYUU5y2w4hi4XHa8sbXs3rrgUaSBf69moS0K/DQZwNGsJoi16g5fcoVdnWc3HQcgdWIYK4vk+6Fw3zl6ruetv1TO0mcQNAh7mkrceekFJ/8yh+7RtEsmz86zBorNUVIVXeNR6cfkFhQXxGOpexYZqi6GkeKEU6TghNLGmIyxkOqsZByIrwMnO3PQNJfRLNQJAfyn5GF6eXW3zuzpmmXrUrZvj0rVq/SH/JwAEdQAgvOoQo1qEMDCLzBO3zCFxqhJ/SMXubRHEp79mFB6PUbIqGNdA==</latexit>

We identify the anomaly in 2n-2 dimensions as

being the variation of a functional it automatically solves the Wess-
Zumino consistency equation.

Moreover, the (2n-1)-dimensional integral     is nonlocal in the physical 
(2n-2)-dimensional space.

I[A]
<latexit sha1_base64="z8lx7Z9OPE/KBHpeLKpFyOGHGGw=">AAABqnicdY+5TsNAFEXfhC2YzUBJg3BDgSw7INEGaKALCCdBtonG45cwynjRzBgpslLzC7TwV/wNMbgJFre6Om+7L8oFV9pxvkhrZXVtfaO9aWxt7+zumfsHfZUVkqHHMpHJYUQVCp6ip7kWOMwl0iQSOIimN1V98IpS8Sx91LMcw4ROUj7mjOoFer7zg4TqF0ZFeTUPR6bl2M6PjpvGrY0FtXoj8y2IM1YkmGomqFK+6+Q6LKnUnAmcG0GhMKdsSidY0kSpWRI1YHW/AVm8jKomqcbqn5XGIrn7N2fT9Du2e2537i+s7nX9QxuO4AROwYVL6MIt9MADBhLe4QM+yRl5IE/E/21tkXrmEJZE4m8EpnVH</latexit>

      is a nontrivial solution to the Wess-Zumino equations!1
2n�2(u,A)

<latexit sha1_base64="2FJrOwFcmvT5TdPDEd4epa36SLw=">AAABvnicdY/LTsJAFIbP4A3xVnXphtgNJkraauIWdeMSEwskFpvpcMAJM52mMzWSplt9Gbf6Lr6NoN1g47/6853bf6JEcG0c54vUVlbX1jfqm42t7Z3dPWv/oKdVljL0mRIqHURUo+Ax+oYbgYMkRSojgf1oerOo958x1VzF92aW4FDSSczHnFEzR6HVDJTECX3M3SLMvfjMK1rZaSCpeWJU5FfFSWjZTtv5UbNq3NLYUKobWm/BSLFMYmyYoFo/uE5ihjlNDWcCi0aQaUwom9IJ5lRqPZNRBS7uVyAbLaNFU6rH+p+VjXly92/Oqul5bfe87d1d2J3r8oc6HMExtMCFS+jALXTBBwav8A4f8Ek6ZEwkUb+tNVLOHMKSyMs3NLt8Xw==</latexit>
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S2n�2

uaGa[A] = �cn

Z

S2n�2

!1
2n�2(u,A)

<latexit sha1_base64="+IopM6hO5p3oq7i0d0VunY0+QOo=">AAACBHicdY+7TsMwFIaPy62UW4CRBdGlSLRKAhITUoEBxiLoRWrayHHdYtW5KHaQKisrvAwbYuUJeAFegxUGkpKBNuKf/vOd89vnOAFnQur6ByosLC4trxRXS2vrG5tb2vZOS/hRSGiT+NwPOw4WlDOPNiWTnHaCkGLX4bTtjC/TfvuBhoL53p2cBLTn4pHHhoxgmSBbG1rMk7a67SvTq5pxHPUVji0Xy3tBQnUV20nZndYEc3Ue986qxFZePBezfJeOcF8ZSWBKKtHRn9ShrZX1mj7Vft4YmSlDpoatPVkDn0Qu9SThWIiuoQeyp3AoGeE0LlmRoAEmYzyiCrtCTFwnB9P/c5AMZlE6FIqh+OfJUrK5Mb9n3rTMmnFcM29OyvWL7IYi7MEBVMCAU6jDNTSgCQTe4RO+4Bs9omf0gl5/Rwsoy+zCjNDbDyRDmpE=</latexit>
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For a single left-handed fermion in D=2n-2 dimensions, the 
normalization constant can be computed (e.g. using diagrammatics)

The fermion effective action is given by

while the anomaly is

Local ambiguities correspond to adding a total differential to the 
Chern-Simons form local in D=2n-2

cn =
1

n!

in

(2⇡)n�1
<latexit sha1_base64="j0CX+AbH5j24zhDRH57jPmpJgDQ=">AAAByHicdY89T8MwEIbP5auUrwAjSyFLQaKKAxITUgULYioSaSuREjmuW6w6iRU7oCjKwsLKr2GFv8G/IaVZSsQ7vffce6c7XwqutGV9o9rS8srqWn29sbG5tb1j7O71VJTElDk0ElE88IligofM0VwLNpAxI4EvWN+fXs/6/WcWKx6F9zqVbBiQScjHnBJdIM84oV4W5pcZdqMi1gwP84w/FmRetmxX8uOiPsV57hmm1bZ+1awaXBoTSnU9480dRTQJWKipIEo9YEvqYUZizalgecNNFJOETsmEZSRQKg38CgyIfqpAOlpEs1CsxuqflY3icvz3zqrp2W181rbvzs3OVflDHQ7gCFqA4QI6cANdcIDCO3zAJ3yhWyTRC0rn0RoqZ/ZhQej1B/6/gKw=</latexit>

�[A] =
1

n!

in

(2⇡)n�1

Z

D2n�1

!0
2n�1(A)

<latexit sha1_base64="uo0PkjvRWsngAR7dHQgRl1/LuPw=">AAACA3icdY+7TsMwGIX/lFsptwAjS6FLO1AlAYkJqVwkGItEL1LTRo7rFqt2EsUuUmV5RDwMG2LlCXgCHoMVFlKagRJxpnM+/zf7EaNCWta7kVtYXFpeya8W1tY3NrfM7Z2mCMcxJg0csjBu+0gQRgPSkFQy0o5igrjPSMsfXUzfW/ckFjQMbuUkIl2OhgEdUIxkgjyTuFeIc9RxOZJ3GDF1prunynbDpKkY7GtFeyrQs1h23IhWknxoa+3SQHrq0lPOLIacDFFPWTol5V8TK55ZsqrWj4pZY6emBKnqnvno9kM85iSQmCEhOrYVya5CsaSYEV1wx4JECI/QkCjEhZhwPwOn+zMQ9+fRtCgWA/HPyEJyuf33zqxpOlX7qOrcHJdq5+kf8rAHB1AGG06gBtdQhwZgeIMP+IQv48F4Mp6Nl1lpzkh7dmFOxus3YeyYzw==</latexit>
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2n�2(u,A)

<latexit sha1_base64="vBEqge3Ir4aBjSBy56VM/oau4nM=">AAACI3icdY+7TsMwGIVtrqXcUtjoUujSSrRKAhITUoEBxiLoRWqayHHdYjVxothBqiyPiCfhadgQCwNPwEuQthloI850zuffx7/d0KNc6PoXXFldW9/YzG3lt3d29/a1wkGbB3GESQsHXhB1XcSJRxlpCSo80g0jgnzXIx13fDM97zyTiNOAPYpJSPo+GjE6pBiJBDnai0WZcOSDLU1WM5WKbYmU5SPxxHEkb5WTxN4sY+TJK9W/rEnDCpLKEjtWktqSqXmsmFZIq0muGUottVqBT0bIlkbSNyOV+PRPadXRynpdn6mUNUZqyiBV09FerUGAY58wgT3Eec/QQ9GXKBIUe0TlrZiTEOExGhGJfM4nvpuB0/czEA8W0XQo4kP+T2U+2dxY3jNr2mbdOKub9+flxnX6hxwoghNQAQa4AA1wB5qgBTD4gQV4BIvwDb7DD/g5H12B6Z1DsCD4/Qvxw6PJ</latexit>

�[A] =
1

n!

in

(2⇡)n�1

Z

D2n�1

h
!0
2n�1(A) + d↵2n�2(A)

i

<latexit sha1_base64="UFmlbzKXmvMYVw/m2RArOU5hizo=">AAACKXicdU+7TsMwFLXLq5RXgYGBpaVLK0SVBCQmpFKQYCwSfUh1Gjmum1q1kyh2kSorMwOfwtewAStfwB/QRwZKxJnO456re92QM6kM4wNmVlbX1jeym7mt7Z3dvfz+QUsG44jQJgl4EHVcLClnPm0qpjjthBHFwuW07Y5uZnn7iUaSBf6jmoTUFtjz2YARrKaWk39Bd1gI3EUCqyHBXF/H9pU2UTAtFfxirFlP+/FCli0UsspUn5lxjJivHH3raGsh68zrokBQD/e0ESd2+dfaymkfYR4O8TyzlrNZ3XbyJaNqzFFIEzMhJZCg4eSfUT8gY0F9RTiWsmsaobI1jhQjnMY5NJY0xGSEPaqxkHIi3JQ5OyJlkv6yNRuK5ED+szI3vdz8e2eatKyqeV61Hi5KtXryQxYcgxNQBia4BDVwDxqgCQj4hkewAIvwFb7Bd/i5GM3ApHMIlgC/fgChE6Tp</latexit>
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Let us particularize the analysis to D=4 (n=3). The relevant anomaly 
polynomial es

P(F) = TrF3
<latexit sha1_base64="IM/peYnDlBVoJ+TrIzygtTHqdJ4=">AAAB0HicdY/NSsNAFIXv1L8a/6Iu3RSzqSAlSQVXQlEQl1WatmBqmEyndehMEmamYglBXAk+gU/jVl/Bt7HVINbgWR2+e+7l3DDhTGnb/kClhcWl5ZXyqrG2vrG5ZW7vtFU8loR6JOax7IZYUc4i6mmmOe0mkmIRctoJR2ezeeeOSsXiqKUnCe0JPIzYgBGspygwXV9gfUswT5tZ9cefZwcnqS9FpSX9w+wXvknrWWBads3+UqVonNxYkKsZmE9+PyZjQSNNOFbq2rET3Uux1Ixwmhn+WNEEkxEe0hQLpSYiLMBZhQIk/Xk0C0k1UP+cNKbNnb89i6bt1px6zb08shqn+Q9l2IN9qIIDx9CAC2iCBwRe4BXe4B1doXv0gB6/oyWU7+zCnNDzJxN4hI4=</latexit>

To compute the Chern-Simons form we use an homotopy formula. 
Consider the family of connections

At = tA
<latexit sha1_base64="iaCCaaBpEQS3DwZLw3eNlsHd4X4=">AAABunicdY+7TsMwFIaPy62EW4ARBkQWpigplVhAKrAwFom0lUgV2a5brNhJZDtIVZSFhVdhhbfhbWggAyXin3595/Yfkgmujed9otbK6tr6RnvT2tre2d2z9w8GOs0VZQFNRapGBGsmeMICw41go0wxLIlgQxLfVvXhM1Oap8mDmWdsLPEs4VNOsVmgyD4OJTZPFIviuowKU16Z38B2PNf71knT+LVxoFY/sl/DSUpzyRJDBdb60fcyMy6wMpwKVlphrlmGaYxnrMBS67kkDVidb0A6WUZVk9JT/c9Ka5Hc/5uzaQYd1z93O/ddp3dT/9CGIziFM/DhAnpwB30IgMILvME7fKBLRBBH8U9rC9Uzh7AkZL4AKa177g==</latexit>

with 0  t  1
<latexit sha1_base64="k10k2LTIGQZ8iWKKqBtfzbhddJM=">AAABqXicdY/LTsJAFIbP4A3rrerSDbEbE5NmiiRuiW5cQmKh0TZkOhxwwkxbZgYTQlz7CG71sXwbAbvBxn9x8uc7l/wnLaQwltJvUtva3tndq+87B4dHxyfu6VnP5DPNMeS5zHWUMoNSZBhaYSVGhUamUon9dHK/6vdfURuRZ492XmCi2DgTI8GZXaKExhKnDbuuwcD1qE/XalRNUBoPSnUG7ns8zPlMYWa5ZMY8B7SwyYJpK7jENyeeGSwYn7AxLpgyZq7SClTMvlQgH26i1ZA2I/PPSWeZPPibs2p6TT+48Zvdlte+K3+owwVcwhUEcAtteIAOhMBhCh/wCV/kmnRJRJ5+R2uk3DmHDRH+A3lPdB4=</latexit>

with field strength

Ft = dAt +A2
t = tdA+ t2A2

<latexit sha1_base64="k0ez3Lz4y4lkGJkdRNKGUInwC2s=">AAAB9XicdY/NSsNAFIXv1L8a/6Iu3YjZCIWSxIKrQlUQlxVsUzA1TCbTOnTyQ2ailJC1T+FO3PoEPohrt/oONjVI2+BZnfvdc4czbsSZkLr+gSpLyyura9V1ZWNza3tH3d3rijCJCe2QkIdxz8WCchbQjmSS014UU+y7nFru6CLfWw80FiwMbuQ4on0fDwM2YATLCXJUy/axvCeYp5eZk8qs6f2BsymoLcx3qZk15WyqJnM2A/LRUTW9rk91WDZGYTQo1HbUJ9sLSeLTQBKOhbg19Ej2UxxLRjjNFDsRNMJkhIc0xb4QY98twbxCCRJvHuWhWAzEP08qk+bGYs+y6Zp146RuXje01nnxhyocwBEcgwGn0IIraEMHCLzDJ3zBN3pEz+gFvf5GK6i42Yc5obcff9CViw==</latexit>

Differentiating with respect to the parameter

P(Ft) = TrF3
t

<latexit sha1_base64="0Gba6rMZo86z/bvCuver/e2rRoE=">AAAB2HicdY/NSsNAFIXv1L9a/6Iu3RS7qSAlaQVBEIqCuKzQtEVTw2Q6rUNnkjAzEUoIuCtufQKfxq1ufRubGsQaPKuPc+69nOuFnCltmp+osLS8srpWXC9tbG5t7xi7ex0VRJJQmwQ8kD0PK8qZT23NNKe9UFIsPE673vgyzbuPVCoW+G09CWlf4JHPhoxgPbNc48wRWD8QzONWUv3hq8SNdXJ0HjtSlNvSOU5+RfdxYx67RsWsmXOV82BlUIFMLdeYOoOARIL6mnCs1J1lhrofY6kZ4TQpOZGiISZjPKIxFkpNhJcz0xo5kwwWrXRIqqH652Rp1tz62zMPnXrNatTqNyeV5kX2QxEO4BCqYMEpNOEaWmADgVd4g3f4QLfoCU3R8/doAWU7+7Ag9PIFTMOIdA==</latexit>
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<latexit sha1_base64="tyG3YimJ++oZ8ROjTViR6wPp8Dk="></latexit>
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⌘
� 3Tr
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⌘

<latexit sha1_base64="/nhCAmOv0O0F1mogv/KD+dix/Fg=">AAAConiclY/bT8IwGMW74QXnDfTRFyLGYFSygYlPJoCJMT5B5JY4IF1XsNJd0hYT0uzZV1/1P/O/ccPFAIskfk9fT3/n9NTyKeFC178UNbW2vrGZ3tK2d3b39jPZgzb3JgzhFvKox7oW5JgSF7cEERR3fYahY1Hcsca30X3nFTNOPLcppj7uOXDkkiFBUITSIKukpG16IZGzRSBN5uSazLwITAeKZwSpvAv6shwMpAi005vyHFAjo4Jt2p6Qv2w1mIFz3ujYl6UZfXa+bF/trq4Mu/xf2Jx7KT8KG2TyelGfTS65GPGSB/HUB5m38Dk0cbArEIWcPxm6L3oSMkEQxYFmTjj2IRrDEZbQ4XzqWAkx6pEQkb0oRRDjQ/5HpBY2N5Z7Jpd2qWiUi6XGVb5Si/+QBkfgGBSAAa5BBdyDOmgBpLwo78qH8qmeqA9qQ338QVUl9hyChVHNbzcx0/c=</latexit>

Applying the Bianchi identity dFt = dAtAt �AtdAt
<latexit sha1_base64="baxqoo2gKV1BgTuJhxCfTkwdibw=">AAAB7nicdY/NSsNAFIXv1L8a/6Iu3YjZuLEkteBKqAriMoJpC6aEyWRah06SITMRSsjaN3Anbn0C30Vwq89hUwPSBM/q3O+eO5zxBWdSmeYHaiwtr6yuNde1jc2t7R19d68n4zQh1CExj5OBjyXlLKKOYorTgUgoDn1O+/7kqtj3H2kiWRzdqamgwxCPIzZiBKsZ8nQ7cEOsHgjm2XXuZSo//wMXc1AZTypzNe7phtky5zqsG6s0BpSyPf3JDWKShjRShGMp7y1TqGGGE8UIp7nmppIKTCZ4TDMcSjkN/RosKtQgCRZREUrkSP7zpDZrblV71k2v3bJOW+3bjtG9LP/QhAM4gmOw4Ay6cAM2OEDgHT7hC76RQM/oBb3+RhuovNmHBaG3H0eqk1k=</latexit>

and using dAt = Ft �A2
t

<latexit sha1_base64="BvQnz5ii/VVG/LtUNX8Y9olEX2A=">AAAB0nicdU/LSsNAFL1TXzW+oi7diN24MSSx4EqoCuKyQtMWTA2TybQOnUlCZiLUkIW4cOMX+DVu9Q/8G5sahDZ4Vueec+7lXD/mTCrT/Ea1peWV1bX6uraxubW9o+/udWWUJoQ6JOJR0vexpJyF1FFMcdqPE4qFz2nPH18Vfu+RJpJFYUdNYjoQeBSyISNYTSVPbwauwOqBYJ5d5F6m8vO/+Xo2nyz495mde3rDNMwZDqvEKkkDSrQ9/dUNIpIKGirCsZR3lhmrQYYTxQinueamksaYjPGIZlhIORF+RSxqVEQSzEtFKJFD+c9JbdrcWuxZJV3bsE4N+7bZaF2WP9ThAI7gGCw4gxbcQBscIPAOH/AJX6iDntAzevmN1lC5sw9zQG8/97iGjQ==</latexit>
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<latexit sha1_base64="x56RvV3lo9vjhUsjxKakx13P9pQ="></latexit>
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<latexit sha1_base64="bXo7eEE2oXOhTqZhaN/gVK3iaR4="></latexit>
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<latexit sha1_base64="/nhCAmOv0O0F1mogv/KD+dix/Fg=">AAAConiclY/bT8IwGMW74QXnDfTRFyLGYFSygYlPJoCJMT5B5JY4IF1XsNJd0hYT0uzZV1/1P/O/ccPFAIskfk9fT3/n9NTyKeFC178UNbW2vrGZ3tK2d3b39jPZgzb3JgzhFvKox7oW5JgSF7cEERR3fYahY1Hcsca30X3nFTNOPLcppj7uOXDkkiFBUITSIKukpG16IZGzRSBN5uSazLwITAeKZwSpvAv6shwMpAi005vyHFAjo4Jt2p6Qv2w1mIFz3ujYl6UZfXa+bF/trq4Mu/xf2Jx7KT8KG2TyelGfTS65GPGSB/HUB5m38Dk0cbArEIWcPxm6L3oSMkEQxYFmTjj2IRrDEZbQ4XzqWAkx6pEQkb0oRRDjQ/5HpBY2N5Z7Jpd2qWiUi6XGVb5Si/+QBkfgGBSAAa5BBdyDOmgBpLwo78qH8qmeqA9qQ338QVUl9hyChVHNbzcx0/c=</latexit>

Applying the Bianchi identity dFt = dAtAt �AtdAt
<latexit sha1_base64="baxqoo2gKV1BgTuJhxCfTkwdibw=">AAAB7nicdY/NSsNAFIXv1L8a/6Iu3YjZuLEkteBKqAriMoJpC6aEyWRah06SITMRSsjaN3Anbn0C30Vwq89hUwPSBM/q3O+eO5zxBWdSmeYHaiwtr6yuNde1jc2t7R19d68n4zQh1CExj5OBjyXlLKKOYorTgUgoDn1O+/7kqtj3H2kiWRzdqamgwxCPIzZiBKsZ8nQ7cEOsHgjm2XXuZSo//wMXc1AZTypzNe7phtky5zqsG6s0BpSyPf3JDWKShjRShGMp7y1TqGGGE8UIp7nmppIKTCZ4TDMcSjkN/RosKtQgCRZREUrkSP7zpDZrblV71k2v3bJOW+3bjtG9LP/QhAM4gmOw4Ay6cAM2OEDgHT7hC76RQM/oBb3+RhuovNmHBaG3H0eqk1k=</latexit>

and using dAt = Ft �A2
t

<latexit sha1_base64="BvQnz5ii/VVG/LtUNX8Y9olEX2A=">AAAB0nicdU/LSsNAFL1TXzW+oi7diN24MSSx4EqoCuKyQtMWTA2TybQOnUlCZiLUkIW4cOMX+DVu9Q/8G5sahDZ4Vueec+7lXD/mTCrT/Ea1peWV1bX6uraxubW9o+/udWWUJoQ6JOJR0vexpJyF1FFMcdqPE4qFz2nPH18Vfu+RJpJFYUdNYjoQeBSyISNYTSVPbwauwOqBYJ5d5F6m8vO/+Xo2nyz495mde3rDNMwZDqvEKkkDSrQ9/dUNIpIKGirCsZR3lhmrQYYTxQinueamksaYjPGIZlhIORF+RSxqVEQSzEtFKJFD+c9JbdrcWuxZJV3bsE4N+7bZaF2WP9ThAI7gGCw4gxbcQBscIPAOH/AJX6iDntAzevmN1lC5sw9zQG8/97iGjQ==</latexit>
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ȦtFtA3

t

⌘
� Tr

⇣
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<latexit sha1_base64="bXo7eEE2oXOhTqZhaN/gVK3iaR4="></latexit>
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<latexit sha1_base64="/nhCAmOv0O0F1mogv/KD+dix/Fg=">AAAConiclY/bT8IwGMW74QXnDfTRFyLGYFSygYlPJoCJMT5B5JY4IF1XsNJd0hYT0uzZV1/1P/O/ccPFAIskfk9fT3/n9NTyKeFC178UNbW2vrGZ3tK2d3b39jPZgzb3JgzhFvKox7oW5JgSF7cEERR3fYahY1Hcsca30X3nFTNOPLcppj7uOXDkkiFBUITSIKukpG16IZGzRSBN5uSazLwITAeKZwSpvAv6shwMpAi005vyHFAjo4Jt2p6Qv2w1mIFz3ujYl6UZfXa+bF/trq4Mu/xf2Jx7KT8KG2TyelGfTS65GPGSB/HUB5m38Dk0cbArEIWcPxm6L3oSMkEQxYFmTjj2IRrDEZbQ4XzqWAkx6pEQkb0oRRDjQ/5HpBY2N5Z7Jpd2qWiUi6XGVb5Si/+QBkfgGBSAAa5BBdyDOmgBpLwo78qH8qmeqA9qQ338QVUl9hyChVHNbzcx0/c=</latexit>

Applying the Bianchi identity dFt = dAtAt �AtdAt
<latexit sha1_base64="baxqoo2gKV1BgTuJhxCfTkwdibw=">AAAB7nicdY/NSsNAFIXv1L8a/6Iu3YjZuLEkteBKqAriMoJpC6aEyWRah06SITMRSsjaN3Anbn0C30Vwq89hUwPSBM/q3O+eO5zxBWdSmeYHaiwtr6yuNde1jc2t7R19d68n4zQh1CExj5OBjyXlLKKOYorTgUgoDn1O+/7kqtj3H2kiWRzdqamgwxCPIzZiBKsZ8nQ7cEOsHgjm2XXuZSo//wMXc1AZTypzNe7phtky5zqsG6s0BpSyPf3JDWKShjRShGMp7y1TqGGGE8UIp7nmppIKTCZ4TDMcSjkN/RosKtQgCRZREUrkSP7zpDZrblV71k2v3bJOW+3bjtG9LP/QhAM4gmOw4Ay6cAM2OEDgHT7hC76RQM/oBb3+RhuovNmHBaG3H0eqk1k=</latexit>

and using dAt = Ft �A2
t

<latexit sha1_base64="BvQnz5ii/VVG/LtUNX8Y9olEX2A=">AAAB0nicdU/LSsNAFL1TXzW+oi7diN24MSSx4EqoCuKyQtMWTA2TybQOnUlCZiLUkIW4cOMX+DVu9Q/8G5sahDZ4Vueec+7lXD/mTCrT/Ea1peWV1bX6uraxubW9o+/udWWUJoQ6JOJR0vexpJyF1FFMcdqPE4qFz2nPH18Vfu+RJpJFYUdNYjoQeBSyISNYTSVPbwauwOqBYJ5d5F6m8vO/+Xo2nyz495mde3rDNMwZDqvEKkkDSrQ9/dUNIpIKGirCsZR3lhmrQYYTxQinueamksaYjPGIZlhIORF+RSxqVEQSzEtFKJFD+c9JbdrcWuxZJV3bsE4N+7bZaF2WP9ThAI7gGCw4gxbcQBscIPAOH/AJX6iDntAzevmN1lC5sw9zQG8/97iGjQ==</latexit>
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⇣
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⇣
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⇣
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⌘

<latexit sha1_base64="x56RvV3lo9vjhUsjxKakx13P9pQ="></latexit>
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⇣
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⇣
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⇣
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ȦtFtAtFt

⌘
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⇣
ȦtFtA3
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⌘

<latexit sha1_base64="bXo7eEE2oXOhTqZhaN/gVK3iaR4="></latexit>
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d
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TrF3

t = 3Tr
⇣
dȦtF2

t

⌘
+ 3Tr

⇣
ȦtAtF2

t

⌘
� 3Tr

⇣
ȦtF2

t At

⌘

<latexit sha1_base64="/nhCAmOv0O0F1mogv/KD+dix/Fg=">AAAConiclY/bT8IwGMW74QXnDfTRFyLGYFSygYlPJoCJMT5B5JY4IF1XsNJd0hYT0uzZV1/1P/O/ccPFAIskfk9fT3/n9NTyKeFC178UNbW2vrGZ3tK2d3b39jPZgzb3JgzhFvKox7oW5JgSF7cEERR3fYahY1Hcsca30X3nFTNOPLcppj7uOXDkkiFBUITSIKukpG16IZGzRSBN5uSazLwITAeKZwSpvAv6shwMpAi005vyHFAjo4Jt2p6Qv2w1mIFz3ujYl6UZfXa+bF/trq4Mu/xf2Jx7KT8KG2TyelGfTS65GPGSB/HUB5m38Dk0cbArEIWcPxm6L3oSMkEQxYFmTjj2IRrDEZbQ4XzqWAkx6pEQkb0oRRDjQ/5HpBY2N5Z7Jpd2qWiUi6XGVb5Si/+QBkfgGBSAAa5BBdyDOmgBpLwo78qH8qmeqA9qQ338QVUl9hyChVHNbzcx0/c=</latexit>

Applying the Bianchi identity dFt = dAtAt �AtdAt
<latexit sha1_base64="baxqoo2gKV1BgTuJhxCfTkwdibw=">AAAB7nicdY/NSsNAFIXv1L8a/6Iu3YjZuLEkteBKqAriMoJpC6aEyWRah06SITMRSsjaN3Anbn0C30Vwq89hUwPSBM/q3O+eO5zxBWdSmeYHaiwtr6yuNde1jc2t7R19d68n4zQh1CExj5OBjyXlLKKOYorTgUgoDn1O+/7kqtj3H2kiWRzdqamgwxCPIzZiBKsZ8nQ7cEOsHgjm2XXuZSo//wMXc1AZTypzNe7phtky5zqsG6s0BpSyPf3JDWKShjRShGMp7y1TqGGGE8UIp7nmppIKTCZ4TDMcSjkN/RosKtQgCRZREUrkSP7zpDZrblV71k2v3bJOW+3bjtG9LP/QhAM4gmOw4Ay6cAM2OEDgHT7hC76RQM/oBb3+RhuovNmHBaG3H0eqk1k=</latexit>

and using dAt = Ft �A2
t

<latexit sha1_base64="BvQnz5ii/VVG/LtUNX8Y9olEX2A=">AAAB0nicdU/LSsNAFL1TXzW+oi7diN24MSSx4EqoCuKyQtMWTA2TybQOnUlCZiLUkIW4cOMX+DVu9Q/8G5sahDZ4Vueec+7lXD/mTCrT/Ea1peWV1bX6uraxubW9o+/udWWUJoQ6JOJR0vexpJyF1FFMcdqPE4qFz2nPH18Vfu+RJpJFYUdNYjoQeBSyISNYTSVPbwauwOqBYJ5d5F6m8vO/+Xo2nyz495mde3rDNMwZDqvEKkkDSrQ9/dUNIpIKGirCsZR3lhmrQYYTxQinueamksaYjPGIZlhIORF+RSxqVEQSzEtFKJFD+c9JbdrcWuxZJV3bsE4N+7bZaF2WP9ThAI7gGCw4gxbcQBscIPAOH/AJX6iDntAzevmN1lC5sw9zQG8/97iGjQ==</latexit>
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⌘

<latexit sha1_base64="x56RvV3lo9vjhUsjxKakx13P9pQ="></latexit>

Tr
⇣
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⌘

<latexit sha1_base64="bXo7eEE2oXOhTqZhaN/gVK3iaR4="></latexit>
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Tr
⇣
dȦtF2

t

⌘
= dTr

⇣
ȦtF2

t

⌘
� Tr

⇣
ȦtAtF2

t

⌘
+Tr

⇣
ȦtF2

t At

⌘

<latexit sha1_base64="I8SxD5ikko+KjKoG+Z5kW4nVDQo=">AAACt3icnU/LSsNAFJ3EV42vVjeCm2JBKmpJqiAuhLaCuKzQF5gaJpNpO3QmiTNToQzBpV/iVr/Hv7GpQWiDQj2rc8+ce+4ZN6RESNP81PSl5ZXVtcy6sbG5tb2Tze22RDDiCDdRQAPecaHAlPi4KYmkuBNyDJlLcdsd3sTv7WfMBQn8hhyHuMtg3yc9gqCcSE5O21c2Z/kGt08ju0b6Rc/2AqlsBuUAQaqqUeQoGf3Mt9PxUZWn7mPj6NqbC1hs/2yh7erfYSf/rTKXH4flnWzBLJlT5NPESkgBJKg72dfJPTRi2JeIQiEeLDOUXQW5JIjiyLBHAocQDWEfK8iEGDM3JcZFUiLyZqXYxEVP/BJpTJpb8z3TpFUuWeel8v1FoVJL/pABB+AQFIEFLkEF3IE6aAKkvWhv2rv2oV/pjt7TB99WXUt29sAM9Kcv/x7cXQ==</latexit>

d

dt
TrF3

t = 3Tr
⇣
dȦtF2

t

⌘
+ 3Tr

⇣
ȦtAtF2

t

⌘
� 3Tr

⇣
ȦtF2

t At

⌘

<latexit sha1_base64="/nhCAmOv0O0F1mogv/KD+dix/Fg=">AAAConiclY/bT8IwGMW74QXnDfTRFyLGYFSygYlPJoCJMT5B5JY4IF1XsNJd0hYT0uzZV1/1P/O/ccPFAIskfk9fT3/n9NTyKeFC178UNbW2vrGZ3tK2d3b39jPZgzb3JgzhFvKox7oW5JgSF7cEERR3fYahY1Hcsca30X3nFTNOPLcppj7uOXDkkiFBUITSIKukpG16IZGzRSBN5uSazLwITAeKZwSpvAv6shwMpAi005vyHFAjo4Jt2p6Qv2w1mIFz3ujYl6UZfXa+bF/trq4Mu/xf2Jx7KT8KG2TyelGfTS65GPGSB/HUB5m38Dk0cbArEIWcPxm6L3oSMkEQxYFmTjj2IRrDEZbQ4XzqWAkx6pEQkb0oRRDjQ/5HpBY2N5Z7Jpd2qWiUi6XGVb5Si/+QBkfgGBSAAa5BBdyDOmgBpLwo78qH8qmeqA9qQ338QVUl9hyChVHNbzcx0/c=</latexit>

Now we can integrate over the parameter t (remember              ) 

so we can identify the Chern-Simons form as

At = tA
<latexit sha1_base64="iaCCaaBpEQS3DwZLw3eNlsHd4X4=">AAABunicdY+7TsMwFIaPy62EW4ARBkQWpigplVhAKrAwFom0lUgV2a5brNhJZDtIVZSFhVdhhbfhbWggAyXin3595/Yfkgmujed9otbK6tr6RnvT2tre2d2z9w8GOs0VZQFNRapGBGsmeMICw41go0wxLIlgQxLfVvXhM1Oap8mDmWdsLPEs4VNOsVmgyD4OJTZPFIviuowKU16Z38B2PNf71knT+LVxoFY/sl/DSUpzyRJDBdb60fcyMy6wMpwKVlphrlmGaYxnrMBS67kkDVidb0A6WUZVk9JT/c9Ka5Hc/5uzaQYd1z93O/ddp3dT/9CGIziFM/DhAnpwB30IgMILvME7fKBLRBBH8U9rC9Uzh7AkZL4AKa177g==</latexit>

d

dt
TrF3

t = 3dTr
⇣
ȦtF2

t

⌘

<latexit sha1_base64="TqltZY3cH3IedgTsopDMkYBGOIk=">AAACCHicdY9LSwMxFIVv6quOr1GXbooFqSBlphVcCbWCuKzQFzi1ZDJpjc08SFKhhFkL/hp34tZf4NY/4lY7dRDr4FkdTr57c64bcSaVZb2j3MLi0vJKftVYW9/Y3DK3d9oyHAtCWyTkoei6WFLOAtpSTHHajQTFvstpxx2dJ++deyokC4OmmkS05+NhwAaMYDWN+uad9pxwChQ8FWtH+IWmcI5ix8fqlmCuL+K+VvGNrsbGwWnV+0XU2bDkeKHSP+xZPIMzs5UZfGj0zaJVtmYqZI2dmiKkavTNh+kHZOzTQBGOpby2rUj1NBaKEU5jwxlLGmEywkOqsS/lxHczYVImExJvPkogIQfyn5VJc/tvz6xpV8p2tVy5Oi7W6ukNediDfSiBDSdQg0toQAsIvMEHfCJAj+gJPaOXbzSH0pldmBN6/QJxZpru</latexit>

TrF3 = 3d

Z 1

0
dtTr

⇣
ȦtF2

t

⌘

<latexit sha1_base64="9x2KGHSbEO197AQwPKxWIsISxus=">AAACBnicdU/LSsNAFL3xWesr6tJNsZsKpSSt4EqoFcRlhb7AtGEymbZDJw9mpkIZstavcSdu/QL3/odbxaQGaQ2e1bnnnns41wkZFdIw3rWV1bX1jc3cVn57Z3dvXz847IhgyjFp44AFvOcgQRj1SVtSyUgv5AR5DiNdZ3KV7Lv3hAsa+C05C0nfQyOfDilGMpZsfaws7hVa3CpHlofkGCOmrqOBqkUXNdeivrSVEY9m5EqrvOBt0FHJcgOpfq8uo8hWcjElGQeqOjef2nrRqBhzFLLETEkRUjRt/SHOx1OP+BIzJMSdaYSyrxCXFDMS5a2pICHCEzQiCnlCzDwnIyZdMiJ2l6XExMVQ/BOZj5ubf3tmSadaMWuV6u1Zsd5If8jBMZxACUw4hzrcQBPagOENPuATvrRH7Ul71l5+rCtaenMES9BevwGGMJt9</latexit>

!0
5(A) = 3

Z 1

0
dtTr

⇣
ȦtF2

t

⌘

<latexit sha1_base64="l1bXmqwCLeqfcQfyDdicKHQz+6Y=">AAACB3icdU/LSgNBEOz1GeNr1aOXYC4JhLCbKJ6EGEE8RsgLnGSZnUzWIbMPZiZCGPYsfo038eoXePZDvKqbGMS4WKfq6uqi2o04k8qy3oyl5ZXVtfXMRnZza3tn19zbb8twLAhtkZCHoutiSTkLaEsxxWk3EhT7Lqcdd3Qx3XfuqJAsDJpqEtGej72ADRnBKpEck6HQpx7uayt29ElcQD5WtwRzfR4Xz6qIBcpJVn1txwOFShoJP9cUqBSjOvMKaBAq/esiiVDxz3w5G/u6MjMXHTNvla0Zcmliz0ke5mg45n2ST8Y+DRThWMob24pUT2OhGOE0zqKxpBEmI+xRjX0pJ76bEqddUiIZLEpTk5BD+U9kNmlu/+2ZJu1K2a6WK9fH+Vp9/kMGDuEICmDDKdTgChrQAgKv8A4f8Gk8GI/Gk/H8bV0y5jcHsADj5QsJBJu8</latexit>
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At = tA
<latexit sha1_base64="iaCCaaBpEQS3DwZLw3eNlsHd4X4=">AAABunicdY+7TsMwFIaPy62EW4ARBkQWpigplVhAKrAwFom0lUgV2a5brNhJZDtIVZSFhVdhhbfhbWggAyXin3595/Yfkgmujed9otbK6tr6RnvT2tre2d2z9w8GOs0VZQFNRapGBGsmeMICw41go0wxLIlgQxLfVvXhM1Oap8mDmWdsLPEs4VNOsVmgyD4OJTZPFIviuowKU16Z38B2PNf71knT+LVxoFY/sl/DSUpzyRJDBdb60fcyMy6wMpwKVlphrlmGaYxnrMBS67kkDVidb0A6WUZVk9JT/c9Ka5Hc/5uzaQYd1z93O/ddp3dT/9CGIziFM/DhAnpwB30IgMILvME7fKBLRBBH8U9rC9Uzh7AkZL4AKa177g==</latexit>

Ft = tdA+ t2A2
<latexit sha1_base64="OYrKpbNFjKWWt38ivkx9oNFAvZc=">AAAB0HicdY/LSsNAFIbP1FuNt6hLN2I2ghCSKLgSqoK4rGLagqlhMpnWoZMLMxOxhCCuBJ/Ap3Grr+Db2GgQa/Bf/ec7F/4TpJxJZVkfqDEzOze/0FzUlpZXVtf09Y2OTDJBqEsSnohegCXlLKauYorTXioojgJOu8HotOx376iQLImv1Dil/QgPYzZgBKsJ8nXHi7C6JZjnZ4Wfq+JIhT/kuNhTN7lT/AJl6euGZVpf2q4buzIGVGr7+pMXJiSLaKwIx1Je21aq+jkWihFOC83LJE0xGeEhzXEk5TgKarCMUIMknEblkJAD+c9JbZLc/puzbjqOae+bzsWB0TqpfmjCFuzALthwCC04hza4QOAFXuEN3tElukcP6PF7tIGqnU2YEnr+BBejhVE=</latexit>

We can carry out the integral explicitly by using

!0
5(A) = 3

Z 1

0
dtTr

⇣
ȦtF2

t

⌘

<latexit sha1_base64="l1bXmqwCLeqfcQfyDdicKHQz+6Y=">AAACB3icdU/LSgNBEOz1GeNr1aOXYC4JhLCbKJ6EGEE8RsgLnGSZnUzWIbMPZiZCGPYsfo038eoXePZDvKqbGMS4WKfq6uqi2o04k8qy3oyl5ZXVtfXMRnZza3tn19zbb8twLAhtkZCHoutiSTkLaEsxxWk3EhT7Lqcdd3Qx3XfuqJAsDJpqEtGej72ADRnBKpEck6HQpx7uayt29ElcQD5WtwRzfR4Xz6qIBcpJVn1txwOFShoJP9cUqBSjOvMKaBAq/esiiVDxz3w5G/u6MjMXHTNvla0Zcmliz0ke5mg45n2ST8Y+DRThWMob24pUT2OhGOE0zqKxpBEmI+xRjX0pJ76bEqddUiIZLEpTk5BD+U9kNmlu/+2ZJu1K2a6WK9fH+Vp9/kMGDuEICmDDKdTgChrQAgKv8A4f8Gk8GI/Gk/H8bV0y5jcHsADj5QsJBJu8</latexit>

or in terms of the field-strength

!0
5(A) = 3

Z 1

0
dtTr

h
t2A(dA)2 + t3AdAA2 + t3A3dA+ t4A5

i

<latexit sha1_base64="JCWjctFZiJkjGULRefXCCftypMI=">AAACY3icdY/LTsJAGIWn9YbgpaI7Y0Jkg4GQlktcmSBuXELCLTLQTIehTpheMjOYkKZrn8yH8AF8D1vsolj9V2fO+f4/ZyyfUSF1/VNR9/YPDo9yx/nCyenZuXZRHAlvzTEZYo95fGIhQRh1yVBSycjE5wQ5FiNja/UU5+M3wgX13IHc+GTmINulS4qRjCxT+4CeQ2w0D/TQDNphBTpIvmLEgsfw7qEJqSvNKJoHRriQsBZA7pQGHNZC2KX2VM6DRpjaqCzS63FYjZBmGkkTKfknGz/TfAy0doH2tsjM1Mp6Xd9OKSuMRJRBMj1Te4cLD68d4krMkBBTQ/flLEBcUsxImIdrQXyEV8gmAXKE2DhWxox7ZEy82LViiIul+OdkPmpu/O6ZFaNG3WjWG/1WudNN/pAD1+AWVIAB7kEHPIMeGAKsVJW+8qJMlS+1oBbVqx9UVZKdS7Az6s03V6O6tQ==</latexit>

!0
5(A) = Tr


A(dA)2 +

3

2
A3dA+

3

5
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�

<latexit sha1_base64="h4WstHrn8xnZYcPFbVsNN4qODH8=">AAACLnicdY/LSgMxGIWTeqv1NupSF8WiVJQyM7W4EqpuXFboDTrtkEnT6dDMhSQVSsjarY/i0wguxK1P4NqpDjJ18KxOzv/lz4kTUY8LXX+FuaXlldW1/HphY3Nre0fb3WvzcMowaeGQhqzrIE6oF5CW8AQl3YgR5DuUdJzJ7XzeeSCMe2HQFLOI9H3kBt7Iw0jEka09WaFPXDSQurJlTZUtH4kxRlReq9MraTG/2GTWubIoGYlealgepsmBNNWZrFph/FTRVKnRQFZVGv2laotUfGSeOxZ9WyvpFf1bxawxElMCiRq29mgNQzz1SSAwRZz3DD0SfYmY8DAlqmBNOYkQniCXSORzPvOdTDhvkgnxcDGaQ4yP+D8rC3Fz42/PrGmbFaNaMe8vSvWb5A95cACOQBkY4BLUwR1ogBbA4BMewmN4Ap/hC3yD7z9oDiZ39sGC4McXLWWo0A==</latexit>

!0
5(A,F) = Tr

✓
AF2 � 1

2
A3F +

1

10
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◆

<latexit sha1_base64="JG4g5egZrKYKk7AZV6pF5flqN1o=">AAACN3icdY/LTgIxGIVbvCHeRl26IRITiIgzIHFlgpoYl5hwSyyQTi1DQ4eZtMWENF37DD6Kj+LKnXHrEyjoaAaJZ3Vy+v3/f+qGnEll288wsbC4tLySXE2trW9sblnbOw0ZjAShdRLwQLRcLClnQ1pXTHHaCgXFvstp0x1cTt+b91RIFgxrahzSto+9IesxgtUk6lqPKPCphzvaNl1dNlnkY9UnmOtzk//1VyZ3ppHw0zWB8gZx2lNxMMZ1dNEcaQcFk5vpoolBHV2Kg4c/kGPPUmWDBPP6Kte1MnbB/lJ63jiRyYBI1a71gO4CMvLpUBGOpbx17FC1NRaKEU5NCo0kDTEZYI9q7Es59t25cNpkLiR3s9EUErIn/1mZmjR3/vacN41iwSkVijcnmcpF9Ick2AP7IAsccAoq4BpUQR0Q8AEPYAEewyf4Al/h2zeagNHMLpgRfP8EovOsfg==</latexit>
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Taking a gauge variation of this expression,
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<latexit sha1_base64="sEEItt4TV0qWWSLzJ3Hbl4p+elc=">AAABw3icdY/LSsNAFIbP1Futt6hLN2IQXEhJWsGVUBTFZQXTFpoQJpPTOnRyYWYilJC1C5/GrT6Jb2OjWViD/+o/37nwnyAVXGnL+iSNldW19Y3mZmtre2d3z9g/GKgkkwwdlohEjgKqUPAYHc21wFEqkUaBwGEwuyn7w2eUiifxo56n6EV0GvMJZ1QvkG+cuiEKTf08K9yI6idGRX5XXI1/FeeZ5xum1ba+dVw3dmVMqNT3jRc3TFgWYayZoEqNbSvVXk6l5kxg0XIzhSllMzrFnEZKzaOgBssENcjCZVQOSTVR/5xsLZLbf3PWzaDTtrvtzsOF2buufmjCEZzAGdhwCT24hz44wOAV3uAdPsgtmRFJ9M9og1Q7h7AkUnwB/vR/ng==</latexit>
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<latexit sha1_base64="U6FTEfwKdJ1AVlFsoqElT1xJTF8=">AAACmnicdY9LS8NAFIUn8V1fUZe6KBakxVqSqLgSahVR3FRobcGpYTKd1uDkwcxEKMOsdav/zv/iwsYWSZt6N3M495tz73Uj6nFhml+aPje/sLi0vJJbXVvf2DS2th94GDNMmjikIWu7iBPqBaQpPEFJO2IE+S4lLfflMum3XgnjXhg0xCAiHR/1A6/nYSSGlmN8wy6hAjkyVjD0SR89SVM58lQVoY/EM0ZUXqjyn75WpYNzCZmfbzBYVpCSnnjMFa/i0q8spsAnaasjacFwOD5vq1Rc0kmBs6EUkHJnsdfT2Yf/TD1RkHn9Z1EaPZ2cYxTMivlb+aywxqIAxlV3jDfYDXHsk0Bgijh/tMxIdCRiwsOUqByMOYkQfkF9IpHP+cB3M2ayUcbE3UkrgRjv8X8ik82t6T2z4sGuWMcV+/6kUK2Nb1gGu2AfFIEFzkAV3IA6aAKsudq79qF96nt6Tb/V70aoro3/7ICJ0hs/sqHPrg==</latexit>

and writing it in terms of the gauge potential
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<latexit sha1_base64="0ZTKK7P6ddbpkdEGwWjvA5wt/gM=">AAACLXicdY/LSgMxFIaTeqv1VnXZTbEqLZYy0yquhHpBXFboDZp2yGTS6dBMZ0gyQglZu/RRfBoXgrj1CdzbG9Ja/Df5+HJO+GOHzBPSMN5hbGV1bX0jvpnY2t7Z3UvuH9RFEHFCayRgAW/aWFDmDWhNepLRZsgp9m1GG3b/dnzfeKJceMGgKochbfvYHXhdj2A5UlbyBTmUSWypSKPApy7uKENb6kJnkY9lj2CmrnX+l+917vRKIe6nqxzlNWK0K1uJ7F2UcyY8v+XM8ZkyUTDqkS7qOdtRJY245/Zkbnq0E1YyYxSMSdLLYM4gA2apWMln5AQk8ulAEoaFaJlGKNsKc+kRRnUCRYKGmPSxSxX2hRj69pIcN1qSxFlU4yEuuuKfJ8fNzb89l6FeLJilQvHxPFO+mf0hDlLgCGSBCS5BGTyACqgBAr5hCh7DE/gK3+AH/JyOxuBs5xAsBH79AHFcp6c=</latexit>
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<latexit sha1_base64="oAtBtMe2oH+yQX4/GPawX1Ne7Jg=">AAACH3icdY/LTgIxGIVbvCGKjprowg2RxEA0ZAY0rkxQNy4x4ZZQmHQ6ZWjoMJO2Y0KaWbjyOXwad8YtT+BryAALkHg2/8n3n7anTsiZVKY5gamNza3tnfRuZm8/e3BoHB03ZRAJQhsk4IFoO1hSzka0oZjitB0Kin2H05YzfEr2rVcqJAtGdTUOadfH3oj1GcFqimzjDbmUK2zrKEaBTz3c02Zs69u4gHysBgRz/RAXL+9djYSfqwt0HSNO+6qTidyZWc65S/5KWyiYvpwrx0u0pysxEswbqOJ8dDO2kTdL5ky5dWMtTB4sVLONd+QGJPLpSBGOpexYZqi6GgvFCKdxBkWShpgMsUc19qUc+84aTBqtQeKuoiQkZF/+c2XS3Prbc900yyWrUiq/3OSrj4s/pME5uAAFYIE7UAXPoAYagIAfmIWn8Ax+wE/4Bb/n0RRcnDkBK4KTX8pdoko=</latexit>
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<latexit sha1_base64="UTtxsJTYUtd/MWPBlv8PcgppYdk=">AAACIXicdY/LSgMxGIUTr3W8dNSN4qZYkBalzLSKK6FeFi4r9AZNO2QyaRua6QxJRihhVi58EJ/GnbgTn8C3sLdF6+DZ/IfvP0lO3JAzqSzrC66srq1vbKa2jO2d3b20uX9Ql0EkCK2RgAei6WJJORvSmmKK02YoKPZdThvu4H6ybzxTIVkwrKpRSNs+7g1ZlxGsxsgxX5BHucKOjmIU+LSHO9qKHX0V55CPVZ9grm/j/NmNRsLPVAW6iBGnXdUycg9R3pv6xaS34M+1jYLx25livEA7uhQjwXp9lZ+NtuGYWatgTZVJGntusmCuimO+Ii8gkU+HinAsZcu2QtXWWChGOI0NFEkaYjLAPaqxL+XIdxNw0igBibeMJiEhu/KfKyfN7b89k6ZeLNilQvHpMlu+m/8hBU7AKcgBG1yDMngEFVADBPzANDyCx/ANvsMP+DmLrsD5mUOwJPj9C4mKoo8=</latexit>
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<latexit sha1_base64="wEymTwMTST3I54U0RRRAXPtqkhs=">AAABxnicdU+7TsNAENwLr2BeBkoaRJpUkR0SUSFF0KQMEk4i4WCdz5twyp1t+c6gyLJER8fX0MJ/8Dc4YIpgMdXM7Oxq1o8FV9qyPkltbX1jc6u+bezs7u0fmIdHQxWlCUOHRSJKxj5VKHiIjuZa4DhOkEpf4MifXy/no0dMFI/CW72IcSLpLORTzqguLM9sugEKTb0szd1I4ozeZ1buZd38MvjVdqE7uWc2rJb1jdMqsUvSgBIDz3xxg4ilEkPNBFXqzrZiPcloojkTmBtuqjCmbE5nmFGp1EL6FVNS/VAxWbBqLUOJmqp/ThpFc/tvzyoZtlv2eat902n0rsof6nACZ9AEGy6gB30YgAMMXuEN3uGD9ElIUvL0E62RcucYVkCevwDmiIDN</latexit>
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<latexit sha1_base64="gPZtty00sdkAWpA4JI861trWILs=">AAAB7nicdY/JSgNBEIar4xbHbdSjl2AuESHMJIInIS4HjxHMApkYenoqSZOehe6OEIY5+wbexKtP4LsIXvU5zDIH4+B/qZ+vFv5yI8GVtqwPkltZXVvfyG8aW9s7u3vm/kFThWPJsMFCEcq2SxUKHmBDcy2wHUmkviuw5Y6uZ/3WI0rFw+BeTyLs+nQQ8D5nVE9Rz6zfOAL7uuPNS8nxqR4yKuLLxPvlT2PbCadnCpXkF32Iq4kj+WCoTxala1xYPbNola25Clljp6YIqeo988nxQjb2MdBMUKU6thXpbkyl5kxgYjhjhRFlIzrAmPpKTXw3A2eZMpB5y2g2JFVf/XPSmCa3/+bMmmalbFfLlbuzYu0q/SEPR3AMJbDhHGpwC3VoAIN3+IQv+CYReSYv5HUxmiPpziEsibz9ANArkL4=</latexit>
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We can now compute the anomalous effective action
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<latexit sha1_base64="2zMyo5ikthIhgnSGv0dqSoXYHEY=">AAACFnicdY9NT8IwHMZbRMUpOvXohUhiIBKyAYknE9SLR0x4SygsXVfGQveStjOSZWe/gp/Gm/Hq1YufRQY7gIvP5f/k93/aPjUD5gipad8wt5Pf3dsvHCiHR8XjE/X0rC/8kBPaIz7z+dDEgjLHoz3pSEaHAafYNRkdmPOHZD94plw4vteVi4COXWx7ztQhWC6Rob4g36U2nkR6bEStuBLWkIvljGAW3cXVq9sIcbfU5agWI0ancqSE1spUNmLWhr+OdOQvHyw14g06iZox4o49k9X1GCuGWtbq2kqlrNFTUwapOob6iiyfhC71JGFYiJGuBXIcYS4dwmisoFDQAJM5tmmEXSEWrpmBSaMMJNY2SkJcTMU/VybN9b89s6bfqOvNeuOpVW7fp38ogAtwCSpABzegDR5BB/QAAT8wD4vwGL7Bd/gBP9fRHEzPnIMtwa9fuiWd+w==</latexit>
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<latexit sha1_base64="JG4g5egZrKYKk7AZV6pF5flqN1o=">AAACN3icdY/LTgIxGIVbvCHeRl26IRITiIgzIHFlgpoYl5hwSyyQTi1DQ4eZtMWENF37DD6Kj+LKnXHrEyjoaAaJZ3Vy+v3/f+qGnEll288wsbC4tLySXE2trW9sblnbOw0ZjAShdRLwQLRcLClnQ1pXTHHaCgXFvstp0x1cTt+b91RIFgxrahzSto+9IesxgtUk6lqPKPCphzvaNl1dNlnkY9UnmOtzk//1VyZ3ppHw0zWB8gZx2lNxMMZ1dNEcaQcFk5vpoolBHV2Kg4c/kGPPUmWDBPP6Kte1MnbB/lJ63jiRyYBI1a71gO4CMvLpUBGOpbx17FC1NRaKEU5NCo0kDTEZYI9q7Es59t25cNpkLiR3s9EUErIn/1mZmjR3/vacN41iwSkVijcnmcpF9Ick2AP7IAsccAoq4BpUQR0Q8AEPYAEewyf4Al/h2zeagNHMLpgRfP8EovOsfg==</latexit>
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<latexit sha1_base64="DKy7dqWGsLKbqFXRjzFnO15rrjA=">AAACQnicdY/LSgMxGIUTr3W8VV26KXZTUcvM2CIKgjfUpUIvgqlDJk3bYDIzJKlQQta+iI/iS/gK7sStC1sdpbV4VoeT7/ychAlnSrvuC5yYnJqemc3MOfMLi0vL2ZXVmoq7ktAqiXksb0KsKGcRrWqmOb1JJMUi5LQe3p8O3usPVCoWRxXdS2hD4HbEWoxg3Y+C7BO6wELgWySw7hDMzbFtHO4YhuJ+K+eXUMLujG8tYpEOzFlgytYaJEWuItG2RZy2dGGo+2vP7aC2Y7z0kB2C7szuMLj1A3nuKFW2SLJ2R28G2bxbdL+UGzdeavIg1VWQfUTNmHQFjTThWKlbz010w2CpGeHUOqiraILJPW5Tg4VSPRGOhYMlYyFpjkYDSKqW+uek01/u/d05bmp+0dst+tel/NFJ+ocMWAcboAA8sAeOwCW4AlVAoANduA8P4DN8hW/w/RudgGlnDYwIfnwC5nGwMw==</latexit>
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We can now compute the anomalous effective action
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4(u,A) = Tr


ud

✓
AdA+

1

2
A3

◆�

<latexit sha1_base64="2zMyo5ikthIhgnSGv0dqSoXYHEY=">AAACFnicdY9NT8IwHMZbRMUpOvXohUhiIBKyAYknE9SLR0x4SygsXVfGQveStjOSZWe/gp/Gm/Hq1YufRQY7gIvP5f/k93/aPjUD5gipad8wt5Pf3dsvHCiHR8XjE/X0rC/8kBPaIz7z+dDEgjLHoz3pSEaHAafYNRkdmPOHZD94plw4vteVi4COXWx7ztQhWC6Rob4g36U2nkR6bEStuBLWkIvljGAW3cXVq9sIcbfU5agWI0ancqSE1spUNmLWhr+OdOQvHyw14g06iZox4o49k9X1GCuGWtbq2kqlrNFTUwapOob6iiyfhC71JGFYiJGuBXIcYS4dwmisoFDQAJM5tmmEXSEWrpmBSaMMJNY2SkJcTMU/VybN9b89s6bfqOvNeuOpVW7fp38ogAtwCSpABzegDR5BB/QAAT8wD4vwGL7Bd/gBP9fRHEzPnIMtwa9fuiWd+w==</latexit>
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This gives the consistent anomaly in four-dimensions (                      )A = �iAµdx
µ

<latexit sha1_base64="P0MG0QzF7q16Uvn0rCcLhkO0kSE=">AAABxXicdU+7TsMwFL0urxJeAUYWRAdYiJKCxIRUYICxSKStRErkOG6xaieR7VRUUcTIxNewwofwNyQlS4k4yz3n3IfODRLOlLbtb9RYWl5ZXWuuGxubW9s75u5eT8WpJNQlMY/lIMCKchZRVzPN6SCRFIuA034wuSn7/SmVisXRg54ldCjwOGIjRrAuLN889gTWzwTz7Cq/PGVzpYgslJ95Is3Dl6d59c2WbdlzHNaJU5EWVOj65psXxiQVNNKEY6UeHTvRwwxLzQinueGliiaYTPCYZlgoNRNBzSzD1EwSLlrlkFQj9c9Jo0ju/M1ZJ7225ZxZ7fvzVue6+qEJB3AEJ+DABXTgDrrgAoF3+IBP+EK3SCCNpr+jDVTt7MMC0OsPvTqA0A==</latexit>

which reproduces, in Euclidean space, the Bardeen anomaly for a 
left-handed fermion (in the notation used back there)

For a right-handed fermion, we have the a similar contribution but with 
opposite global sign:

+ left-handed
− right-handed

h(DµJ
µ
L)

aiL =
1

24⇡2
✏µ⌫↵�Tr


T a@µ

✓
L⌫@↵L� � i

2
L⌫L↵L�

◆�

<latexit sha1_base64="WoJaGgRhYsUp4gXx9n3US3D7dxk="></latexit>

Ga[A ] =
i

24⇡2
✏µ⌫↵�Tr


T a@µ

✓
A⌫@↵A� � i

2
A⌫A↵A�

◆�

<latexit sha1_base64="PDZGf0zXGXL/TRh9fkG3ng0NlOc="></latexit>

�[A] = ⌥ i

24⇡2

Z

D5

Tr

✓
AF2 � 1

2
A3F +

1

10
A5

◆

<latexit sha1_base64="+RRSFRGEbPYrD3f2fNYry5+6rTs=">AAACRHicdY/LTgIxGIVbr4g31KUbIhuNSmYGiAs1wUvUJSYgJhQmnVqwoZ2ZtMWENF37Jj6K7+A7uDNujaCjAYlndXL6nT+nQcyZ0o7zAqemZ2bn5lML6cWl5ZXVzNr6jYp6ktAaiXgkbwOsKGchrWmmOb2NJcUi4LQedM+G7/UHKhWLwqrux7QpcCdkbUawHkR+5gldYiFwAwms7wnm5sQ2j5GIDUPRoJf1iihmLeNZi1iofXPum5K1BkmRrUq0ZxGnbb090v61F3ZY2zducsiOQC1TGAV3fyDXGadKFknWudc7fibn5J0vZSeNm5gcSFTxM4/oLiI9QUNNOFaq4TqxbhosNSOc2jTqKRpj0sUdarBQqi+CiXC4ZCIkd+PREJKqrf45mR4sd//unDQ3Xt4t5L3rYq58mvwhBTbBFtgGLjgAZXAFKqAGCFyCHjyER/AZvsI3+P6NTsGkswHGBD8+ASBnsVM=</latexit>

Z

S4

uaGa[A] = ± i

24⇡2

Z

S4

uaTr


T ad

✓
AdA+

1

2
A3

◆�

<latexit sha1_base64="M0oqkW6IwH5l7CcwSJha++/QCm4=">AAACTnicdY/LSgMxGIWTeqv1VhXcuCkWpKKUmbbgRqEqXpYVe4OmHTJp2oZmLiSpUELWvo6P4tYXcSfayyxaB88m5//y53DihpxJZVmfMLGyura+kdxMbW3v7O6l9w/qMhgJQmsk4IFoulhSznxaU0xx2gwFxZ7LacMd3k3vG69USBb4VTUOadvDfZ/1GMFqgpz0O2K+cvRLR5eMGXU0NsjDaiCJ0I/GmYyt2Uww1zemfXqNQk8zFEwiM4USCllHF4yJZWgkvExVoAuDOO2pVnUKuzOfW8jrLvhzbUexZoF2dNEgwfoDdTY/2k46a+WtmTJxY0cmCyJVnPQb6gZk5FFfEY6lbNlWqNoaC8UIpyaFRpKGmAxxn2rsSTn23BicFopB0l1G0yUhe/KfyNSkuf23Z9zUC3m7mC88l7Ll2+gPSXAMTkAO2OASlMETqIAaIPAIXsF7+AA/4Bf8hj/z1QSM3hyCJSWSv7FitkY=</latexit>

− left-handed
+ right-handed
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To summarize: to find the chiral anomaly in dimension 

• Construct the anomaly polynomial in dimension 

• The (nonlocal) anomalous effective action is given by the integral of 
the corresponding Chern-Simons form in dimension

• The (local) anomaly is given in terms of                                              by

TrFn = d!0
2n�1(A)

<latexit sha1_base64="C6ziKPwHtZbTMP4X515avl6T8e4=">AAAB13icdY/LSsNAFIbP1Futt6hLN8VuKmhJoiAuhKogLiv0JqYNk+m0Dp1JwsxUKGFwp259Ap/Gra59G1sNQg3+q5/v/OcWxJwpbdufKDc3v7C4lF8urKyurW9Ym1tNFY0koQ0S8Ui2A6woZyFtaKY5bceSYhFw2gqGF9N6655KxaKwrscx7Qg8CFmfEawnyLdOEk+KYl16+8YTWN8RzJNL001Cc9rzIkEHuJvYxk/c8MAx5d/ImdnzrZJdsb9VzBonNSVIVfOtJ68XkZGgoSYcK3Xr2LHuJFhqRjg1BW+kaIzJEA9ogoVSYxFk4HR/BpLeLJqGpOqrf0YWJpc7f+/MmqZbcQ4r7vVRqXqe/pCHHdiFMjhwDFW4gho0gMArvME7fKAb9IAe0fNPNIfSnm2YEXr5AocEhzA=</latexit>

�[A] =
1

n!

in

(2⇡)n�1

Z

D2n�1

!0
2n�1(A)

<latexit sha1_base64="uo0PkjvRWsngAR7dHQgRl1/LuPw=">AAACA3icdY+7TsMwGIX/lFsptwAjS6FLO1AlAYkJqVwkGItEL1LTRo7rFqt2EsUuUmV5RDwMG2LlCXgCHoMVFlKagRJxpnM+/zf7EaNCWta7kVtYXFpeya8W1tY3NrfM7Z2mCMcxJg0csjBu+0gQRgPSkFQy0o5igrjPSMsfXUzfW/ckFjQMbuUkIl2OhgEdUIxkgjyTuFeIc9RxOZJ3GDF1prunynbDpKkY7GtFeyrQs1h23IhWknxoa+3SQHrq0lPOLIacDFFPWTol5V8TK55ZsqrWj4pZY6emBKnqnvno9kM85iSQmCEhOrYVya5CsaSYEV1wx4JECI/QkCjEhZhwPwOn+zMQ9+fRtCgWA/HPyEJyuf33zqxpOlX7qOrcHJdq5+kf8rAHB1AGG06gBtdQhwZgeIMP+IQv48F4Mp6Nl1lpzkh7dmFOxus3YeyYzw==</latexit>

�u!
0
2n�1(A) = d!1

2n�2(u,A)
<latexit sha1_base64="EDWrp9Z5u9JqIhx4/lk6SV7L1Xk=">AAAB6HicdU9NS8NAFHxbv2r9inr0IvZSQUs2Cp6EqhfxVMG0BVPDZrOta3eTkN0IJeTs1Zt49Rf4awRP+lNsbQRrcE7DzLz35nmR4Eqb5jsqzczOzS+UFytLyyura8b6RkuFSUyZTUMRxh2PKCZ4wGzNtWCdKGZEeoK1vcHZ2G/fs1jxMLjSw4h1JekHvMcp0SPJNS4cnwlN3DTJnFCyPrlJzcxNrWAfZzVHEn1LiUhPst1j/8fHE9/Kasne74RrVM26+Y3tIsE5qUKOpms8OH5IE8kCTQVR6hqbke6mJNacCpZVnESxiNAB6bOUSKWG0iuI4/sFkfrT0jgUq576Z2Vl1Bz/7VkkLauOD+rW5WG1cZr/UIYt2IEaYDiCBpxDE2yg8Apv8AGf6A49oif0PImWUD6zCVNAL1/xUY3W</latexit>

Z

S2n�2

uaGa[A] = � 1

n!

in

(2⇡)n�1

Z

S2n�2

!1
2n�2(u,A)

<latexit sha1_base64="vBEqge3Ir4aBjSBy56VM/oau4nM=">AAACI3icdY+7TsMwGIVtrqXcUtjoUujSSrRKAhITUoEBxiLoRWqayHHdYjVxothBqiyPiCfhadgQCwNPwEuQthloI850zuffx7/d0KNc6PoXXFldW9/YzG3lt3d29/a1wkGbB3GESQsHXhB1XcSJRxlpCSo80g0jgnzXIx13fDM97zyTiNOAPYpJSPo+GjE6pBiJBDnai0WZcOSDLU1WM5WKbYmU5SPxxHEkb5WTxN4sY+TJK9W/rEnDCpLKEjtWktqSqXmsmFZIq0muGUottVqBT0bIlkbSNyOV+PRPadXRynpdn6mUNUZqyiBV09FerUGAY58wgT3Eec/QQ9GXKBIUe0TlrZiTEOExGhGJfM4nvpuB0/czEA8W0XQo4kP+T2U+2dxY3jNr2mbdOKub9+flxnX6hxwoghNQAQa4AA1wB5qgBTD4gQV4BIvwDb7DD/g5H12B6Z1DsCD4/Qvxw6PJ</latexit>

up to the addition of an exact (2n-1)-form (local counterterm) 

P(F) =
1

n!

in

(2n)n�1
TrFn

<latexit sha1_base64="/7Vr3J/UcyugXZFO421FpdpL4rA=">AAAB8nicdU/LSsNAFL2pr1pfUZduqt20oCWpgiuhKIjLCn2BqWUyndahM0mYmQplmLX/4E7c+gX+iTu3+hUmNog1eFbnnnvO5Vw/YlQqx3mzcguLS8sr+dXC2vrG5pa9vdOW4URg0sIhC0XXR5IwGpCWooqRbiQI4j4jHX98kew790RIGgZNNY1Ij6NRQIcUIxVLfbvpcaTuMGK6Yco//NJUzrTrhXGyGOwbTW91YGZjuRZU4unINUZ7ghebwjs0v4KJs2+XnKrzjWKWuCkpQYpG337wBiGecBIozJCUN64TqZ5GQlHMiCl4E0kihMdoRDTiUk65nxGTChkRD+alxCTkUP5zshA3d//2zJJ2reoeV2vXJ6X6efpDHvbgAMrgwinU4Qoa0AIMr/AOH/BpKevRerKeZ9aclWZ2YQ7Wyxe5gJJ9</latexit>

D = 2n� 2
<latexit sha1_base64="nEAeUuz/HVrAKCch/RKWciUz8dI=">AAABonicdY87T8NAEIT3wiPBvAyUNAhT0GDZBokqUgQUiCoR2ImEo+h82YQjd7Z1d0aKImpaWvhn/BsScBMsphp9O7uaTXLBtfG8L1JbWV1brzc2rM2t7Z1de28/0lmhGIYsE5nqJVSj4CmGhhuBvVwhlYnAbjK5Xsy7L6g0z9IHM82xL+k45SPOqJmj6KYZpGfBwHY81/vRUdX4pXGgVHtgv8XDjBUSU8ME1frR93LTn1FlOBP4asWFxpyyCR3jjEqtpzKpQEnNUwWy4TJahJQe6X9OWvPm/t+eVRMFrn/uBp0Lp3VV/tCAQziGU/DhElpwC20IgcEzvMMHfJITckc65P43WiPlzgEsicTf7/1xBw==</latexit>

D + 2 = 2n
<latexit sha1_base64="UUEnZGVLBcbHoi7ycQCQ3gqWFq8=">AAABonicdY/NS8NAEMVn60dr/Ip69CLGgyCEJAqeCkU9iKcWTVowpWy207p2Nwm7G6EUz1696n/mf2OrudTgOz1+82Z4k+SCa+N5X6S2srq2Xm9sWJtb2zu79t5+pLNCMQxZJjLVS6hGwVMMDTcCe7lCKhOB3WRyvZh3X1BpnqUPZppjX9JxykecUTNH0c1Z0AzSge14rvejo6rxS+NAqfbAfouHGSskpoYJqvWj7+WmP6PKcCbw1YoLjTllEzrGGZVaT2VSgZKapwpkw2W0CCk90v+ctObN/b89qyYKXP/cDToXTuuq/KEBh3AMp+DDJbTgFtoQAoNneIcP+CQn5I50yP1vtEbKnQNYEom/AezmcQU=</latexit>

D + 1 = 2n� 1
<latexit sha1_base64="GfX6f/dcnvOkV050haK8bS9TzOw=">AAABpHicdY/NS8NAEMVn61eNX1GPXsSACGLIRsGTUNSDBw8VTRuwtWy207p0Nwm7G6EUz9696j/mf2OrudTgOz1+82Z4k+RSGBsEX6S2sLi0vFJfddbWNza33O2dlskKzTHimcx0nDCDUqQYWWElxrlGphKJ7WR0NZu3X1AbkaUPdpxjV7FhKgaCMztF8fUxvQjTE9pzvcAPfrRfNbQ0HpRq9ty3Tj/jhcLUcsmMeaRBbrsTpq3gEl+dTmEwZ3zEhjhhypixSipQMftcgbw/j2YhbQbmn5POtDn927NqWqFPT/3w7sxrXJY/1GEPDuAIKJxDA26gCRFwkPAOH/BJDsktuSfRb7RGyp1dmBN5+garFnF2</latexit>
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The BRST formulation
and the descent equations
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BRST transformations

Acting on the gauge theory fields, we define the action of the BRST 
operator 𝒔 with a odd adjoint (zero-form) parameter 𝒗 

sA = �Dv

sF = �[v,F ]

sv = �v2
<latexit sha1_base64="nG0OpIfbXO2d2gfrZ+czVz60O8o=">AAAB7nicdY/LSsNAGIX/8VrjLerSTbFQXNiQRMFVoV4QlxXsBZpYJtNpHTqThMw0UELXvoE7cesT+C6CW30OGw3YGjyrw3fODOf3Qs6kMs03tLC4tLyyWljT1jc2t7b1nd2mDEYRoQ0S8CBqe1hSznzaUExx2g4jioXHacsbXqR5K6aRZIF/q8YhdQUe+KzPCFZT1NXr0hFY3RPMk7NJuVq5jIuO0zENmwhX+82u0qwTH80Ad7YYl6vFSnyX2JOuXjIN81vFvLEyU4JM9a7+4PQCMhLUV4RjKTuWGSo3wZFihNOJ5owkDTEZ4gFNsJByLLwcTFflIOnNo7QUyb7850ttutz6uzNvmrZhHRv2zUmpdp7dUIB9OIBDsOAUanANdWgAgVd4hw/4RCF6RE/o+ae6gLI3ezAn9PIFeq2NmA==</latexit>

(with Dv = dv + {A, v})
<latexit sha1_base64="vTB809TUckTypTwrrPUQBf3HaIM=">AAABxHicdY9LS8NAFIXv1Fetj0ZdugkGpKKUpAquhPpAXFYwbcGUMplM26EzSchMoiXErRt/jVv9I/4bG82mBs/q8N1zL+e6IWdSmeYXqiwtr6yuVddrG5tb23VtZ7crgzgi1CYBD6K+iyXlzKe2YorTfhhRLFxOe+70Op/3EhpJFvgPahbSgcBjn40YwWqOhtphwxFu8Jw+MTXRM/0mufCSYyd1BFYTgnl6mZ0kTnY01Ayzaf5ILxurMAYU6gy1V8cLSCyorwjHUj5aZqgGKY4UI5xmNSeWNMRkisc0xULKmXBLMO9QgsRbRHkokiP5z8navLn1t2fZdFtN67TZuj8z2lfFD1XYhwNogAXn0IY76IANBN7gHT7gE90ijiSKf6MVVOzswYLQyzdc3n8M</latexit>

anticommute with 
odd-rank forms

We assign ghost numbers:

gh(A) = 0

gh(F) = 0

gh(v) = 1
<latexit sha1_base64="wLfq4Dv8HEjA0GiKOJEybeSF4Ic=">AAAB8nicdY/NSsNAFIXv1L8a/6Iu3QQLUjdhUgVXQlUQlxX6B00pk+m0HTqThJlpoYSsfQd34tYn8E3cudWnsNVsauhZHc797uXcIBZcG4w/UGFtfWNzq7ht7ezu7R/Yh0dNHU0UZQ0aiUi1A6KZ4CFrGG4Ea8eKERkI1grGd4t5a8qU5lFYN7OYdSUZhnzAKTHzqGfXE19JZzhKy74kZkSJSG7S87Nr7Ph+B7sVKrtWHrlfiUznA69nl7CLf+XkjZeZEmSq9ewnvx/RiWShoYJo3fFwbLoJUYZTwVLLn2gWEzomQ5YQqfVMBrlw0S0X0v5ytICUHugVJ615c+9/z7xpVlzvwq08Xpaqt9kPRTiBUyiDB1dQhQeoQQMovMMnfME3MugZvaDXP7SAsp1jWBJ6+wHk3Y4k</latexit>

with 𝒔 increasing the ghost number in one unit.

gh(sO) = gh(O) + 1
<latexit sha1_base64="fVfbB4iy/aemM/t9MYcvdTisjGw=">AAABzXicdY/NSsNAFIXv1L9afxp16aZYkIoQM1VwJRTduGsF+wOmlMl02g6dScLMRCgxbvsEPo1bfQjfxkaDWINndfjuuZdzvVBwbRznAxVWVtfWN4qbpa3tnd2ytbff0UGkKGvTQASq5xHNBPdZ23AjWC9UjEhPsK43vUnn3UemNA/8ezMLWV+Ssc9HnBKzQAPrLHaVrIwnSU27kpgJJSJuJifHVz/8Nz7FA6vq2M6XKnmDM1OFTK2BNXeHAY0k8w0VROsH7ISmHxNlOBUsKbmRZiGhUzJmMZFaz6SXg2mDHKTDZZSGlB7pf06WFs3x355506nb+Nyu311UG9fZD0U4hCOoAYZLaMAttKANFF7gFd7gHTVRhJ7Q83e0gLKdA1gSmn8C4fmCZA==</latexit>
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BRST transformations

Consistency of these transformations requires 

sd+ ds = 0
<latexit sha1_base64="3rxZhJRpadYpeoE/BtxTSJpzuIs=">AAABo3icdY/NS8NAEMVn61eNX1GPXsQgCELYVMGTUPQieKnSNAUbymazrUt3k7CzEUrx7Nmr/mX+N7aaSw2+0+M3b4Y3SaEkWkq/SGNldW19o7npbG3v7O65+wc9zEvDRchzlZt+wlAomYnQSqtEvzCC6USJKJncLubRizAo86xrp4WINRtnciQ5s3MUYXqe4jUduh716Y+O6yaojAeVOkP3bZDmvNQis1wxxKeAFjaeMWMlV+LVGZQoCsYnbCxmTCNOdVKDmtnnGuTpMlqEDI7wn5POvHnwt2fd9Fp+cOG3Hi699k31QxOO4ATOIIAraMMddCAEDhN4hw/4JKfknjyS7m+0QaqdQ1gSib8BCo5x1w==</latexit>

Indeed, 

sF = s
⇣
dA+A2

⌘
= sdA+ (sA)A�A(sA)

= �d(sA)� (Dv)A+ (Dv)A = d(Dv)� (Dv)A+A(Dv)

= dAv �Adv + dvA� vdA� dvA+Adv � vA2 �AvA+A2v +AvA
<latexit sha1_base64="A60nui3NQWuVXEwLpp/eQ3ktX04="></latexit>

sd = �ds
<latexit sha1_base64="vNHClQHdp5iqSwhZAZ4aSqVNZws=">AAABonicdY87T8NAEIT3wiuYl4GSBmEKGiI7QaJCiqBBVInATiQcRefzJhy5sy3vGSmKqGlp4Z/xb0jATbCYavTt7Go2ypQk47pfrLayura+Ud+0trZ3dvfs/YOA0iIX6ItUpXk/4oRKJugbaRT2sxy5jhT2osnNYt57wZxkmjyYaYYDzceJHEnBzRwFFF+dxzS0Hbfh/ui4arzSOFCqM7TfwjgVhcbECMWJHj03M4MZz40UCl+tsCDMuJjwMc64JprqqAI1N08VKOJltAjlNKJ/Tlrz5t7fnlUTNBteq9HsXjjt6/KHOhzBCZyBB5fQhlvogA8CnuEdPuCTnbI71mX3v9EaK3cOYUks/AarQXGf</latexit>
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BRST transformations

Consistency of these transformations requires 

sd+ ds = 0
<latexit sha1_base64="3rxZhJRpadYpeoE/BtxTSJpzuIs=">AAABo3icdY/NS8NAEMVn61eNX1GPXsQgCELYVMGTUPQieKnSNAUbymazrUt3k7CzEUrx7Nmr/mX+N7aaSw2+0+M3b4Y3SaEkWkq/SGNldW19o7npbG3v7O65+wc9zEvDRchzlZt+wlAomYnQSqtEvzCC6USJKJncLubRizAo86xrp4WINRtnciQ5s3MUYXqe4jUduh716Y+O6yaojAeVOkP3bZDmvNQis1wxxKeAFjaeMWMlV+LVGZQoCsYnbCxmTCNOdVKDmtnnGuTpMlqEDI7wn5POvHnwt2fd9Fp+cOG3Hi699k31QxOO4ATOIIAraMMddCAEDhN4hw/4JKfknjyS7m+0QaqdQ1gSib8BCo5x1w==</latexit>

Indeed, 

sF = s
⇣
dA+A2

⌘
= sdA+ (sA)A�A(sA)

= �d(sA)� (Dv)A+ (Dv)A = d(Dv)� (Dv)A+A(Dv)

= dAv �Adv + dvA� vdA� dvA+Adv � vA2 �AvA+A2v +AvA
<latexit sha1_base64="A60nui3NQWuVXEwLpp/eQ3ktX04="></latexit>

sF = dAv � vdA� vA2 +A2v

= �[v, dA+A2]

= �[v,F ]
<latexit sha1_base64="0Nq8CN8Ce30/tpiLC1p0rg++49Y=">AAACNHicdU/LSsNAFJ2prxpfUZduSgtFaBuSKLgqVAVxWcE+oIllMp3WoTNJyEwDJWTtH/gp/ovgTtz6BS5sNEja4Fmdc+65M+c6PqNC6vorLKytb2xuFbeVnd29/QP18KgrvFmASQd7zAv6DhKEUZd0JJWM9P2AIO4w0nOm18m8F5JAUM+9l3Of2BxNXDqmGMmFNVSfhcWRfMSIRTdxtTn6U5dx2AizshFmxENkxrUVHZYsa6BrJua2Um02BmE9u76atnPpTBF7qFZ0Tf9BKU+MlFRAivZQfbJGHp5x4krMkBADQ/elHaFAUsxIrFgzQXyEp2hCIsSFmHMnZyb/50w8WraSUCDG4p8nlUVzY7VnnnRNzTjTzLvzSusqvaEITkAZnAIDXIAWuAVt0AEYfMEyrME6fIFv8B1+/EYLMN05BkuAn9/fZqjH</latexit>

sd = �ds
<latexit sha1_base64="vNHClQHdp5iqSwhZAZ4aSqVNZws=">AAABonicdY87T8NAEIT3wiuYl4GSBmEKGiI7QaJCiqBBVInATiQcRefzJhy5sy3vGSmKqGlp4Z/xb0jATbCYavTt7Go2ypQk47pfrLayura+Ud+0trZ3dvfs/YOA0iIX6ItUpXk/4oRKJugbaRT2sxy5jhT2osnNYt57wZxkmjyYaYYDzceJHEnBzRwFFF+dxzS0Hbfh/ui4arzSOFCqM7TfwjgVhcbECMWJHj03M4MZz40UCl+tsCDMuJjwMc64JprqqAI1N08VKOJltAjlNKJ/Tlrz5t7fnlUTNBteq9HsXjjt6/KHOhzBCZyBB5fQhlvogA8CnuEdPuCTnbI71mX3v9EaK3cOYUks/AarQXGf</latexit>
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BRST transformations

The BRST operations is nihilpotent

s2 = 0
<latexit sha1_base64="mpPn5EUedZjgphLFPrXef6RvTTo=">AAABo3icdY/NS8NAEMVn61eNX1GPXsQgeAqbWPAkFL0IXqo0TcHGstlu69LdJGQ2Qgk9e/aqf5n/ja3mUoPv9PjNm+FNnCmJhtIv0lhb39jcam5bO7t7+wf24VEP0yLnIuCpSvN+zFAomYjASKNEP8sF07ESYTy9Xc7DV5GjTJOumWUi0mySyLHkzCxQiM+lP7+mQ9uhLv3Rad14lXGgUmdovw1GKS+0SAxXDPHJo5mJSpYbyZWYW4MCRcb4lE1EyTTiTMc1qJl5qUE+WkXLUI5j/OektWju/e1ZNz3f9S5d/6HltG+qH5pwAmdwAR5cQRvuoAMBcJjCO3zAJzkn9+SRdH+jDVLtHMOKSPQNNMBx+Q==</latexit>

Let us check it explicitly:

s2A = �s(dv +Av + vA) = d(sv)� (sA)v +A(sv) + (sv)A� v(sA)

= �d(v2) + (dv +Av + vA)v �Av2 + v2A� v(dv +Av + vA) = 0
<latexit sha1_base64="SmlgLSfltk+OQCPsfK6sSVJYupE=">AAACkHicfY/LSsNAFIYn8VbjLdalm2JBUkJCEgXdFFvdiKsK9gJNLZPJWEMnFzLTgVLqtr6ir+ETmGgWSYM9i+HM959/zj9ORDzKDONLELe2d3b3KvvSweHR8Yl8Wu3RcBYj3EUhCeOBAykmXoC7zGMED6IYQ98huO9MH1K9z3FMvTB4YfMIj3w4Cbw3D0GWoLH8TV8X1tL2IXtHkCzay8umRhWXqznEVZ67NZquQnlDU2geFgyprqZHjmm8aKjZ9tDQLeSPpGSlq/A0R+LauJpreS11qHwtf7Jnc3pjLNcN3fitWrkxs6YOsuqM5ZXthmjm44AhAikdmkbERgsYMw8RvJTsGcURRFM4wQvoUzr3nRJME5QgcosoHYrpG/3nSSlJbq7nLDc9SzevdOv5ut66z/5QAefgAijABDegBR5BB3QBEgbCh7ASPsWqeCveie2/UVHIPGegUOLTD0C2x5Y=</latexit>

s2F = �s(vF � Fv) = �(sv)F + v(sF) + (sF)v + F(sv)

= v2F � v(vF � Fv)� (vF � Fv)v � Fv2 = 0
<latexit sha1_base64="JGXhlz+yQ9ZmPWdCeDlMH58xmuU=">AAACeHicfU9LS8NAGNzEV42vqEcvxUJNKAlJFDwFioJ4rGAf0NSy2W5r6G4SstuFEnr2N+pP8WSjOSQNdk4z873m82MSMG5Zn5K8s7u3f1A7VI6OT07P1POLHosWCcJdFJEoGfiQYRKEuMsDTvAgTjCkPsF9f/6Y1fsCJyyIwle+jPGIwlkYTAME+doaq1/sLXVWHoX8HUGSPq2arsE0UTCMAhe6a2hM6AWrJTRWkHqrLEWroLLRuucNLdNBdKQ0XbFx3BBbThtbaqIks62uNVYblmn9ol4ldk4aIEdnrH54kwgtKA45IpCxoW3FfJTChAeI4JXiLRiOIZrDGU4hZWxJ/YqZpaiYaFK2sqaETdk/K5V1cnszZ5X0HNO+NZ2Xu0b7If+hBq7ANdCADe5BGzyDDugCJLWlqRRJsfQt1+UbWf9rlaV85hKUIDs/fR/ANA==</latexit>

s2v = �s(v2) = �(sv)v + v(sv) = v3 � v3 = 0
<latexit sha1_base64="L8OEy3OotBSJE4J9A3t4RYbCWls=">AAAByXicdY9LT8JAEMdn8YX4qnr0YuRSQiBtMfHUhOjFxAsm8kgEm+2y4Ibtw87SiA0nD579NF71Y/htpNgLNv4PM//85pEZN5QClWF8k8La+sbmVnG7tLO7t3+gHR51MJhGjLdZIIOo51LkUvi8rYSSvBdGnHqu5F13cpXWuzGPUAT+nZqFfODRsS9GglG1QI5WxYfEmsd2DfU4dRW7pmNciatxmuwFa8xry2gbjlY26sZSp3ljZqYMmVqO9tYfBmzqcV8xSRHvTSNUg4RGSjDJ56X+FHlI2YSOeUI9xJnn5qBH1WMOsuEqSpsiHOE/K0uLy82/d+ZNx6qbjbp1e15uXmY/FOEEzkAHEy6gCdfQgjYweIcP+IQvckOeyDN5+W0tkGzmGFZEXn8AqQB/kQ==</latexit>
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BRST transformations

We get now Stora’s Russian formula

(d+ s)(A+ v) + (A+ v)2 = dA+A2
<latexit sha1_base64="OzCV1IBCB1AsyN8b/+2m+Hsok9c=">AAAB43icdY/LSsNAFIbP1Futt6hLN2I3KYWQpIIroSqCywr2AqaWyeS0Dp1cyEwLJXTtwp249Ql8Gpfqy9hoFm2D/+o/37nwHzcSXCrT/CSFldW19Y3iZmlre2d3T9s/aMlwFDNsslCEccelEgUPsKm4EtiJYqS+K7DtDq/SfnuMseRhcKcmEXZ9Ogh4nzOqZqinXeteVVZ0x6fqkVGRXEyr40p1qX5I7Om5N8/mfNrsaWXTMH91nDdWZsqQqdHTnhwvZCMfA8UElfLeMiPVTWisOBM4LTkjiRFlQzrAhPpSTnw3B9MIOci8RZQOxbIv/zlZmiW3lnPmTcs2rJph356W65fZD0U4ghPQwYIzqMMNNKAJDN7hA77gmyB5Ji/k9W+0QLKdQ1gQefsBWZmLKA==</latexit>

(d+ s)(A+ v) + (A+ v)2 = dA+A2 + dv + sA+ sv +Av + vA+ v2

= dA+A2 +
⇣
sA+ dv +Av + vA

⌘
+

⇣
sv + v2

⌘

= dA+A2 +
⇣
sA+Dv

⌘
+

⇣
sv + v2

⌘

= dA+A2
<latexit sha1_base64="elp1YZQ/mxIV547jAZxux2QpMDw=">AAADB3icpU/LTsJAFJ3WF9YX6NINkcSUNCFtNXFlgujCJSbySCiS6XSACX2lM0xCGtbGr3Fn3PoFrv0QtyqFLloadcFdnTnn3HPPmL5NKFPVD0FcW9/Y3MptSzu7e/sH+cJhk3rjAOEG8mwvaJuQYpu4uMEIs3HbDzB0TBu3zNF1pLc4Dijx3Hs28XHXgQOX9AmCbEb1CsJQthRalg0HsiGCdng1VXhZWXo/hPr09NJKkgkcqYrFFZrUKU9auMJTidFK0TA6akVHTlf6J9uokYGcSrf+SI/c5XiHL07NqVXu3fCVU3v5klpR51PMAi0GJRBPvZd/NCwPjR3sMmRDSjua6rNuCANGkI2nkjGm2IdoBAc4hA6lE8fMkFGFDImsNBWZAtqnv0RKs+bacs8saOoV7ayi352XqrX4DzlwDE6ADDRwAargFtRBAyDhXfgUvoRv8Ul8Fl/E14VVFOKdI5Aa8e0HBKD0dw==</latexit> sA = �Dv

<latexit sha1_base64="VtsSC/q2N6367Ei9KB/iKWCYMmA=">AAABrnicdY87T8MwFIWvy6uEV4CRBZGFhcoplZiQymNgLBJJK5Eocly3tWonke1EqqLO/AlW+E/8GxrIUiLOdPTdc6/OjTPBtcH4C7U2Nre2d9q71t7+weGRfXzi6zRXlHk0FakaxUQzwRPmGW4EG2WKERkLNoznD9V8WDCleZq8mEXGQkmmCZ9wSswKRbatA0nMjBJR3i1vrx6LyHZwB//ovGnc2jhQaxDZb8E4pblkiaGCaP3q4syEJVGGU8GWVpBrlhE6J1NWEqn1QsYNWFVoQDpeR1VI6Yn+56S1au7+7dk0frfjXne6zz2nf1//0IYzuIBLcOEG+vAEA/CAQgHv8AGfCCMfhSj6jbZQvXMKa0Kzb4GodiI=</latexit>

sv = �v2
<latexit sha1_base64="EYtj1PgoCN24xAFiGhQ8Se4VUVk=">AAABpXicdY/NSsNAFIXv1L8a/6Iu3YhZ6MaQpIIroejGjVChSSu2hsn0tg6dSUJmEiihax/ArT6Yb2Or2dTgWR2+e+7l3CgVXGnH+SKNtfWNza3mtrGzu7d/YB4eBSrJM4Y+S0SS9SOqUPAYfc21wH6aIZWRwF40vVvOewVmiidxV89SHEo6ifmYM6oX6EkVN5fFS+nNQ9NybOdHp3XjVsaCSp3QfBuMEpZLjDUTVKln10n1sKSZ5kzg3BjkClPKpnSCJZVKzWRUg5Lq1xpko1W0DGVqrP45aSyau3971k3g2W7L9h6vrPZt9UMTTuAMLsCFa2jDPXTABwYS3uEDPsk5eSBdEvxGG6TaOYYVkfAbn/Zy9g==</latexit>

This means that       is left invariant by the replacement

d �! d+ s

A �! A+ v
<latexit sha1_base64="8jqfbUrjBpdbYefzum0pnXeCPXI=">AAAB4HicdY/NSsNAFIXv1L8a/6Iu3QQLIhRCUgW3tW5cVjBtwZQymUzToZNMmJlUSulad+LWJ/Bp3KpvY6NZWINndfjuuZdzg5QzpR3nE1VWVtfWN6qbxtb2zu6euX/QUSKThHpEcCF7AVaUs4R6mmlOe6mkOA447Qbjq3zenVCpmEhu9TSl/RhHCRsygvUCDcxWeOJzkUSSRSONpRT3VlhXlu8bfoz1iGA+u5yXIr9m9cnArDm28y2rbNzC1KBQe2A++KEgWUwTTThW6s51Ut2fYakZ4XRu+JmiKSZjHNEZjpWaxkEJ5gVKkITLKA9JNVT/nDQWzd2/Pcum07DdM7txc15rtoofqnAEx3AKLlxAE66hDR4QeIU3eIcPFKBH9ISef6IVVOwcwpLQyxfhyIsN</latexit>

F
<latexit sha1_base64="muAxoCDlhHcdGYXHeXZ1Wzgx6s8=">AAABtnicdU/LSsNAFL1TXzW+om4EN2I2rkJSBV0WBXFZwbQFU8NkcluHTjIhMxFKiFt/xK3+j39jotnU4Nncw7mPc26YCq6043yRzsrq2vpGd9PY2t7Z3TP3D4ZK5hlDj0khs3FIFQqeoKe5FjhOM6RxKHAUzm/q/ugFM8Vl8qAXKU5iOkv4lDOqKykwj/xQikgt4qoUfkz1M6OiuC3LwLQc2/nBSZu4DbGgwSAw3/xIsjzGRDNBlXp0nVRPCpppzgSWhp8rTCmb0xkWNFa1ZUus/Vsii5aleihTU/XPSaNK7v7N2SbDnu2e2737C6t/3fzQhWM4hTNw4RL6cAcD8IDBK7zDB3ySK/JEkMx+Rzuk2TmEJZD0G8asems=</latexit>
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Let us apply the BRST formalism to the problem of anomalies. If we write 
the transformations in components

sA a
µ = �Dµv

a
<latexit sha1_base64="QuKd5Y2ru5cRCri1rqUqjd3UPnc=">AAABzHicdY+7TsNAEEVnwyuEl4GSBpGGBssOkaiQwqOgQkEiDwmHaL3ZhFV2bWtnHSlauYUf4Gto4Sf4G5LgJljc6urcmdGdMJECjed9k9LK6tr6RnmzsrW9s7vn7B+0MU414y0Wy1h3Q4pcioi3jDCSdxPNqQol74Tjm3nemXCNIo4ezTThPUVHkRgKRs0M9R0XA0XNCzJtr7JnS7O+DVSaXZ4tMKPS3uZoskidqud6Cx0XjZ+bKuRq9p23YBCzVPHIMEkRn3wvMT1LtRFM8qwSpMgTysZ0xC1ViFMVFuC8SQGywTKaD2kc4j8nK7Pm/t+eRdOuuf65W3uoVxvX+Q9lOIITOAUfLqABd9CEFjB4hw/4hC9yTwyxJPsdLZF85xCWRF5/AAk9hCw=</latexit>

we find that acting of the effective action

s�[A ] =

Z
dDx [sA a

µ (x)]
�

�A a
µ (x)

�[A ] = �
Z

dDx [Dµv(x)]
ahJµa(x)iA

=

Z
dDx va(x)

h
DµhJµa(x)iA

ia
=

Z
dDx va(x)Ga[A (x)]

<latexit sha1_base64="Pqkwsexg1ZlQB3yLxEKCElOtQVY="></latexit>

so the BRST transformations of the action gives the anomaly

s�[A] =

Z
vaGa[A]

<latexit sha1_base64="sUrgF+SQBCrEPGuWRAZ2kOv3Cbk=">AAAB2nicdY87T8MwFIWvy6uUV4CRpaISYqqSUokFpAJDGYtEH1JTohvXLVbtJLLdSlWUhQUhVn4Bv4YVNv4NbclSIs507udz7WM/Elwb2/4muZXVtfWN/GZha3tnd8/aP2jpcKwoa9JQhKrjo2aCB6xpuBGsEymG0hes7Y9u5uftCVOah8G9mUasJ3EY8AGnaGbIsy60W0cpsetKNI8URXyV9E4uXR6Y4uQhxmTBNVVxPfFm41LOs0p22V6omDVOakqQquFZz24/pGPJAkMFat117Mj0YlSGU8GSgjvWLEI6wiGLUWo9lX4Gzt/PQNpfRvOQ0gP9z5WFWXPnb8+saVXKzlm5clct1a7TP+ThCI7hFBw4hxrcQgOaQOEdPuATvohLnsgLef2N5ki6cwhLIm8/3dCJcA==</latexit>
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The Wess-Zumino consistency condition now takes a extremely 
simple form

s2�[A] = 0
<latexit sha1_base64="EFCczLbJtVzQIngp1fR87n3ojNI=">AAABuHicdY9LS8NAFIXv1Fetr6g73YjduApJFQRBqLrQZQX7gCbGm+m0Dp1JwsxEKCHgzn/iVv+O/8ZGs6nBszp899zLuWEiuDaO80VqS8srq2v19cbG5tb2jrW719Nxqijr0ljEahCiZoJHrGu4EWyQKIYyFKwfTm+Kef+FKc3j6MHMEuZLnER8zCmaOQqsA/2YtXLvFqXEoSfRPFMU2VXuXzqB1XRs50dHVeOWpgmlOoH15o1imkoWGSpQ66HrJMbPUBlOBcsbXqpZgnSKE5ah1HomwwosGlQgHS2iIqT0WP9zsjFv7v7tWTW9lu2e2q37s2b7uvyhDodwDCfgwjm04Q460AUKr/AOH/BJLsgTmRD+G62RcmcfFkTUN+BYek4=</latexit>

s�[A] =

Z
vaGa[A] ⌘

Z
G 1[v,A]

<latexit sha1_base64="EKF00ddfzhxOrtFUVYxTAUHAUGY=">AAACBHicdY+7TsMwFIaPy62UW4CRpaISYkBVUpCYkAoMZSwSvUhNGzmuW6zaSbCdSFWUFV6GDbHyBLwAr8EKA23J0BLxT78/f7aP3YAzpU3zA+WWlldW1/LrhY3Nre0dY3evqfxQEtogPvdl28WKcubRhmaa03YgKRYupy13dD3db0VUKuZ7d3oc0K7AQ48NGMF6ghxjoOwaFgJ3bIH1PcE8vky6Rxc283Qx6sU4mXFFZFxLnMlywbPpQ8ii4kye83qxlXSik3nTMUpm2ZylmC1WWkqQpu4YT3bfJ6GgniYcK9WxzEB3Yyw1I5wmBTtUNMBkhIc0xkKpsXAzcPp+BpL+IppKUg3UP1cWJpNbf+fMlmalbJ2WK7dnpepV+oc8HMAhHIMF51CFG6hDAwi8wyd8wTd6RM/oBb3+qjmUntmHhaC3HxYZm14=</latexit>

It is obvious that any anomaly obtained as the BRST variation of a 
functional automatically satisfy the consistency condition.

Z
sG 1[v,A] = 0

<latexit sha1_base64="arZ8oNR8bZYh5oShw2Fcc5X5Ylc=">AAABxHicdY9LS8NAFIXv1Fetr6hLN8WCuJCQVMGVUBXUZQX7gKaGyXRah84kYe6kUELcuvHXuNU/4r+xrdnU4Fkdvnvu5dwglgKN43yT0srq2vpGebOytb2zu2ftH7QxSjTjLRbJSHcDilyKkLeMMJJ3Y82pCiTvBOPb+bwz4RpFFD6Zacz7io5CMRSMmhnyrRNPhKaKnqLmBZlO77Pn1M16k7MFYVSm11n/yvGtmmM7C1WLxs1NDXI1fevNG0QsUTw0TFLEnuvEpp9SbQSTPKt4CfKYsjEd8ZQqxKkKCnDeoADZYBnNQxqH+M/Jyqy5+7dn0bTrtntu1x8vao2b/IcyHMExnIILl9CAB2hCCxi8wwd8whe5I5IgSX6jJZLvHMKSyOsP82x/fA==</latexit>

Only nontrivial (i.e. nonlocal) solutions to the Wess-Zumino equations 
can give anomalies.
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Let us apply now the Russian formula to the anomaly polynomial:

Tr
h
(d+ s)(A+ v) + (A+ v)2

in
= TrFn

<latexit sha1_base64="bHkRcvOd/rFR5uF3H6BL8Zs3g6s=">AAAB+HicdU/LTsJAFL3FF+Kr6tINkQ0EQ1o0cWWCmBiXmPCKFMh0GHDCTNvMTEmw6drfcGfc+gX+hj/gVj9BijURGs/q3HPPPTnX9hiVyjDetdTK6tr6Rnozs7W9s7un7x80pesLTBrYZa5o20gSRh3SUFQx0vYEQdxmpGWPr6J9a0KEpK5TV1OPdDkaOXRIMVIzqa/fBZbg2bqwTkKrSked/KAoC3mLI3WPEQsuw+KkUFyae0F5bu72Aie8+BPw67oOo01fzxklY45skpgxyUGMWl9/tAYu9jlxFGZIyo5peKobIKEoZiTMWL4kHsJjNCIB4lJOuZ0QowoJEQ8Wpcgk5FD+E5mZNTeXeyZJs1wyT0vl27NcpRr/kIYjOIY8mHAOFbiBGjQAwxt8wCd8aQ/ak/asvfxYU1p8cwgL0F6/AV2jk9c=</latexit>

TrFn = d!0
2n�1(A,F)

<latexit sha1_base64="+77GY/KJhk3HIsS4w+RHt1WN6nQ=">AAAB43icdY/LSsNAFIbP1Futt6hLN8VuKtSStIIroSqKywq9gWnDZDqtoTNJmJkKZZi1C3fi1ifwaVyqL2OrQazBf/Xznf/c/JgFUtn2G8osLC4tr2RXc2vrG5tb1vZOS0ZjQWiTRCwSHR9LyoKQNlWgGO3EgmLuM9r2R+ezevuOChlEYUNNYtrleBgGg4BgNUWedaFdwfMN4ZaMy7G6JZjpS9PToTnpuxGnQ9zTtvF0JTx0TPEncmpKv+IHnlWwy/aX8mnjJKYAieqede/2IzLmNFSEYSlvHDtWXY2FCgijJueOJY0xGeEh1ZhLOeF+Cs72pyDpz6NZSMiB/Gdkbnq58/fOtGlVyk61XLk+KtTOkh+ysAf7UAQHjqEGV1CHJhB4gVd4hw9E0QN6RE/f0QxKenZhTuj5EwnjjEg=</latexit>

and since all      ’s have been
written in terms of     ‘s

dA
<latexit sha1_base64="R/YH0ziFpxvMj5YR9W8FSg06azI=">AAABqHicdY+7TsMwFIaPy62EW4CRBZEFMURJQWItsDAGiTRFpKpsxy1W7cSyHaQq6swbsMJr8TY0kKVE/NOv79z+Q5TgxgbBF+qsrW9sbnW3nZ3dvf0D9/BoYIpSUxbTQhR6SLBhgucsttwKNlSaYUkES8jsrq4nr0wbXuSPdq7YSOJpziecYrtEaZZKbF8oFtXNYux6gR/86LRtwsZ40Cgau29pVtBSstxSgY15DgNlRxXWllPBFk5aGqYwneEpq7A0Zi5JC9bnW5Bmq6hu0mZi/lnpLJOHf3O2zaDnh5d+7+HK6982P3ThBM7gHEK4hj7cQwQxUFDwDh/wiS5QhBL09NvaQc3MMawIkW/zF3SW</latexit>

F
<latexit sha1_base64="LKfgE+ltWJ8hyzf5azXdb0gaggg=">AAABp3icdY/LSsNAFIbP1FuNt6hLN2I2uglJLbgtCuLOCiYNNKWcTKd16CQTZiZCCV37BG71uXwbG82mBv/Vz3du/0lywbXxvC/S2tjc2t5p71p7+weHR/bxSahloSgLqBRSRQlqJnjGAsONYFGuGKaJYINkflfVB69MaS6zZ7PI2SjFWcannKJZoWGconmhKMr75dh2PNf70XnT+LVxoFZ/bL/FE0mLlGWGCtR66Hu5GZWoDKeCLa240CxHOscZKzHVepEmDVidb0A6WUdVk9JT/c9Ka5Xc/5uzacKO61+7naeu07utf2jDGVzAJfhwAz14gD4EQEHCO3zAJ7kijyQk0W9ri9Qzp7Amgt9V/HQt</latexit>

now we can expand the Chern-Simons form in powers of 𝒗

(d+ s)!0
2n�1(A+ v,F) = d!0

2n�1(A,F)
<latexit sha1_base64="QLrJc+Yfa7Ppe81N6SWAZp4vET0=">AAAB+3icfU/LSsNAFL1TX7W+oi7diN20VEtSBVdCVRCXFewDTA2TyW0dOpOEzLRQQtZ+iDtx6xf4FX6CW/0BWw1CDXpW55577r3nuqHgSpvmK8nNzS8sLuWXCyura+sbxuZWSwXDiGGTBSKIOi5VKLiPTc21wE4YIZWuwLY7OJ/22yOMFA/8az0OsStp3+c9zqieSI7RLXkVVbYDiX16G5uJE9f8Aysp2ZLqO0ZFfJpURvs/1UVSPvH+dc94HaNoVs0v7GaJlZIipGg4xr3tBWwo0ddMUKVuLDPU3ZhGmjOBScEeKgwpG9A+xlQqNZZuRpzez4jMm5Wmpkj11B8rC5Pk1u+cWdKqVa3Dau3qqFg/S3/Iww7sQQksOIY6XEIDmsDgBd7gHT5IQh7II3n6tuZIOrMNMyDPn3xxlPM=</latexit>

!0
2n�1(A+ v,F) = !0

2n�1(A,F) + !1
2n�2(v,A,F) + . . .+ !2n�1

0 (v,A,F)
<latexit sha1_base64="2yR22HPT2PGAThoWWaw4QuZOD58=">AAACVnicfY9bS8MwGIaT6tycp6qXgoi7mUxHUwWvhHlAvFEmuAPYWdIsm2FJU5psMEqv/Uv+FP0z4g51OIt7r768ed7v4AWcKW1Zn9BYWs6sZHOr+bX1jc0tc3unrmQ/JLRGJJdh08OKcubTmmaa02YQUiw8Thte73r83xjQUDHpP+lhQFsCd33WYQTrkeWa744UtItfIit2I9s/QXHREVi/Esyjy7g0OJ69buOji4XwHFr6QdEUtePir14pmLelVrPMpLU7mrIg45oFq2xNdJAuUFIUQKKqa745bUn6gvqacKzUM7IC3YpwqBnhNM47fUUDTHq4SyMslBoKL2WO56dM0p63xlCoOuqflvnR5ujvnumibpfRadl+PCtUrpIbcmAPHIIiQOAcVMAdqIIaIHAf3sB7+AA/4JeRMbJT1IBJZhfMyTC/AYZps1o=</latexit>

ghost number

and equal order by order in the ghost number expansion. At zeroth 
order, we have trivially

d!0
2n�1(A,F) = d!0

2n�1(A,F)
<latexit sha1_base64="qztB90bADUAu22/SZzwRCGxm3Fw=">AAAB9XiclY/LSsNAFIbP1Futt6hLN2I3FbQkreBKqArisoJpC6aGyfS0Dp1JQmailJC1T+FO3PoEPohrt/oOthqEGlz4r36+85+bFwqutGm+ksLM7Nz8QnGxtLS8srpmrG+0VBBHDG0WiCDqeFSh4D7ammuBnTBCKj2BbW94Oqm3bzFSPPAv9SjErqQDn/c5o3qMXKPdcwKJA3qdmKmb1Px9K604kuobRkVynO79+LN09+gfWdcom1XzS9t5Y2WmDJmarnHv9AIWS/Q1E1SpK8sMdTehkeZMYFpyYoUhZUM6wIRKpUbSy8HJ/hxkvWk0CUWqr/4YWRpfbv2+M29atapVr9YuDsqNk+yHImzBDlTAgkNowDk0wQYGL/AG7/BB7sgDeSRP39ECyXo2YUrk+RMjh5Mn</latexit>
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(d+ s)!0
2n�1(A+ v,F) = d!0

2n�1(A,F)
<latexit sha1_base64="QLrJc+Yfa7Ppe81N6SWAZp4vET0=">AAAB+3icfU/LSsNAFL1TX7W+oi7diN20VEtSBVdCVRCXFewDTA2TyW0dOpOEzLRQQtZ+iDtx6xf4FX6CW/0BWw1CDXpW55577r3nuqHgSpvmK8nNzS8sLuWXCyura+sbxuZWSwXDiGGTBSKIOi5VKLiPTc21wE4YIZWuwLY7OJ/22yOMFA/8az0OsStp3+c9zqieSI7RLXkVVbYDiX16G5uJE9f8Aysp2ZLqO0ZFfJpURvs/1UVSPvH+dc94HaNoVs0v7GaJlZIipGg4xr3tBWwo0ddMUKVuLDPU3ZhGmjOBScEeKgwpG9A+xlQqNZZuRpzez4jMm5Wmpkj11B8rC5Pk1u+cWdKqVa3Dau3qqFg/S3/Iww7sQQksOIY6XEIDmsDgBd7gHT5IQh7II3n6tuZIOrMNMyDPn3xxlPM=</latexit>

!0
2n�1(A+ v,F) = !0

2n�1(A,F) + !1
2n�2(v,A,F) + . . .+ !2n�1

0 (v,A,F)
<latexit sha1_base64="2yR22HPT2PGAThoWWaw4QuZOD58=">AAACVnicfY9bS8MwGIaT6tycp6qXgoi7mUxHUwWvhHlAvFEmuAPYWdIsm2FJU5psMEqv/Uv+FP0z4g51OIt7r768ed7v4AWcKW1Zn9BYWs6sZHOr+bX1jc0tc3unrmQ/JLRGJJdh08OKcubTmmaa02YQUiw8Thte73r83xjQUDHpP+lhQFsCd33WYQTrkeWa744UtItfIit2I9s/QXHREVi/Esyjy7g0OJ69buOji4XwHFr6QdEUtePir14pmLelVrPMpLU7mrIg45oFq2xNdJAuUFIUQKKqa745bUn6gvqacKzUM7IC3YpwqBnhNM47fUUDTHq4SyMslBoKL2WO56dM0p63xlCoOuqflvnR5ujvnumibpfRadl+PCtUrpIbcmAPHIIiQOAcVMAdqIIaIHAf3sB7+AA/4JeRMbJT1IBJZhfMyTC/AYZps1o=</latexit>

At first order, we have a nontrivial identity

while at the following orders we find

s!0
2n�2(A,F) + d!1

2n�2(v,A,F) = 0
<latexit sha1_base64="Jux1Fw/pDBRVN0zHocG1bKabO3w=">AAAB+XicdY/NSsNAFIXv1L9a/6Iu3YjdVKxlEgVXQlUQlxXsDzQ1TKbTOnQmCZlpoYSsfQ534tYn8DF8Arf6BjYaCzX0rA7nfvdyrhsIrjTG7yi3sLi0vJJfLaytb2xuGds7DeUPQ8rq1Bd+2HKJYoJ7rK65FqwVhIxIV7CmO7hK5s0RCxX3vTs9DlhHkr7He5wSPYkco61sX7I+uY9w7ESWd2zFJVsS/UCJiC7i8tRfx4dH3T/WnLKj8jz6HDtGEVfwj/azxkxNEVLVHOPR7vp0KJmnqSBKtU0c6E5EQs2pYHHBHioWEDogfRYRqdRYupkwaZAJaXc2SqBQ9dSck4VJc/N/z6xpWBXzpGLdnharl+kPediDAyiBCWdQhRuoQR0ovMEHfMIXitATekYvv2gOpTu7MCP0+g2G6JRe</latexit>

s!1
2n�2(v,A,F) + d!2

2n�3(v,A,F) = 0

s!2
2n�3(v,A,F) + d!3

2n�4(v,A,F) = 0

...

s!m
2n�m�1(v,A,F) + d!m+1

2n�m�2(v,A,F) = 0
<latexit sha1_base64="8+kW0RXWgBVamLK0FboYGlZeuo8=">AAAC53iclVDLTsJAFJ3WF9YX6NINkYRgkKYtJK5MUBPDEhN5JBSb6XTECZ226QwkpOnapTvj1i/wa1y40V8RbAnBKsGzOjn33HvOjOnZhHFFeRfEldW19Y3UprS1vbO7l87sN5k78BFuINd2/bYJGbaJgxuccBu3PR9Datq4ZfYvJ/PWEPuMuM4NH3m4S2HPIXcEQT6WjIxQY7pLcQ/eBmpoBJpT0sLC8ESnkN8jaAfn4YxfhcdFa+rWInd5kTt/pmR1vaPIGqJdif1ndRZUjtyV5YPy+tByOfstmkbHaEldLpwW1enGwn8ZFzDSOUVWvpFNEjUmORCjbqQfdMtFA4odjmzIWEdVPN4NoM8JsnEo6QOGPYj6sIcDSBkbUTMhTiokRGTNSxOTz+7YHyelcXP1Z88kaWqyWpa160quehG/IQUOwREoABWcgiqogTpoACS8Cm/Ch/ApEvFRfBKfI6soxDsHYA7iyxdJNuZm</latexit>

up to m = 2n� 1
<latexit sha1_base64="/D+HQ0LM8jqdjaOjYxlqabLeEy0=">AAABonicdY+9T8MwEMXP5auErwAjCyIMLERxi8SEVMGCmFpB0kqkqhz3WkztJLIdpKpiZmWF/4z/hhaylIg3Pf3u3eldkkthbBB8kdrK6tr6Rn3T2dre2d1z9w8ikxWaY8gzmelewgxKkWJohZXYyzUylUjsJpObxbz7gtqILH2w0xz7io1TMRKc2TmK1FUjPacD1wv84EfHVUNL40Gp9sB9i4cZLxSmlktmzCMNctufMW0Fl/jqxIXBnPEJG+OMKWOmKqlAxexTBfLhMlqEtBmZf0468+b0b8+qiRo+bfqNzoXXui5/qMMRnMAZULiEFtxCG0Lg8Azv8AGf5JTckQ65/43WSLlzCEsi8TchwXEv</latexit>
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We have arrived at the Stora-Zumino descent equations

Bruno Zumino
(1923-2014)

Raymond Stora
(1930-2015)

TrFn � d!0
2n�1(A,F) = 0

s!0
2n�1(A,F) + d!1

2n�2(v,A,F) = 0

s!1
2n�2(v,A,F) + d!2

2n�3(v,A,F) = 0

...

s!m
2n�m�1(v,A,F) + d!m+1

2n�m�2(v,A,F) = 0

...

s!2n�2
1 (v,A,F) + d!2n�1

0 (v,A,F) = 0

s!2n�1
0 (v,A,F) = 0

<latexit sha1_base64="RZ+Ik27ilHStYYEMGeCGC1SyJTM="></latexit>
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The Stora-Zumino descent equations give nontrivial solutions to the Wess-
Zumino equations. We start with the nonlocal effective action

Using the second descent equation, we have

s!0
2n�1(A,F) + d!1

2n�2(v,A,F) = 0
<latexit sha1_base64="O6Bg98bhz8YxF/r4V1iV45tT8ho=">AAAB+XicdY/NSsNAFIXv1L9a/6Iu3YjdVKxlJgquhKogLivYH2hqmEynNXQmCZlpoYSsfQ534tYn8DF8Arf6BjY2CjX0rA7nfvdyrhMIV2mM31FuYXFpeSW/Wlhb39jcMrZ3GsofhozXmS/8sOVQxYXr8bp2teCtIORUOoI3ncFVMm+OeKhc37vT44B3JO17bs9lVE8i22gry5e8T+8jHNuR6R2TuGRJqh8YFdFFXP7z1/HhUfeXJVPWjEuj8jz6HNtGEVfwj/azhqSmCKlqtvFodX02lNzTTFCl2gQHuhPRULtM8LhgDRUPKBvQPo+oVGosnUyYNMiErDsbJVCoemrOycKkOfnfM2saZoWcVMzb02L1Mv0hD3twACUgcAZVuIEa1IHBG3zAJ3yhCD2hZ/QyRXMo3dmFGaHXb4VllF0=</latexit>

�[A] =
1

n!

in

(2⇡)n�1

Z

D2n�1

!0
2n�1(A,F)

<latexit sha1_base64="TMdzesMHmytzpfZDK+SyamI/M4g=">AAACD3icdY9NS8MwHMaTqducb1WPXqa7bKCjrYInYb6gHie4F1i3kmbZDEva2mTCCDl79tN4E69+AvHDCHauiLP4nJ7nl/9bvJBRIU3zA2YWFpeyufxyYWV1bX3D2NxqimAcYdLAAQuitocEYdQnDUklI+0wIoh7jLS80fn0vfVAIkED/1ZOQtLlaOjTAcVIxsg17p0rxDnqOBzJO4yYOtXdE2U5QdxU9He1oj3l61ks205IK3E+sLR2qC9ddeEqexYDToaop0ydkPKvifs//lJXXKNkVs1vFdPGSkwJJKq7xqPTD/CYE19ihoToWGYouwpFkmJGdMEZCxIiPEJDohAXYsK9FJzuT0Hcn0fTokgMxD8jC/Hl1t8706ZpV63Dqn1zVKqdJX/Igx2wB8rAAsegBq5BHTQABu/gE2ZhDj7BZ/gCX2elGZj0bIM5wbcvVBWb6Q==</latexit>

s�[A] =
1

n!

in

(2⇡)n�1

Z

D2n�1

s!0
2n�1(A,F)

= � 1

n!

in

(2⇡)n�1

Z

D2n�1

d!1
2n�2(v,A,F)

= � 1

n!

in

(2⇡)n�1

Z

S2n�2

!1
2n�2(v,A,F)

<latexit sha1_base64="oDbJEILeVtXLIQ6CycN/qukjE0A="></latexit>
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s�[A] = � 1

n!

in

(2⇡)n�1

Z

S2n�2

!1
2n�2(v,A,F)

<latexit sha1_base64="xh57D+TWu1RcVrP3eG+yns1WFe4=">AAACFXicdY/NTsJAFIVnxB9E0KpLNyiJgURIW01cmaAm6hKj/CQUmukw4ISZtukMGDLp2kfwadwZt65d+C620kSx8azO+ebemzOOz6iQuv4BlzLLK6tr2fXcRr6wuaVt77SENwkwaWKPeUHHQYIw6pKmpJKRjh8QxB1G2s74Mn5vT0kgqOfey5lPehyNXDqkGMkI2dqjsK4R56hrcSQfMGLqPOwdnlWVYXnRXtHdDxXtKzecx7Jp+bQS5aoRhhZ1pa3u+sp0q2YUPU5GqK+M0J6T8vTo19UffxVWcrZW0mv6t4ppYySmBBI1bO3JGnh4wokrMUNCdA3dlz2FAkkxI2HOmgjiIzxGI6IQF2LGnRSMC6QgHiyieCgQQ/HPybi58bdn2rTMmnFcM29PSvWL5A9ZsAcOQBkY4BTUwQ1ogCbA4BNmYB4W4DN8ga/wbT66BJOdXbAg+P4FxPKcqQ==</latexit>

The anomaly is then given by
Z

S2n�2

G 1[v,A] = � 1

n!

in

(2⇡)n�1

Z

S2n�2

!1
2n�2(v,A,F)

<latexit sha1_base64="HW1qbxVebsYWc5cJHjLwkfXRFSU=">AAACLnicdY9LSwMxFIUTn7W+Rl3qolqUFmyZjIIroSqoy4r2AZ12yKRpDZ3JDJO0UELWbv0p/hrBhbj1F7i20w5IWzyrc7/cHM51Q48JaZofcGFxaXllNbWWXt/Y3No2dnarIuhHhFZI4AVR3cWCeozTimTSo/Uwoth3PVpzezfxe21AI8EC/iSHIW36uMtZhxEsR8gxXm3GpaMeW8riBUvrjO1j+SxIpO50SyHdGJyOCcGeutLNy4JCdjAKzPBDrVhLcT0Zc5YdsvxoLiCtZzLtwKddHKc5E5KbCv3ztzqfdoysWTTHyswblJgsSFR2jBe7HZC+T7kkHhaigcxQNhWOJCMe1Wm7L2iISQ93qcK+EEPfnYNxgTlI2tMoXopER/wTGTdHsz3nTdUqorOi9XCeLV0nN6TAPjgCOYDABSiBe1AGFUDADzyAx/AEvsF3+Am/JqsLMPmzB6YEv38BJ0ynRw==</latexit>

Using now the third descent equation

s!1
2n�2(v,A,F) + d!2

2n�3(v,A,F) = 0
<latexit sha1_base64="G5+/oUf/zTR1mAnzzHA2+alxo2Q=">AAAB+3icfY/NSsNAFIXv+FvrX9SlG7GbilqSVHAlVAVxWcH+gKlhMr2tQ2eSkJkWSsjaB3Enbn0Cn8JHcKsvYGsjUoOe1eHc717O9ULBlTbNVzIzOze/sJhbyi+vrK6tGxubdRX0I4Y1FogganpUoeA+1jTXApthhFR6Ahte73w8bwwwUjzwr/UwxJakXZ93OKN6FLlGSzmBxC69ja3EjW3/0E6KgwNHUn3HqIhPkx9/keztt79pe0KX/6NPTNcomCXzSztZY6WmAKmqrnHvtAPWl+hrJqhSN5YZ6lZMI82ZwCTv9BWGlPVoF2MqlRpKLxOOG2RC1p6OxlCkOuqPk/lRc+t3z6yp2yWrXLKvjgqVs/SHHGzDLhTBgmOowCVUoQYMXuAN3uGDJOSBPJKnCTpD0p0tmBJ5/gTX4pUX</latexit>

we see that it satisfies the Wess-Zumino consistency condition
Z

S2n�2

sG 1[v,A] = � 1

n!

in

(2⇡)n�1

Z

S2n�2

s!1
2n�2(v,A,F)

= � 1

n!

in

(2⇡)n�1

Z

S2n�2

d!2
2n�3(v,A,F) = 0

<latexit sha1_base64="JT1p7It/Gl8nObOw9Rscz4RFlQE="></latexit>

Being derived from a nonlocal functional, it is a nontrivial solution!

@S2n�2 = ;
<latexit sha1_base64="nJZk1+FvrNPefWSjQpt6RkzdNTw=">AAABuXicdY+7TgJBFIbP4A3xtmpJQ6SxkeyuJBbGhGhjiVEuiYtkdjjAyMzuZM9gsiEUVj6KrT6ObyPoNrjxr/585/af0ChJ1nW/WGFtfWNzq7hd2tnd2z9wDo/aFE8TgS0RqzjphpxQyQhbVlqFXZMg16HCTji5WdY7L5iQjKMHmxrsaT6K5FAKbheo75QDwxMruarcP8386MyfXwWojU0Jbd+pujX3R5W88TJThUzNvvMWDGIx1RhZoTjRo+ca25stDwiF81IwJTRcTPgIZ1wTpTrMQc3tOAfFYBUtmxIa0j8rS4vk3t+cedP2a955zb+rVxvX2Q9FKMMJnIIHF9CAW2hCCwS8wjt8wCe7ZJyN2fNva4FlM8ewIkbfcvB6rw==</latexit>
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Ambiguities in the anomaly are related to the structure of the descent 
equations. A generic solution to the consistency conditions has the 
structure

Z

S2n�2

s
⇣
!1
2n�2 + s↵0

2n�2 + d�1
2n�3

⌘
= 0

<latexit sha1_base64="KJ1vjAKQiqNmaaQ1tbWt/g4ISH4=">AAAB8HicdY/LTsJAFIbP4A3xQtWlGyMbjJG0xcSVCcGNS7xwSRxopsNQJsy0TWcwIU3XvoI749Yn8FXcuNXHEKTRYOO/+vOd/5z8xw0FV9o031BuaXlldS2/XtjY3NouGju7LRWMI8qaNBBB1HGJYoL7rKm5FqwTRoxIV7C2O7qYzdv3LFI88G/1JGRdSTyfDzgleooc4xpzXzvxTS+2/RM7SRSuc6+MA8k80outxJnzY4WJCIdTZP6gPnaZ/g1Vk9nq0bnpGCWzYn7rIGus1JQgVcMxHnA/oGPJfE0FUerOMkPdjUmkORUsKeCxYiGhI+KxmEilJtLNQEn0MANpfxHNQpEaqH9OFqbNrb89s6ZlV6xqxb46LdXq6Q952IdDKIMFZ1CDS2hAEyi8wjt8wCeK0CN6Qs/zaA6lO3uwIPTyBf+Kj+Y=</latexit>

From the third descent equation

s!1
2n�2(v,A,F) + d!2

2n�3(v,A,F) = 0
<latexit sha1_base64="G5+/oUf/zTR1mAnzzHA2+alxo2Q=">AAAB+3icfY/NSsNAFIXv+FvrX9SlG7GbilqSVHAlVAVxWcH+gKlhMr2tQ2eSkJkWSsjaB3Enbn0Cn8JHcKsvYGsjUoOe1eHc717O9ULBlTbNVzIzOze/sJhbyi+vrK6tGxubdRX0I4Y1FogganpUoeA+1jTXApthhFR6Ahte73w8bwwwUjzwr/UwxJakXZ93OKN6FLlGSzmBxC69ja3EjW3/0E6KgwNHUn3HqIhPkx9/keztt79pe0KX/6NPTNcomCXzSztZY6WmAKmqrnHvtAPWl+hrJqhSN5YZ6lZMI82ZwCTv9BWGlPVoF2MqlRpKLxOOG2RC1p6OxlCkOuqPk/lRc+t3z6yp2yWrXLKvjgqVs/SHHGzDLhTBgmOowCVUoQYMXuAN3uGDJOSBPJKnCTpD0p0tmBJ5/gTX4pUX</latexit>

if follows that            is defined up to a BRST-exact term

!1
2n�2 �! !1

2n�2 + s↵1
2n�3

<latexit sha1_base64="QYjmeZiKeqRbUnxaln0OIszjW4c=">AAAB43icdY9LS8NAFIVvfNb6irp0U+xGEEuSCm6LIrisYB9gaphMb9OhM5kwM1VKyNqFO3HrL/DXuFT/jK0GpAbP6vDdcy/nhgln2jjOu7WwuLS8slpaK69vbG5t2zu7bS3HimKLSi5VNyQaOYuxZZjh2E0UEhFy7ISj89m8c4dKMxlfm0mCPUGimA0YJWaKAvvClwIjcpu6WZB68bGX+VzGkWLR0BCl5H2lEDjSPuHJ8BfVs8CuOjXnW5WicXNThVzNwH7w+5KOBcaGcqL1jeskppcSZRjlmJX9scaE0BGJMCVC64kIC1AQMyxA2p9Hs5DSA/3PyfK0ufu3Z9G0vZpbr3lXJ9XGWf5DCfbhAA7BhVNowCU0oQUUXuENPuDTQuvRerKef6ILVr6zB3OyXr4AuAuMBQ==</latexit>

!1
2n�2

<latexit sha1_base64="SNj+a6ZjnIKRL2Dx0KXJWo0NlmA=">AAABr3icdY+9TsNAEIT3wl8wfw6UNAg3NFg+E4k2goYySDiORBJzvmzMKXe25buAIis1T0ELz8TbkICbYDHV6NvZ1WycS6GN532Rxsbm1vZOc9fa2z84PLJbxz2dzQqOAc9kVvRjplGKFAMjjMR+XiBTscQwnt6u5uELFlpk6YOZ5zhULEnFRHBmliiyW4NMYcJGJV1EpZ9e+ovIdjzX+9FZ3dDKOFCpG9lvg3HGZwpTwyXT+pF6uRmWrDCCS1xYg5nGnPEpS7BkSuu5imtQMfNcg3y8jlahQk/0PyetZXP6t2fd9HyXXrn+fdvp3FQ/NOEUzuECKFxDB+6gCwFweIV3+IBPQklIRuTpN9og1c4JrImIb/SVdmg=</latexit>

Using the second descent equation

s!0
2n�1(A,F) + d!1

2n�2(v,A,F) = 0
<latexit sha1_base64="O6Bg98bhz8YxF/r4V1iV45tT8ho=">AAAB+XicdY/NSsNAFIXv1L9a/6Iu3YjdVKxlJgquhKogLivYH2hqmEynNXQmCZlpoYSsfQ534tYn8DF8Arf6BjY2CjX0rA7nfvdyrhMIV2mM31FuYXFpeSW/Wlhb39jcMrZ3GsofhozXmS/8sOVQxYXr8bp2teCtIORUOoI3ncFVMm+OeKhc37vT44B3JO17bs9lVE8i22gry5e8T+8jHNuR6R2TuGRJqh8YFdFFXP7z1/HhUfeXJVPWjEuj8jz6HNtGEVfwj/azhqSmCKlqtvFodX02lNzTTFCl2gQHuhPRULtM8LhgDRUPKBvQPo+oVGosnUyYNMiErDsbJVCoemrOycKkOfnfM2saZoWcVMzb02L1Mv0hD3twACUgcAZVuIEa1IHBG3zAJ3yhCD2hZ/QyRXMo3dmFGaHXb4VllF0=</latexit>

we see that            corresponds to the ambiguity�1
2n�3

<latexit sha1_base64="MIbMWrr5WvIKFx/xtIG5q7da4W0=">AAABrnicdY+7TsNAEEVnwyuYl4GSBuGGBst2kGgjaCiDhJ1I2FjrzSRZZf3Q7jpSZLnmJ2jhn/gbEnATLG51debO6E5SCK6043yRztb2zu5ed984ODw6PjFPzwKVl5Khz3KRy1FCFQqeoa+5FjgqJNI0EThM5g/r+XCBUvE8e9bLAqOUTjM+4YzqFYpNM0xQ09fKrePKy256dWxaju386LJt3MZY0GgQm2/hOGdliplmgir14jqFjioqNWcCayMsFRaUzekUK5oqtUyTFkypnrUgG2+idUiqifrnpLFq7v7t2TaBZ7s923u6tfr3zQ9duIAruAYX7qAPjzAAHxgs4B0+4JM4JCARiX+jHdLsnMOGyOwbRNl18g==</latexit>

!1
2n�2 �! !1

2n�2 + d�1
2n�3

<latexit sha1_base64="XnpYMZP9X0jeHZn/BzdM38zR1o8=">AAAB4nicdY9LS8NAFIXv1Fetr6hLN8VuBLEkacFtURcuK9gHmBomk2k6dCYTZqZKCVkL7sStv8Bf47b+GlsNSA2e1eG7517ODRLOtLHtGSqtrK6tb5Q3K1vbO7t71v5BV8uJIrRDJJeqH2BNOYtpxzDDaT9RFIuA014wvlzMew9UaSbjWzNN6EDgKGZDRrCZI9+68qSgEb5PncxP3fjMzTwu40ixaGSwUvKxWgichl5AzS9pZL5Vs+v2t6pF4+SmBrnavvXkhZJMBI0N4VjrO8dOzCDFyjDCaVbxJpommIxxRFMstJ6KoAAFNqMCJOEyWoSUHup/TlbmzZ2/PYum69adRt29adZaF/kPZTiCYzgBB86hBdfQhg4QeIcPmMEnCtEzekGvP9ESyncOYUno7QvjsIuC</latexit>
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Using the descent equations we can see how BRST-exact shifts in 
the anomaly are associated with the addition of local counterterms to 
the effective action functional.

The first equation 

TrFn � d!0
2n�1(A,F) = 0

<latexit sha1_base64="w5IiD/gB0SilRdy3ZKB1KE61bJk=">AAAB5XicdY9LS8NAFIVv6qvWV9Slm2I3FdqSVMGVUBXUZYW+wLRhMp3GoTNJmJkKJczalTtx6y/w17gS9L/YaBBr8KwO3z33cq4XMSqVZb0ZuYXFpeWV/GphbX1jc8vc3unIcCIwaeOQhaLnIUkYDUhbUcVILxIEcY+Rrjc+T+bdOyIkDYOWmkakz5Ef0BHFSM2Qa17GjuDFlnAq2uFI3WLE4gs9iANdHTohJz4axJZ243pQtXX5J3KqK7/iByeWa5asmvWlYtbYqSlBqqZr3jvDEE84CRRmSMob24pUP0ZCUcyILjgTSSKEx8gnMeJSTrmXgUmDDMTDeZSEhBzJf04WZs3tvz2zplOv2Ye1+vVRqXGW/pCHPdiHMthwDA24gia0AcMLvMI7fBi+8WA8Gk/f0ZyR7uzCnIznT/e7jLk=</latexit>

remains unchanged under the addition of a local counterterm

!0
2n�1 �! !0

2n�1 + d�0
2n�2

<latexit sha1_base64="b7pKUvCndm7Mod3ueZ4g0zqNvBU=">AAAB43icdY9LS8NAFIVv6qvWV9Slm2I3gliSKLgtiuCygn2AqWEyvU2HzmTCzFQpIWsX7sStv8Bf41L9M7YakBo8q8N3z72cGyacaeM471ZpYXFpeaW8Wllb39jcsrd32lqOFcUWlVyqbkg0chZjyzDDsZsoJCLk2AlH57N55w6VZjK+NpMEe4JEMRswSswUBfaFLwVG5DZ1siD14iM387mMI8WioSFKyftqIXDY9yMixC/yssCuOXXnW9WicXNTg1zNwH7w+5KOBcaGcqL1jeskppcSZRjlmFX8scaE0BGJMCVC64kIC1AQMyxA2p9Hs5DSA/3Pycq0ufu3Z9G0vbp7XPeuTmqNs/yHMuzBPhyAC6fQgEtoQgsovMIbfMCnhdaj9WQ9/0RLVr6zC3OyXr4AmOCL7Q==</latexit>

s!0
2n�1(A,F) + d!1

2n�2(v,A,F) = 0
<latexit sha1_base64="O6Bg98bhz8YxF/r4V1iV45tT8ho=">AAAB+XicdY/NSsNAFIXv1L9a/6Iu3YjdVKxlJgquhKogLivYH2hqmEynNXQmCZlpoYSsfQ534tYn8DF8Arf6BjY2CjX0rA7nfvdyrhMIV2mM31FuYXFpeSW/Wlhb39jcMrZ3GsofhozXmS/8sOVQxYXr8bp2teCtIORUOoI3ncFVMm+OeKhc37vT44B3JO17bs9lVE8i22gry5e8T+8jHNuR6R2TuGRJqh8YFdFFXP7z1/HhUfeXJVPWjEuj8jz6HNtGEVfwj/azhqSmCKlqtvFodX02lNzTTFCl2gQHuhPRULtM8LhgDRUPKBvQPo+oVGosnUyYNMiErDsbJVCoemrOycKkOfnfM2saZoWcVMzb02L1Mv0hD3twACUgcAZVuIEa1IHBG3zAJ3yhCD2hZ/QyRXMo3dmFGaHXb4VllF0=</latexit>

Looking however at the second equation

we see that this change can be cancelled by a BRST-exact shift in the 
anomaly

!1
2n�2 �! !1

2n�2 + s�0
2n�2

<latexit sha1_base64="KCB3UxSABGr54XcIvJIWqcQ6m4E=">AAAB43icdY9LS8NAFIVv6qvWV9Slm2I3gliSKLgtiuCygn2AqWEyvU2HzmTCzFQpIWsX7sStv8Bf41L9M7YaFzV4Vofvnns5N0w408Zx3q3SwuLS8kp5tbK2vrG5ZW/vtLUcK4otKrlU3ZBo5CzGlmGGYzdRSETIsROOzmfzzh0qzWR8bSYJ9gSJYjZglJgpCuwLXwqMyG3qZkHqxUde5nMZR4pFQ0OUkvfVQuBQ+xERYoqcXxTYNafufKtaNG5uapCrGdgPfl/SscDYUE60vnGdxPRSogyjHLOKP9aYEDoiEaZEaD0RYQEKYoYFSPvzaBZSeqD/OVmZNnf/9iyatld3j+ve1UmtcZb/UIY92IcDcOEUGnAJTWgBhVd4gw/4tNB6tJ6s559oycp3dmFO1ssXsbqMAA==</latexit>

(ds+ sd = 0)
<latexit sha1_base64="asGJfw/cJEBzddcd9/LSWqMBFTw=">AAABpXicdY/NSsNAFIXv1L8a/6Iu3YhZWBHKpAquhKIbN0KFJq3YEiaTaR06k4S5E6EU1z6AW30w38ZWs6nBszp899zLuXGuJFpKv0htZXVtfaO+6Wxt7+zuufsHIWaF4SLgmcpMP2YolExFYKVVop8bwXSsRC+e3C7mvRdhUGZp105zMdRsnMqR5MzO0WMjwXNMrulZ5Hq0SX90XDV+aTwo1Ynct0GS8UKL1HLFEJ98mtvhjBkruRKvzqBAkTM+YWMxYxpxquMK1Mw+VyBPltEiZHCE/5x05s39vz2rJmw1/Ytm6+HSa9+UP9ThCE6gAT5cQRvuoAMBcNDwDh/wSU7JPemS8DdaI+XOISyJRN+6aXI8</latexit>
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Computing the anomaly
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We would like to find a simple way to compute anomalies (Chern-Simons 
forms and their descendants) in any dimension.

Let us introduce a family of connections     depending on a number of 
parameters taking values on a domain T

At
<latexit sha1_base64="5ruOXbLhPqNTU1QNsUMsZUR5qpU=">AAABunicdU89T8MwED2XrxK+AowwILIwRUmpxMJQYGEsEmkrkSqyHbdYteModpCqKAsLf4UV/g3/hgSylIi33NO7d3fvSCq4Np73hTpr6xubW91ta2d3b//APjwaaZVnlAVUCZVNCNZM8IQFhhvBJmnGsCSCjcniru6PX1imuUoezTJlU4nnCZ9xik0lRfZpKLF5plgUN2VUhESJWC9lVQpTlpHteK73g7M28RviQINhZL+FsaK5ZImhAmv95HupmRY4M5wKVlphrlmK6QLPWYGlri+1xDpPS6TxqlSbMj3T/6y0quT+35xtMuq5/qXbe+g7g9vmhy6cwDlcgA9XMIB7GEIAFF7hHT7gE10jgjha/Fo7qJk5hhUg8w2thXxZ</latexit>

Define an even substitution operator     replacing exterior differentials 
by differentials on the domain T

`t
<latexit sha1_base64="5sA0rrILwBRR2TenCXj9wMmEZSI=">AAABs3icdU+7TsNAENwLr2BeBkRFg3BDZdkBRBtBQxkk8pDiyLo7b8Ipd7blOyNFlmu+gxa+iL/BBjfBYpodzc7uzrJUCm0874t0Nja3tne6u9be/sHhkX18MtJJnnEc8kQm2YRRjVLEODTCSJykGVLFJI7Z8qHuj18x0yKJn80qxZmii1jMBaemkkL7LGCJjPRKVaUIUMoyLEwZ2o7nej+4aBO/IQ40GIT2WxAlPFcYGy6p1lPfS82soJkRXGJpBbnGlPIlXWBBla7vtURFzUtL5NG6VJsyPdf/rLSq5P7fnG0y6rn+tdt7unH6980PXTiHS7gCH+6gD48wgCFwKOAdPuCT3JIpYST6tXZIM3MKayDqG/B4eT0=</latexit>

`t ⌘ dt
@

@(d)
<latexit sha1_base64="H9b8wgKNKfoi/gLXXZh6dyKkEUI=">AAABzXicdU+7TsNAENwLrxBeBkqaiDShCXaCRBtBQ0eQyEPCkXU+b8IpZ/vwnSNFxrT5Ar6GFj6Cv8EGUwSLqWZnZ0ezrhRcadP8JJW19Y3Nrep2bWd3b//AODwaqDCOGPZZKMJo5FKFggfY11wLHMkIqe8KHLqz63w/nGOkeBjc64XEsU+nAZ9wRnUmOca5jUI4iU5tfIr5vO7lPLEljTSnwg6z29+h3vTOUsdomC3zG/UysQrSgAI9x1jaXshiHwPNBFXqwTKlHid5JBOY1uxYoaRsRqeYUF+phe+WRJ/qx5LIvFUpN0Vqov6JrGXNrb89y2TQblmdVvvuotG9Kn6owgmcQhMsuIQu3EAP+sDgFd7gHT7ILYnJM3n5sVZIcXMMKyDLLwRQhAI=</latexit>

with dt =
p+1X

r=0

dtr
@

@tr
<latexit sha1_base64="sY2rESSpawwCCIiYMguxRzHBA70=">AAAB13icdU/LSsNAFL1TX7W+oi7dFLsRhJLUgrgoFN24rGAfYmqYTKZ16EwyzEyEEoI7desX+DVude3fmNa4qMGzOvecew/n+pIzbWz7C5WWlldW18rrlY3Nre0da3evp6NYEdolEY/UwMeachbSrmGG04FUFAuf074/uZj5/QeqNIvCazOVdCjwOGQjRrDJJM86C7zEpC1Xx8JLVMtO7xJ57KSByaY0cSVWhmHuRlnG71Cde6ln1ey6PUe1SJyc1CBHx7Oe3SAisaChIRxrfevY0gyTWSjhNK24saYSkwke0wQLrafCL4gCm/uCSIJFabak9Ej/E1nJmjt/exZJr1F3TuqNq2atfZ7/UIYDOIQjcOAU2nAJHegCgTd4hw/4RDfoET2hl5/VEspv9mEB6PUbmiyIyw==</latexit>

Example:                                     with                         

At ⌘ At1,t2,...
<latexit sha1_base64="91IVVJ5Y0WZOsLymaqey9hF+TKc=">AAAB4XicdU+7TsNAENwLrxBeBkqaCDcUUWQHJNpAGsogkYeEI+t8voRTzj7Hd44UWVcjOkTLF/A1tORvsMGNsZhidzQ7u5r1Is6ksqw1qm1sbm3v1Hcbe/sHh0fG8clQiiQmdEAEF/HYw5JyFtKBYorTcRRTHHicjrx5L5+PljSWTIQPahXRSYBnIZsyglUmuUbPCbB6IpinN9pNHU9wX66CrKVKa4cuErZslizKTW3dympHtxzuCyW1a5hW2/pBs0rsgphQoO8az44vSBLQUBGOpXy0rUhNUhwrRjjVDSeRNMJkjmc0xYHMA1XEPFNFJH5Zyk2xnMp/Tjay5PbfnFUy7LTty3bn/srs3hY/1OEMzuECbLiGLtxBHwZA4AM+4QvWiKAX9Irefq01VOycQgno/Rvk6I0e</latexit>

(t1, t2, . . .) 2 T
<latexit sha1_base64="A7QdjWM4kJTzgPrCeY/G/+FQmdY=">AAABt3icdY/LSsNAFIbP1FuNt6grcVPMpkIJSRTEXdGNywpNWzAlTCaTdujk4sxEKCG49Enc6vP4NqaaTQ3+i8PPdy78J8g4k8qyvlBrY3Nre6e9q+3tHxwe6ccnI5nmglCXpDwVkwBLyllCXcUUp5NMUBwHnI6Dxf2qP36hQrI0GaplRqcxniUsYgSrCvn6WVf5hV32quqUPY+HqZKXHks6Q183LNP6Uadp7NoYUGvg629emJI8pokiHEv5ZFuZmhZYKEY4LTUvlzTDZIFntMCxlMs4aMAYq3kDknAdrYaEjOQ/J7Uquf03Z9OMHNO+Mp3Ha6N/V//QhnO4gC7YcAN9eIABuEDgFd7hAz7RLfJRhOa/oy1U75zCmtDzN2rpeUE=</latexit>

At = tA1 + (1� t)A2
<latexit sha1_base64="utlEPCbLwU9HliJB50l7FlCPLgs=">AAAB03icdY/NSsNAFIXv1L8a/6Iu3YjZVMSSiYoroerGZQXTFkwJk+m0Dp1JQmYilJCNCK58Ap/GrT6Bb2Oj2cTgWR2+e+7l3CAWXGnb/kKNhcWl5ZXmqrG2vrG5ZW7v9FSUJpS5NBJRMgiIYoKHzNVcCzaIE0ZkIFg/mF4X8/4jSxSPwjs9i9lQkknIx5wSPUe+eeZJoh8oEdll7mc6v9AVgPOjFj7WhxXo5L5p2W37R/t1g0tjQamub754o4imkoWaCqLUPbZjPcxIojkVLDe8VLGY0CmZsIxIpWYyqMGiQg3SURUVoUSN1T8njXlz/Ldn3fScNj5pO7enVueq/KEJe3AALcBwDh24gS64QOEN3uEDPpGLMvSEnn+jDVTu7EJF6PUbCrGFtg==</latexit>

0  t  1
<latexit sha1_base64="k10k2LTIGQZ8iWKKqBtfzbhddJM=">AAABqXicdY/LTsJAFIbP4A3rrerSDbEbE5NmiiRuiW5cQmKh0TZkOhxwwkxbZgYTQlz7CG71sXwbAbvBxn9x8uc7l/wnLaQwltJvUtva3tndq+87B4dHxyfu6VnP5DPNMeS5zHWUMoNSZBhaYSVGhUamUon9dHK/6vdfURuRZ492XmCi2DgTI8GZXaKExhKnDbuuwcD1qE/XalRNUBoPSnUG7ns8zPlMYWa5ZMY8B7SwyYJpK7jENyeeGSwYn7AxLpgyZq7SClTMvlQgH26i1ZA2I/PPSWeZPPibs2p6TT+48Zvdlte+K3+owwVcwhUEcAtteIAOhMBhCh/wCV/kmnRJRJ5+R2uk3DmHDRH+A3lPdB4=</latexit>

`tAt = 0
<latexit sha1_base64="t++flFFgSAj2a6z73Q7pkISSu/w=">AAABt3icdY/LSsNAFIbP1FuNt6grcSNm4yokVRAXQtWNywqmLZgSJtOTdujk4sxEKCG49Enc6vP4NjaaTQ3+q/9858J/wkxwpR3ni7RWVtfWN9qbxtb2zu6euX/QV2kuGXosFakchlSh4Al6mmuBw0wijUOBg3B2V/UHLygVT5NHPc9wFNNJwiPOqF6gwDzyUYig0KUfUz1lVBQ3ZVVeO4FpObbzo5OmcWtjQa1eYL7545TlMSaaCarUk+tkelRQqTkTWBp+rjCjbEYnWNBYqXkcNmAVogHZeBlVQ1JF6p+TxiK5+zdn0/Q7tntudx4urO5t/UMbjuEUzsCFS+jCPfTAAwav8A4f8EmuSEAiMv0dbZF65xCWRJ6/AQP7eoE=</latexit>

`tFt = dtAt = dt
�
A1 �A2

�
<latexit sha1_base64="ZEzqL0bhpbq8GeBtU7X3wYaErEI=">AAAB93icdY/LSsNAFIbP1FuNt6hLN2I3dWFJWsFVoSqIywr2IqaEyeS0Dp1cyEyFELL2MdyJW5/A5/AB3Oor2NRsYvBf/ec7/xn+cULBpTKMD1JZWl5ZXauuaxubW9s7+u5eXwaziGGPBSKIhg6VKLiPPcWVwGEYIfUcgQNnepntB48YSR74tyoOceTRic/HnFE1R7Z+Z6EQdqJSy6PqgVGRXKXZ2HYL8HwBtbarLIdP6gVupieFuZlmmWNbrxkNY6HDsjFzU4NcXVt/styAzTz0FRNUynvTCNUooZHiTGCqWTOJIWVTOsGEelLGnlOCWY8SZG4RZaFIjuU/T2rz5ubfnmXTbzbMVqN5c1rrXOR/qMIBHEEdTDiDDlxDF3rA4B0+4Qu+SUyeyQt5/Y1WSH6zDwWRtx9qDZXn</latexit>
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Let us consider now a polynomial of degree     in     

Q ⌘ Q(At,Ft, dtAt, dtFt)
<latexit sha1_base64="rIdr4z/bDlcG48XzcTbALCM3uXc=">AAACPHicfU/LSsNAFJ2pVWt8NOrSTTGbKhKStuC2KojLFuwDTAmTybQOnTycmRRKyNq/8FP8D/fuxK1rkxrEmurZ3MM5594544SMCmkYL7C0Vl7f2KxsKds7u3tVdf+gL4KIY9LDAQv40EGCMOqTnqSSkWHICfIcRgbO9CrzBzPCBQ38WzkPychDE5+OKUYylWz1yfKQvBeYx93EIg8RndV+KPUFx4jFF4kdW07AXDH30hHLJDlTvt3rFa5rp+P//eXIiiMntqoZurFArUjMnGggR8dWHy03wJFHfIkZEuLONEI5ihGXFDOSKFYkSIjwFE1IjDyRPVUQs0IFEbvLUhbiYiz+OKmkzc3fPYuk39DNpt7otrT2Zf6HCjgCx6AOTHAO2uAGdEAPYFiGp7AJW/AZvsI3+P4VLcF85xAsAX58AidWseU=</latexit>

It satisfies the generalized transgression formula

Bruno Zumino
(1923-2014)

Raymond Stora
(1930-2015)

Juan L. Mañes
(b. 1955)

Z

@T

`pt
p!

Q =

Z

T

`p+1
t

(p+ 1)!
dQ + (�1)p+qd

Z

T

`p+1
t

(p+ 1)!
Q

<latexit sha1_base64="S6EK5UKgpOa0dmVk9v1v+hk2GYw=">AAACPHicjY9PT8IwGMZbREX8N/XoBeQCEskGJJ5MiF48QsK/xOLSlYIN3VbXYkKanf0WfhS/h3dvxqtnN9kBXEx8Tk+ePr++7+sIzqQyzTeY2chubm3ndvK7e/sHh8bRcV/684DQHvG5HwwdLClnHu0ppjgdioBi1+F04Mxu4vfBEw0k872uWgg6cvHUYxNGsIoi23hBzFO2RgIHimFe6IYaUc5trcJ7LULkR3BBFEPkYvUgSaA74dUSWW9WraRbjmylGI5XgGr5wqrEncco/ge7gtpGyayZPyqkjZWYEkjUto1nNPbJ3KWeIhxLeWeZQo10fB3hNMyjuaQCkxmeUo1dKReukwrj8amQjNejuBTIifzjy3y0ufV7z7Tp12tWo1bvNEut6+SGHDgFZ6AMLHAJWuAWtEEPEJiF57ABm/AVvsMP+LmsZmDCnIA1wa9vhuWt5A==</latexit>

q
<latexit sha1_base64="i+nc5fq9WMwLt3Zusgq5jxr7RaM=">AAABnXicdY/NS8NAEMVn61eNX1GPHhRz8RSSKngtiuBBpAXTFGwpm+20Lt1N4s5GKMWzB6/6x/nf2GouNfhOj9+8Gd4kuZJkg+CL1VZW19Y36pvO1vbO7p67f9ChrDACI5GpzHQTTqhkipGVVmE3N8h1ojBOJteLefyChmSWPthpjn3Nx6kcScHtHLWfB64X+MGPTqomLI0HpVoD9603zEShMbVCcaLHMMhtf8aNlULhq9MrCHMuJnyMM66JpjqpQM3tUwWK4TJahAyN6J+Tzrx5+Ldn1XQafnjuN9oXXvOq/KEOR3AKZxDCJTThFloQgQCEd/iAT3bMbtgdu/+N1li5cwhLYvE36ZBvxg==</latexit>

dt
<latexit sha1_base64="EmK8Tkxn7qBdRP92vGv3iaIVy9U=">AAABoXicdY+9T8MwEMXP5auErwAjCyILU+QUJNYKFtgCIm2ltooc51qs2klkO0hV1JmRFf40/htayFIi3vT0u3end0khhbGUfpHWxubW9k5719nbPzg8co9PeiYvNceI5zLXg4QZlCLDyAorcVBoZCqR2E9md6t5/xW1EXn2bOcFjhWbZmIiOLNLFKVxZRex61Gf/ui8aYLaeFArjN23UZrzUmFmuWTGDANa2HHFtBVc4sIZlQYLxmdsihVTxsxV0oCK2ZcG5Ok6WoW0mZh/TjrL5sHfnk3T6/jBld95vPa6t/UPbTiDC7iEAG6gC/cQQgQcBLzDB3wSjzyQkDz9Rluk3jmFNZHhN6GScaw=</latexit>

For the time being, let us apply it to the previous example

and take       the anomaly polynomial (          )Q
<latexit sha1_base64="1kM0ZfrZ18B65TVKYWRae//p0d0=">AAABp3icdY+7TsMwFIaPy62EW4CRBZEFligplVgrWNhoJZJGaqrKcU+LVTuJbAepijrzBKzwXLwNDWQpEf/06zu3/yS54Np43hdpbW3v7O61962Dw6PjE/v0LNRZoRgGLBOZihKqUfAUA8ONwChXSGUicJgsHqr68BWV5ln6bJY5jiWdp3zGGTVrNIolNS+aqXKwmtiO53o/umwavzYO1OpP7Ld4mrFCYmqYoFqPfC8345Iqw5nAlRUXGnPKFnSOJZVaL2XSgNX5BmTTTVQ1KT3T/6y01sn9vzmbJuy4/q3bGXSd3n39Qxsu4AquwYc76MEj9CEABhm8wwd8khvyREIS/ba2SD1zDhsi9BuBPHRQ</latexit>

q = 0
<latexit sha1_base64="CWIoMvDs2VsbjDbykmU1nhjoubw=">AAABn3icdY+9T8MwEMXP5auErwAjC5CFKXJKJSakCgaYUBCkLaJV5bjXYNVOgu0gVRUzEyv8bfw3tJClRLzp6XfvTu/iXApjKf0itaXlldW1+rqzsbm1vePu7rVNVmiOEc9kprsxMyhFipEVVmI318hULLETjy/n884LaiOy9N5OcuwrlqRiJDizM3T3fE4Hrkd9+qPDqglK40GpcOC+9YYZLxSmlktmzGNAc9ufMm0Fl/jq9AqDOeNjluCUKWMmKq5AxexTBfLhIpqHtBmZf046s+bB355V0274wanfuG16rYvyhzocwDGcQABn0IJrCCECDgm8wwd8kiNyRW5I+ButkXJnHxZEHr4BuTdwRw==</latexit>

At = tA1 + (1� t)A2
<latexit sha1_base64="utlEPCbLwU9HliJB50l7FlCPLgs=">AAAB03icdY/NSsNAFIXv1L8a/6Iu3YjZVMSSiYoroerGZQXTFkwJk+m0Dp1JQmYilJCNCK58Ap/GrT6Bb2Oj2cTgWR2+e+7l3CAWXGnb/kKNhcWl5ZXmqrG2vrG5ZW7v9FSUJpS5NBJRMgiIYoKHzNVcCzaIE0ZkIFg/mF4X8/4jSxSPwjs9i9lQkknIx5wSPUe+eeZJoh8oEdll7mc6v9AVgPOjFj7WhxXo5L5p2W37R/t1g0tjQamub754o4imkoWaCqLUPbZjPcxIojkVLDe8VLGY0CmZsIxIpWYyqMGiQg3SURUVoUSN1T8njXlz/Ldn3fScNj5pO7enVueq/KEJe3AALcBwDh24gS64QOEN3uEDPpGLMvSEnn+jDVTu7EJF6PUbCrGFtg==</latexit>

p = 0
<latexit sha1_base64="XfyLNqK2qK7G3hQRhojHsxIHiEc=">AAABn3icdY+9T8MwEMXP5auErwAjC5CFKXIKEhNSBQNMKAjSFtGqctxrsWonlu0gVRUzEyv8bfw3tJClRLzp6XfvTu9SLYV1lH6R2tLyyupafd3b2Nza3vF391o2LwzHhOcyN52UWZQiw8QJJ7GjDTKVSmyn46v5vP2Cxoo8e3ATjT3FRpkYCs7cDN3rC9r3AxrSHx1WTVSaAErFff+tO8h5oTBzXDJrnyKqXW/KjBNc4qvXLSxqxsdshFOmrJ2otAIVc88VyAeLaB4ydmj/OenNmkd/e1ZNqxFGp2Hj7ixoXpY/1OEAjuEEIjiHJtxADAlwGME7fMAnOSLX5JbEv9EaKXf2YUHk8Ru3/HBG</latexit>

with

Q = TrFn
t

<latexit sha1_base64="AbScNtfl8HqZKJidy/aDEAo0zpU=">AAABx3icdY/NSsNAFIXv1L9a/6Iu3RSzUZCStIIroSiI7lpo2oKpYTKd1qEzSZiZFsuQhSuXPo1bfQ7fxqZmU4NndfjuuZdzw4QzpR3nG5XW1jc2t8rblZ3dvf0D6/Coq+KpJNQjMY9lP8SKchZRTzPNaT+RFIuQ0144uc3mvRmVisVRR88TOhB4HLERI1gvUGCd+wLrZ0WkaafXxpei2pH+RbqkBHNzlwZGp08mSgPLdmrOUtWicXNjQ65WYL35w5hMBY004VipR9dJ9MBgqRnhNK34U0UTTCZ4TA0WSs1FWIBZjQIkw1WUhaQaqX9OVhbN3b89i6Zbr7mNWr19aTdv8h/KcAKncAYuXEET7qEFHhB4hw/4hC/0gGI0Qy+/0RLKd45hRej1B/ZfgY4=</latexit>

dTrFn
t = 0

<latexit sha1_base64="APfRqEeAVaPIEelcrmDRmA2SgRU=">AAABvnicdY9LSwMxFIVv6qvW16hLN8VuXEjJ1IIrYVAQlxX6AqcOmTStoclkSFKxhNnqn3Gr/8V/Y0dnUwfP6vDdcy/nxqngxmL8hSpr6xubW9Xt2s7u3v6Bd3jUN2quKetRJZQexsQwwRPWs9wKNkw1IzIWbBDPbvL54Jlpw1XStYuUjSSZJnzCKbFLFHn1sQu1rHd1eJ6FktgnSoS7zSJns0eXZFc48hq4iX9ULxu/MA0o1Im8t3Cs6FyyxFJBjHnwcWpHjmjLqWBZLZwblhI6I1PmiDRmIeMSzIuUIB2vojykzcT8c7K2bO7/7Vk2/VbTv2i27tuN4Lr4oQoncApn4MMlBHAHHegBhVd4hw/4RAGaIInUb7SCip1jWBF6+QY9+X0x</latexit>

TrFn
1 � TrFn

2 = d

Z

T
`tTrFn

t
<latexit sha1_base64="3oNJObVxV0ah7LCbbvKg138baaE=">AAACCHicdY/LSgMxGIX/1Futt1GXborduNAyUwVXQlEQlxU6bcHUIZOmNTZzIUmFErIWfBp34tYncOuLuNW2zqYOPavDd07C+cNUcKVd9wsVlpZXVteK66WNza3tHWd3r6WSkaTMp4lIZCckigkeM19zLVgnlYxEoWDtcHg1zdtPTCqexE09Tlk3IoOY9zkleoIC59FgGZWbEh9bHBH9QIkw1zYwnr03sT1ZkNZm6UUP81gHpmkxEyIw2i6o61k9cCpu1Z2pnDdeZiqQqRE4z7iX0FHEYk0FUerOc1PdNURqTgWzJTxSLCV0SAbMkEipcRTm4HRGDtLePJqWpOqrBV+WJsu9/zvzplWreqfV2u1ZpX6Z3VCEAziEI/DgHOpwAw3wgcInfMMPAvSCXtEbev+rFlD2Zh/mhD5+AZP8nIw=</latexit>
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Remembering that      is an even operator and that`t
<latexit sha1_base64="Ko80bY1zmUhzpRLwwvNhVfXvqg4=">AAABpHicdY87T8NAEIT3wiPBvAyUNAhLiMqyQyTaiDQUFEHgxBIO1vmyCafc2dbdGSmyUtPTwh/j35CAm2Ax1ejb2dVskguujed9kcbG5tZ2s7Vj7e7tHxzaR8cDnRWKYcAykakwoRoFTzEw3AgMc4VUJgKHyay3mg9fUWmepY9mnuNI0mnKJ5xRs0RhhELEpVnEtuO53o/O6savjAOV+rH9Fo0zVkhMDRNU6yffy82opMpwJnBhRYXGnLIZnWJJpdZzmdSgpOalBtl4Ha1CSk/0PyetZXP/b8+6GbRd/8pt33ec7k31QwtO4RwuwYdr6MIt9CEABgLe4QM+yQW5Iw8k+I02SLVzAmsiz9+QhHL/</latexit>

we can compute the integrand to be

and taking               and  A2 = 0
<latexit sha1_base64="6tFHQlheNPdjZn1kjuC9XB1QEuU=">AAABr3icdY87T8MwFIWvy6uEVwojCyILU2QHpE5IBRbGItGmEinBcd1i1XnIdkBVlJlfwQq/iX9DA1lKxJmOvnvu1blRJoU2GH+h1tr6xuZWe9va2d3bP7A7h0Od5orxAUtlqkYR1VyKhA+MMJKPMsVpHEnuR/Obau6/cKVFmtybRcbHMZ0lYioYNUsU2p0gpuaZUVlclWHhlZc4tB3s4h+dNA2pjQO1+qH9FkxSlsc8MUxSrR8Izsy4oMoIJnlpBbnmGWVzOuMFjbVexFEDViUakE1WURVSeqr/OWktm5O/PZtm6Lnk3PXuLpzedf1DG47hFM6AQBd6cAt9GACDV3iHD/hEBPnoET39Rluo3jmCFSHxDSEUdos=</latexit>

A1 = A
<latexit sha1_base64="UV5IoWfqNVysvpFak/yYMT8b3SM=">AAABuXicdU89T8MwED2XrxK+AoxdEFmYorggdUBIBRbGIpG2Eqkix3VbUzuJbAepijIw8VNY4efwb2ggAyXiTe/evbt7F6WCa+N5n6ixtr6xudXctnZ29/YP7MOjvk4yRZlPE5GoYUQ0EzxmvuFGsGGqGJGRYINoflv2B89MaZ7ED2aRspEk05hPOCVmKYV2K5DEzCgR+XUR5ri4+l3bjud63zipE1wRByr0Qvs1GCc0kyw2VBCtH7GXmlFOlOFUsMIKMs1SQudkynIitV7IqCaW52siHa9KpUnpif5npbVMjv/mrJN+28Xnbvv+wuneVD80oQWncAYYOtCFO+iBDxRe4A3e4QNdIoJm6OnH2kDVzDGsAOkvFhl7LQ==</latexit>

TrFn = nd

Z 1

0
dtTr

⇣
ȦtFn�1

t

⌘

<latexit sha1_base64="tw4wutp9sQFEV/qQ+MVhdNIuX5w=">AAACCHicdU/LSgMxFL3xWetr1KWbYjcVapmpgiuhVhCXFfoCpw6ZTFpjMw+SVChh1oJf407c+gVu/RG3OlMHaS2e1bkn55574kacSWWaH2hhcWl5ZTW3ll/f2NzaNnZ22zIcCUJbJOSh6LpYUs4C2lJMcdqNBMW+y2nHHV6k750HKiQLg6YaR7Tn40HA+oxglUiOca9t4Reawi7Hto/VHcFcX8a3OojPAs9mgXK0mYxW7Cm7POWts0HJ9kKlf7fO49jRajolHZOkI2tiP3SMolkxJyjMEysjRcjQcIzH5AIZ+TRQhGMpbywzUj2NhWKE0zhvjySNMBniAdXYl3Lsu3Ni2mZOJN6slJqE7Mt/IvNJc+tvz3nSrlas40r1+qRYq2d/yME+HEAJLDiFGlxBA1pA4B0+4QsBekLP6AW9/lgXULazBzNAb99qLJui</latexit>

with At = tA
<latexit sha1_base64="iaCCaaBpEQS3DwZLw3eNlsHd4X4=">AAABunicdY+7TsMwFIaPy62EW4ARBkQWpigplVhAKrAwFom0lUgV2a5brNhJZDtIVZSFhVdhhbfhbWggAyXin3595/Yfkgmujed9otbK6tr6RnvT2tre2d2z9w8GOs0VZQFNRapGBGsmeMICw41go0wxLIlgQxLfVvXhM1Oap8mDmWdsLPEs4VNOsVmgyD4OJTZPFIviuowKU16Z38B2PNf71knT+LVxoFY/sl/DSUpzyRJDBdb60fcyMy6wMpwKVlphrlmGaYxnrMBS67kkDVidb0A6WUZVk9JT/c9Ka5Hc/5uzaQYd1z93O/ddp3dT/9CGIziFM/DhAnpwB30IgMILvME7fKBLRBBH8U9rC9Uzh7AkZL4AKa177g==</latexit>

`tFt = dtAt = dt
�
A1 �A2

�
<latexit sha1_base64="ZEzqL0bhpbq8GeBtU7X3wYaErEI=">AAAB93icdY/LSsNAFIbP1FuNt6hLN2I3dWFJWsFVoSqIywr2IqaEyeS0Dp1cyEyFELL2MdyJW5/A5/AB3Oor2NRsYvBf/ec7/xn+cULBpTKMD1JZWl5ZXauuaxubW9s7+u5eXwaziGGPBSKIhg6VKLiPPcWVwGEYIfUcgQNnepntB48YSR74tyoOceTRic/HnFE1R7Z+Z6EQdqJSy6PqgVGRXKXZ2HYL8HwBtbarLIdP6gVupieFuZlmmWNbrxkNY6HDsjFzU4NcXVt/styAzTz0FRNUynvTCNUooZHiTGCqWTOJIWVTOsGEelLGnlOCWY8SZG4RZaFIjuU/T2rz5ubfnmXTbzbMVqN5c1rrXOR/qMIBHEEdTDiDDlxDF3rA4B0+4Qu+SUyeyQt5/Y1WSH6zDwWRtx9qDZXn</latexit>

TrFn
1 � TrFn

2 = d

Z

T
`tTrFn

t
<latexit sha1_base64="3oNJObVxV0ah7LCbbvKg138baaE=">AAACCHicdY/LSgMxGIX/1Futt1GXborduNAyUwVXQlEQlxU6bcHUIZOmNTZzIUmFErIWfBp34tYncOuLuNW2zqYOPavDd07C+cNUcKVd9wsVlpZXVteK66WNza3tHWd3r6WSkaTMp4lIZCckigkeM19zLVgnlYxEoWDtcHg1zdtPTCqexE09Tlk3IoOY9zkleoIC59FgGZWbEh9bHBH9QIkw1zYwnr03sT1ZkNZm6UUP81gHpmkxEyIw2i6o61k9cCpu1Z2pnDdeZiqQqRE4z7iX0FHEYk0FUerOc1PdNURqTgWzJTxSLCV0SAbMkEipcRTm4HRGDtLePJqWpOqrBV+WJsu9/zvzplWreqfV2u1ZpX6Z3VCEAziEI/DgHOpwAw3wgcInfMMPAvSCXtEbev+rFlD2Zh/mhD5+AZP8nIw=</latexit>

`tTrFn
t = Tr

⇣
`tFtFn�1

t + Ft`tFtFn�2
t + . . .+ Fn�1

t `tFt

⌘

= Tr
⇣
dtAtFn�1

t + FtdtAtFn�2
t + . . .+ Fn�1

t dtAt

⌘

= nTr
⇣
dtAtFn�1

t

⌘

<latexit sha1_base64="6FXxW5QX4esECw0Bd/ik1Vw5QOQ=">AAADdXicnY9LS8NAFIWniY8aX60uRShWSkWNSRRcFWoFcVmhL2hqmEymNXQmCZmpUELW/kPBX+LWpI1gE4vFu7qce87hu6ZHbMYV5SMniGvrG5v5LWl7Z3dvv1A86DB34iPcRi5x/Z4JGSa2g9vc5gT3PB9DahLcNcf38b37in1mu06LTz08oHDk2EMbQR5JRjH3rmNCjICHge7TUsvXL0KdQv6CIAkewvjwHDhhpfbj3LBH1e9UypuNXqrhedq0claLssRyOUtXzIuXFUWAZyVd7yuyhuhAysBbC6G71clXDP6B/WtLhtn5L/SsyiiUFVmZTSm7qMlSBsk0jcKbbrloQrHDEYGM9VXF44MA+txGBIeSPmHYg2gMRziAlLEpNTNiTJMRkbUoxSafDdmSSikiV9Oc2aWjyeq1rD3dlOuN5Ic8OAInoApUcAvq4BE0QRsgoSYggQhU+BSPxVOxMrcKuSRzCBZGvPoCeu4mug==</latexit>
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TrFn = nd

Z 1

0
dtTr

⇣
ȦtFn�1

t

⌘

<latexit sha1_base64="tw4wutp9sQFEV/qQ+MVhdNIuX5w=">AAACCHicdU/LSgMxFL3xWetr1KWbYjcVapmpgiuhVhCXFfoCpw6ZTFpjMw+SVChh1oJf407c+gVu/RG3OlMHaS2e1bkn55574kacSWWaH2hhcWl5ZTW3ll/f2NzaNnZ22zIcCUJbJOSh6LpYUs4C2lJMcdqNBMW+y2nHHV6k750HKiQLg6YaR7Tn40HA+oxglUiOca9t4Reawi7Hto/VHcFcX8a3OojPAs9mgXK0mYxW7Cm7POWts0HJ9kKlf7fO49jRajolHZOkI2tiP3SMolkxJyjMEysjRcjQcIzH5AIZ+TRQhGMpbywzUj2NhWKE0zhvjySNMBniAdXYl3Lsu3Ni2mZOJN6slJqE7Mt/IvNJc+tvz3nSrlas40r1+qRYq2d/yME+HEAJLDiFGlxBA1pA4B0+4QsBekLP6AW9/lgXULazBzNAb99qLJui</latexit>

From here, we readily read the general homotopy formula for the Chern-
Simons form in any dimension

!0
2n�1(A,F) = n

Z 1

0
dtTr

⇣
ȦtFn�1

t

⌘

<latexit sha1_base64="WptYk2VS600zL70h7/DbTKC81sY=">AAACGHicdU/LTgIxFG1REfHBqEs3RDaQIJlBE1cmiIlxiQmvxMKkU8rY0HlkWkyw6dp/8GvcGbfu3PkpzujEgBPP6vT03HPPdULOhDTND5hbW9/Ibxa2its7u3slY/+gL4J5RGiPBDyIhg4WlDOf9iSTnA7DiGLP4XTgzK6S/8EDjQQL/K5chHTkYddnU0awjCXbeESBR108Vqa2VdM/sXQVeVjeE8zVpa7/8mtdu/AR86UdO8fK0hOJ6gpFXrkbobpGbeZW0SSQamk6TpR6KSF5jlWyI7HXbKNiNsxvlLPESkkFpOjYxlO8gcw96kvCsRB3lhnKkcKRZIRTXURzQUNMZtilCntCLDwnIyZtMiKZrEqJKRJT8U9kMW5u/e2ZJf1mwzptNG/PKq12ekMBHIFjUAUWOActcAM6oAcI+IR5WIIGfIYv8BW+/VhzMJ05BCuA71922Z+n</latexit>

where

At = tA

Ft = tdA+ t2A2 = tF + t(t� 1)A2
<latexit sha1_base64="7IG0ROgIKBiL+2PxYIvaEMQEj0c=">AAACHHicdY9NS8MwGMeT+TbrW3XevAwLMhFLWwVPwlQYHie4F1hnSdNshiVtaTJhlHr1W/hpvIlXwbsfxFWrdCs+p39++eXhHzdkVEjD+IClhcWl5ZXyqrK2vrG5pW7vtEUwjjBp4YAFUddFgjDqk5akkpFuGBHEXUY67ugqve88kEjQwL+Vk5D0ORr6dEAxklPkqI82R/IeIxZfJE4sk4NzmSNV2+4ZuoV5X/mjjV/Py4lH8i62khxIj7lVjalRk8fm4ZziqJqhG99TLQYzCxrIpumoT7YX4DEnvsQMCdEzjVD2YxRJihlJFHssSIjwCA1JjLgQE+4WYFqhALE3i1IpEgPxz0pl2tyc71kMbUs3T3Tr5lSrX2Z/KIM9sA9qwARnoA6uQRO0AAafUIEVuAuf4Qt8hW8/aglmbypgZuD7F/6aoMo=</latexit>

This generalizes the expression obtained in four dimensions (n=3)

!0
5(A,F) = 3

Z 1

0
dtTr

⇣
ȦtF2

t

⌘

<latexit sha1_base64="quOs8fhOfww1C9099zk3qZn7JEs=">AAACE3icdU/LSsNAFJ2pr5r6iLp0U+ymhVKSVnEl1AriskJf4LRhMp3GoXkxMxHKkLVf4Ne4E7d+gPgzJjVIa/Cszj333MO5dugyIQ3jExY2Nre2d4q7Wmlv/+BQPzoeiCDihPZJ4AZ8ZGNBXebTvmTSpaOQU+zZLh3a85t0P3yiXLDA78lFSMcednw2YwTLRLL0CAUedfBEGbGlLuIq8rB8JNhV13H9l9/GtasWYr60EttEmfFUorpC3Cv3OKrHqMOcKpoGUq1cJ3EyXklIx4lqLs01S68YDWOJcp6YGamADF1Lf07ySeRRXxIXC/FgGqEcK8wlIy6NNRQJGmIyxw5V2BNi4dk5Me2SE8l0XUpNXMzEP5Fa0tz82zNPBs2G2Wo0788r7U72QxGcgjNQBSa4BG1wB7qgDwj4ghBqsARf4Ct8g+8/1gLMbk7AGuDHN/F0ndc=</latexit>
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Example: the six-dimensional gauge anomaly (n = 4)

and integrating over the parameter

!0
7(A,F) = 4

Z 1

0
dtTr

⇣
ȦtF3

t

⌘
= 4

Z 1

0
dt t3Tr

n
A
h
F + (t� 1)A2

i3o

= 4

Z 1

0
dt t3Tr

⇢
A
h
F3 + (t� 1)

⇣
F2A2 + FA2F +A2F2

⌘

+ (t� 1)2
⇣
FA4 +A2FA2 +A4F

⌘
+ (t� 1)3A6

i�

<latexit sha1_base64="zY8IvY8euu8Vg4AB7LgcyWM0ffc="></latexit>

!0
7(A,F) = Tr

⇢h
AF3 � 1

5

⇣
AF2A2 +AFA2F +A3F2

⌘

+
1

15

⇣
AFA4 +A3FA2 +A5F

⌘
� 1

35
A7

i�

<latexit sha1_base64="HdHm7bgSku2kEEXNl1ccoYd+dE0="></latexit>
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To compute the anomaly, we use the Russian formula

!0
2n�1(A,F) = n

Z 1

0
dt tn�1Tr

n
A
h
F + (t� 1)A2

in�1o

<latexit sha1_base64="Fo/T0YSFDD4aeT2ODiBI+rID1io=">AAACMnicdY/LTgIxGIVbvCHeRl26IbIBBTIzmrgyQUyMS0y4JZSZdErBhrllWkxI07Uv4KP4Mrozbn0CVzIwMeDEszo5Pf+XUyd0GRe6/gYza+sbm1vZ7dzO7t7+gXZ41ObBJCK0RQI3iLoO5tRlPm0JJlzaDSOKPcelHWd8G793nmjEWeA3xTSkfQ+PfDZkBItZZGsvKPDoCFtSV7Y0/YqhisjD4pFgV96o8q+/U6VrHzFf2LOmJQ01EKgsLBlfSBR5+WaEygrV2QjJJUAc9JYg50VRMUpLBUua81J/gZoDlK0V9Ko+Vz5tjMQUQKKGrT2jQUAmHvUFcTHnPUMPRV/iSDDiUpVDE05DTMZ4RCX2OJ96TiqMN6VCMliN4lLEh/wfZG623Pi7M23aZtW4qJoPl4VaPflDFpyAU1AEBrgCNXAPGqAFCPiGeViCZ/AVvsMP+LmoZmBycwxWBL9+ANK/qUg=</latexit>
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 and expand to first order in 𝒗
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Let us apply this to recover the four-dimensional case (n = 3)
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while in six dimensions (n = 4) we find

!1
6(v,A,F) = 4

Z 1

0
dt (1� t)Tr

h
vd

⇣
AF2

t + FtAFt + F2
t A

⌘i

= 4

Z 1

0
dt (1� t)Tr

n
vd

h
t2
⇣
AF2 + FAF + F2A

⌘

+ t2(t� 1)
⇣
2A3F +AFA2 +A2FA+ 2FA3

⌘
+ 3t2(t� 1)2A5

io

= 4

Z 1

0
dt (1� t)Tr

n
vd

h
t2
⇣
AF2 + FAF + F2A

⌘

+ t2(t� 1)
⇣
2A3F +AFA2 +A2FA+ 2FA3

⌘
+ 3t2(t� 1)2A5

io

=
1

3
Tr

⇢
vd

⇣
AF2 + FAF + F2A

⌘

�2

5

⇣
2A3F +AFA2 +A2FA+ 2FA3

⌘
+

3

5
A5

��

<latexit sha1_base64="HLizkkg2/iHsm2cNQYGOYFJHfh4="></latexit>



M.Á. Vázquez-Mozo                                                             Anomalies and Differential Geometry I                                          PhD Course, Universidad Autónoma de Madrid

while in six dimensions (n = 4) we find
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The gauge anomaly in six dimensions:
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Consistent vs. covariant anomalies
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So far, we have dealt with the so-called consistent anomaly derived from 
the anomalous action functional and satisfying the Wess-Zumino 
consistency condition
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The consistent form of the anomaly obtained

is however not gauge covariant.

Question: Is there a term to be added to the consistent current

such that the associated anomaly

is gauge covariant?

Tr
�
uDJ

�
⌘ G [u,A] = � 1

n!

in

(2⇡)n�1
!1
2n�2(u,A,F)

<latexit sha1_base64="ivv18bOi8nmvpTFs5HY9jaoc9Yw=">AAACKHicdU/LSgMxFE3qq9ZXVXDjwtFuWmjLzCi4EuoDFVcV7AOatmTStIbOyyRTKCFrwU/xa9xJt36Bn+D0AVKLZ5Nzzr335F4ndJmQpjmCiaXlldW15HpqY3Nreye9u1cVQcQJrZDADXjdwYK6zKcVyaRL6yGn2HNcWnP61+N6bUC5YIH/JIchbXq457MuI1jGVjv9phD3jCeO8ho5rJeNbh7Gbw7Rl4gNDORh+SwIV3e6EeUnimBXXermRUFZKIijDf9YK9ZSvp7KrI1Clot1wdKx5dEebilLt5XtF2ydnUv55bc6105nzKI5gbFIrBnJgBnK7fQr6gQk8qgviYuFaFhmKJsKc8mIS3UKRYKGmPRxjyrsCTH0nAVz/P+CSTrz1riJi674JzIVb2793XORVO2idVq0H88ypavZDUlwCE5AFljgHJTAPSiDCiDgGx7AI2jAd/gBP+Fo2pqAs5l9MAf49QMTq6TD</latexit>

Bruno Zumino
(1923-2014)

William A. Bardeen
(b. 1941)

Jcov ⌘ J + JBZ
<latexit sha1_base64="UrTnRyn0F902PEsY7rA3WQQLG8E=">AAABvHicdY/NSsNAFIXv1L9a/6IuBSlmIwglqYI7KXUjXVUwbdGUMJne1qEzSZyZBErJTvBd3OrL+Da2mk0NntXhu+dezg0TwbVxnC9SWVvf2Nyqbtd2dvf2D6zDo56OU8XQY7GI1SCkGgWP0DPcCBwkCqkMBfbD6e1y3s9QaR5HD2aW4FDSScTHnFGzQIF12gnmvpJ1Fme5jy8pz+qdi4K1H/PAsp2G86N62biFsaFQN7De/FHMUomRYYJq/eQ6iRnOqTKcCcxrfqoxoWxKJzinUuuZDEtQUvNcgmy0ipYhpcf6n5O1RXP3b8+y6TUb7mWjeX9lt9rFD1U4gTM4BxeuoQV30AUPGLzCO3zAJ7khIzIl8jdaIcXOMayIZN8EVXuf</latexit>

Tr
�
uDJcov

�
= G [u,A] + Tr

�
uDJBZ

�
⌘ G [u,A]cov

<latexit sha1_base64="qLl+DEb3QqY7sSAs/fgoAtLgkfE=">AAACJnicdY/LSsNAGIVn6q3WW7zsRCl2U7GUpAquhFoFxVWF3rApYTKdtkNnkjgzKZSQtT6KT+NOxJ1P4DPYpgGpoWd15pv//HPG9hiVSte/YGppeWV1Lb2e2djc2t7Rdvca0vUFJnXsMle0bCQJow6pK6oYaXmCIG4z0rSHN9P75ogISV2npsYe6XDUd2iPYqQmyNJeA1PwbE2YhdC0aT/v3z5YEcLuKCKnVyZHaiCxCO7Ctl+IThix4DrsnC0KV55mWZM8+3SUXbzh7y1Ly+lFPVI2aYzY5ECsqqW9mF0X+5w4CjMkZdvQPdUJkFAUMxJmTF8SD+Eh6pMAcSnH3E7AaZMExN15NB0SsicXrMxMmhv/eyZNo1Q0zoulx4tcuRL/IQ0OwQnIAwNcgjK4B1VQBxj8wAN4BI/hG3yHH/BzNpqCcWYfzAl+/wLChKTr</latexit>



M.Á. Vázquez-Mozo                                                             Anomalies and Differential Geometry I                                          PhD Course, Universidad Autónoma de Madrid

The question of consistent vs. covariant form of the anomaly pops up 
already in perturbation theory. 

By computing a AVV triangle, we get a covariant result

whereas the triangle with three V-A vertices renders a noncovariant anomaly
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<latexit sha1_base64="47cg6CuHFpvhxidjDevnm8wIy/c=">AAACbXicdU87T8MwGHTCq5RXADGBUEUHigRVUkCsBRbGIvUl1W3kuG5r1U4s20Gqosz8PGZ+BX+BpM1AiHqLT/fdnc6eYFRp2/42zI3Nre2d0m55b//g8Mg6PumqIJSYdHDAAtn3kCKM+qSjqWakLyRB3GOk581f03vvg0hFA7+tF4IMOZr6dEIx0onkWl9QUQ6JUJQF/iiCPIR+CBETMwQ9olEcQckrbQlvY8jIRA/aowjFUCCpKWJuGlgdapAjPVNYRs9xIvvhX9OyL847lu13EYVBsq/SiIv5nLC2Ako6nemb1TN0rapdt5eoFImTkSrI0HKtTzgOcMiJrzFDSg0cW+hhlE7HjMRlGCoiEJ6jKYkQV2rBvYKYjiqIeJyXUpNUE7Wmspwsd/7vLJJuo+7c1xvvD9XmS/aHEjgHV6AGHPAEmuANtEAHYOPRGBhjgxg/5pl5YV6urKaRZU5BDub1LyqMw3c=</latexit>

V-A

V-A

V-A

⇠ ✏µ⌫↵�Tr
⇣
T aFµ⌫F↵�

⌘

<latexit sha1_base64="Vv4jJdFgnKALQbnDoQ2lGMfgzKE=">AAACBXicdY/NSsNAFIVv6l+tf1GXbordVJCStILbUkFcVugfOG2YTKfp0JkkzEyEErLu07gTtz6BD+BzuFWw0Sxsg2d1+O49l3PdkDOlLevdKGxsbm3vFHdLe/sHh0fm8UlPBZEktEsCHsiBixXlzKddzTSng1BSLFxO++7sJp33H6lULPA7eh7SocCezyaMYL1EjukhxUQZ0VAxHvijGIkI+RHCPJxi5FKNkxhJUe5IdJmgFvOqnVGMEySwnioi49vEySJr7M+BNHbhmBWrZv2onDd2ZiqQqe2YCzQOSCSorwnHSj3YVqiHMZaaEU6TEooUDTGZYY/GWCg1F24Opo1ykIxXUbok1UT9c7K0bG6v98ybXr1mN2r1+6tKs5X9UIQzOIcq2HANTbiDNnSBwBt8wCd8GQvjyXg2Xn5XC0aWOYUVGa/fh1CcQA==</latexit>
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The question of consistent vs. covariant form of the anomaly pops up 
already in perturbation theory. 

By computing a AVV triangle, we get a covariant result

whereas the triangle with three V-A vertices renders a noncovariant anomaly

EASIER

HARDER

A

V

V

⇠ ✏µ⌫↵�Tr


T a@µ

✓
A⌫@↵A� � i

2
A⌫A↵A�

◆�

<latexit sha1_base64="47cg6CuHFpvhxidjDevnm8wIy/c=">AAACbXicdU87T8MwGHTCq5RXADGBUEUHigRVUkCsBRbGIvUl1W3kuG5r1U4s20Gqosz8PGZ+BX+BpM1AiHqLT/fdnc6eYFRp2/42zI3Nre2d0m55b//g8Mg6PumqIJSYdHDAAtn3kCKM+qSjqWakLyRB3GOk581f03vvg0hFA7+tF4IMOZr6dEIx0onkWl9QUQ6JUJQF/iiCPIR+CBETMwQ9olEcQckrbQlvY8jIRA/aowjFUCCpKWJuGlgdapAjPVNYRs9xIvvhX9OyL847lu13EYVBsq/SiIv5nLC2Ako6nemb1TN0rapdt5eoFImTkSrI0HKtTzgOcMiJrzFDSg0cW+hhlE7HjMRlGCoiEJ6jKYkQV2rBvYKYjiqIeJyXUpNUE7Wmspwsd/7vLJJuo+7c1xvvD9XmS/aHEjgHV6AGHPAEmuANtEAHYOPRGBhjgxg/5pl5YV6urKaRZU5BDub1LyqMw3c=</latexit>

V-A

V-A

V-A

⇠ ✏µ⌫↵�Tr
⇣
T aFµ⌫F↵�

⌘

<latexit sha1_base64="Vv4jJdFgnKALQbnDoQ2lGMfgzKE=">AAACBXicdY/NSsNAFIVv6l+tf1GXbordVJCStILbUkFcVugfOG2YTKfp0JkkzEyEErLu07gTtz6BD+BzuFWw0Sxsg2d1+O49l3PdkDOlLevdKGxsbm3vFHdLe/sHh0fm8UlPBZEktEsCHsiBixXlzKddzTSng1BSLFxO++7sJp33H6lULPA7eh7SocCezyaMYL1EjukhxUQZ0VAxHvijGIkI+RHCPJxi5FKNkxhJUe5IdJmgFvOqnVGMEySwnioi49vEySJr7M+BNHbhmBWrZv2onDd2ZiqQqe2YCzQOSCSorwnHSj3YVqiHMZaaEU6TEooUDTGZYY/GWCg1F24Opo1ykIxXUbok1UT9c7K0bG6v98ybXr1mN2r1+6tKs5X9UIQzOIcq2HANTbiDNnSBwBt8wCd8GQvjyXg2Xn5XC0aWOYUVGa/fh1CcQA==</latexit>
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Let us see how the Chern-Simons form transforms under shifts in the 
connection

Applying the generalized transgression (with           ) formula to

�A = ✏
<latexit sha1_base64="zm6ehLZWK9LXpFxtZizP/usdrrA=">AAABuHicdY/NSsNAFIXv1L8a/6LudCNm4yoktSAIQtWNywqmLZhSJ5PbOnSSDDMToYSCO9/Erb6Ob2Oj2dTgWR2+c+/l3EgKro3nfZHGyura+kZz09ra3tnds/cPejrLFcOAZSJTg4hqFDzFwHAjcCAV0iQS2I+mt2Xef0GleZY+mJnEYUInKR9zRs0CjeyjMEZhaJhQ88yoKK7nVyFKzUUZOp7r/eikbvzKOFCpO7LfwjhjeYKpYYJq/eh70gwLqgxnAudWmGuUlE3pBAuaaD1Lohose9Qgi5dROaT0WP9z0lo09//2rJtey/XP3dZ92+ncVD804RhO4Qx8uIAO3EEXAmDwCu/wAZ/kkjyRCeG/ow1S7RzCkoj6Bp/Jeug=</latexit>

Q = !0
2n�1(A,F)

<latexit sha1_base64="51vyujYVf9hyFkx3mzOB3PuoAPI=">AAAB1HicdU/LSsNAFL1TX7W+oi7diN1U0JJU0ZVQFcRlC/YBpobJ9LYOnUnCzFQoMSsRd36BX+NWf8C/sa1BqMGzOpxz7r3n+pHg2tj2F8nNzS8sLuWXCyura+sb1uZWU4dDxbDBQhGqtk81Ch5gw3AjsB0ppNIX2PIHlxO/9YBK8zC4MaMIO5L2A97jjJqx5FknrqTmXjMV15MzN5TYp3exnXhxJTh0ktLUZVTE58nBL79K9j2raJftKXazxElJEVLUPOvF7YZsKDEwTFCtbx07Mp2YKsOZwKTgDjVGlA1oH2MqtR5JPyNO7mdE1p2VJiGle/qflYVxc+dvzyxpVsrOUblSPy5WL9If8rADe1ACB06hCtdQgwYweIN3+IBP0iSP5Ik8/0RzJJ3ZhhmQ12+bk4YM</latexit>

we find

with

!0
2n�1(A+ ✏)� !0

2n�1(A) =

Z 1

0
`td!

0
2n�1(At,Ft) + d

Z 1

0
`t!

0
2n�1(At,Ft)

=

Z 1

0
`tTrFn

t + d

Z 1

0
`t!

0
2n�1(At,Ft)

<latexit sha1_base64="X7oxownrxzUWCbPUX6Za0nenVTg="></latexit>

`tAt = 0

`tFt = dt ✏
<latexit sha1_base64="rhBeMxZRitHOh76f7m+D9P1TZ9w=">AAAB53icdU+7SgNBFL0TX3F9RS1txIBYyDKbCFZCVBDtIpgHZEKYndzEITO7y85ECEtqSzux9Qv8Ggsb/RWzuk1cPNW55557ONePlDSW0g9SWFhcWl4prjpr6xubW6XtnaYJx7HAhghVGLd9blDJABtWWoXtKEaufYUtf3SZ7lsPGBsZBnd2EmFX82EgB1JwO5N6pRuGSvUSO2Wa23vBVXI+TcfDM8pYh7oVobtOznOVefqWHTOMjFRpVpm69Af7eeJlpAwZ6r3SI+uHYqwxsEJxYzoejWw34bGVQuHUYWODERcjPsSEa2Mm2s+JaaGcKPrzUmqKzcD8E+nMmnt/e+ZJs+J6Vbdye1KuXWQ/FGEPDuAIPDiFGlxDHRog4A3e4RO+iCRP5Jm8/FoLJLvZhTmQ128WKY4d</latexit>

At = A+ t✏
<latexit sha1_base64="+QcnI62KJvdSdgXQxzEBdE1LSTs=">AAABw3icdY9LS8NAFIXv1FeNr6hLN2IQBCEkVXAlVEVwWcG0BVPCZHpbh0wezEyEErJ24a9xq7/Ef2OjWViDZ3XuN+dezoSZ4Eo7zidpLS2vrK61142Nza3tHXN3r6/SXDL0WCpSOQypQsET9DTXAoeZRBqHAgdhdFO9D55RKp4mD3qW4Sim04RPOKN6jgLz2I+pfmJUFFdlUOjy8td8qn3MFBdVznJs51uHTePWxoJavcB88ccpy2NMNBNUqUfXyfSooFJzJrA0/FxhRllEp1jQWKlZHDZgVaQB2XgRVSGpJuqfk8a8ufu3Z9P0O7Z7Znfuz63udf2HNhzAEZyACxfQhTvogQcMXuEN3uGD3JKISKJ/oi1S7+zDgkj5BTFyf8k=</latexit>

p = 0
<latexit sha1_base64="XfyLNqK2qK7G3hQRhojHsxIHiEc=">AAABn3icdY+9T8MwEMXP5auErwAjC5CFKXIKEhNSBQNMKAjSFtGqctxrsWonlu0gVRUzEyv8bfw3tJClRLzp6XfvTu9SLYV1lH6R2tLyyupafd3b2Nza3vF391o2LwzHhOcyN52UWZQiw8QJJ7GjDTKVSmyn46v5vP2Cxoo8e3ATjT3FRpkYCs7cDN3rC9r3AxrSHx1WTVSaAErFff+tO8h5oTBzXDJrnyKqXW/KjBNc4qvXLSxqxsdshFOmrJ2otAIVc88VyAeLaB4ydmj/OenNmkd/e1ZNqxFGp2Hj7ixoXpY/1OEAjuEEIjiHJtxADAlwGME7fMAnOSLX5JbEv9EaKXf2YUHk8Ru3/HBG</latexit>
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The integrand of the first term gives

�✏!
0
2n�1(A,F) =

Z 1

0
`tTrFn

t + d

Z 1

0
`t!

0
2n�1(At,Ft)

<latexit sha1_base64="00BzrKiAL9aPrZxy+ATgfcD8zqc=">AAACVXicfY9dS8MwGIXTOuecH6t6KcJwIBvO0U7BK2E6EC8UJuwLzFbSNJth6QdNJoyQa3+SP0X8MYKrFnGreq4O533eNydOyCgXpvmm6SuZ1exabj2/sbm1XTB2drs8mEaYdHDAgqjvIE4Y9UlHUMFIP4wI8hxGes6kGc97TyTiNPDbYhaSgYfGPh1RjMQ8so0X6BImkC0hCTllga9g4JExGkpT2bLun1iqDD0kHjFi8lJVv/21qhxdQOoLe04OpaUgYcyWQkkYecV2BKvqBxsPhtJXx+5vK/8+GQPVpVOVom2UzJr5qWLaWIkpgUQt23iGboCnHvEFZojzB8sMxUCiSFDMiMrDKSchwhM0JhJ5nM88JxXGJVIhdhejGIr4iP9xMj9vbi33TJtuvWad1ur3Z6XGVfKHHNgHh6AMLHAOGuAGtEAHYO1Aa2q32p32qr3rGT37hepasrMHFqQXPgBFDLZ6</latexit>

`tTrF
n
t = nTr

⇣
✏Fn�1

t

⌘
= nTr

⇣
✏Fn�1

⌘
+O(✏2)

<latexit sha1_base64="byUXyIk1kv1xhpwqW+ps7wy9ee4=">AAACP3icjY/LTgIxGIVbvIB4G3XphsgGopAZNLIyIZgYd2LCLbEw6ZSCDZ1L2mJCJl37HD6Kj+ETuDNu3cnghIATE8/q5Jzvb06dgDOpTPMNptbWNzbTma3s9s7u3r5xcNiW/kQQ2iI+90XXwZJy5tGWYorTbiAodh1OO874Ouo7T1RI5ntNNQ1oz8Ujjw0ZwWoW2cYLopzbodIhEm6uKdCZRi5WjwTz8EZHRT/09JW3VNfZqIBoIBn3vSRbsuZE8T8nS/jpIr7TC7QfVnTRNvJm2ZwrlzRWbPIgVsM2ntHAJxOXeopwLOWDZQaqF2KhGOFUZ9FE0gCTMR7RELtSTl0nEUZjEiEZrEYRJORQ/vFkdrbc+r0zadqVsnVertxf5Gv1+A8ZcAxOQAFYoApq4BY0QAsQmIYleAmr8BW+ww/4+YOmYHxzBFYEv74BFNevPg==</latexit>

At = A+ t✏
<latexit sha1_base64="+QcnI62KJvdSdgXQxzEBdE1LSTs=">AAABw3icdY9LS8NAFIXv1FeNr6hLN2IQBCEkVXAlVEVwWcG0BVPCZHpbh0wezEyEErJ24a9xq7/Ef2OjWViDZ3XuN+dezoSZ4Eo7zidpLS2vrK61142Nza3tHXN3r6/SXDL0WCpSOQypQsET9DTXAoeZRBqHAgdhdFO9D55RKp4mD3qW4Sim04RPOKN6jgLz2I+pfmJUFFdlUOjy8td8qn3MFBdVznJs51uHTePWxoJavcB88ccpy2NMNBNUqUfXyfSooFJzJrA0/FxhRllEp1jQWKlZHDZgVaQB2XgRVSGpJuqfk8a8ufu3Z9P0O7Z7Znfuz63udf2HNhzAEZyACxfQhTvogQcMXuEN3uGD3JKISKJ/oi1S7+zDgkj5BTFyf8k=</latexit>

For the second one
`✏Ft = `✏

h
tF + t(t� 1)A2

i

= tdt✏
<latexit sha1_base64="4YREWeDy7IM4CQTTFW9TLFDx0ho=">AAACCXicdY9LS8NAFIXv1FeNj0ZduhELpSKWpAquCrWCuKxgH9DUMJlO69DJg8ytUELWLvw17sStv8Clv8StbY1iGzyrw3fPvZzrBFIoNIwPkllaXlldy65rG5tb2zl9Z7ep/FHIeIP50g/bDlVcCo83UKDk7SDk1HUkbznDy+m89cBDJXzvFscB77p04Im+YBQnyNaHFpfSjiweKCF9L7ZciveMyugqtiOMC5XFeU0MOvgndYxFPDGPfslFfBeVZ7GuZWmFCvbwZ9nW80bJmOkgbczE5CFR3dYfrZ7PRi73kEmqVMc0AuxGNETBJI81a6R4QNmQDnhEXaXGrpOC014pyHrzaBoKVV/9c1KbNDcXe6ZNs1wyT0vlm7N8tZb8kIV9OIQimHAOVbiGOjSAwTt8EiCEPJFn8kJev6MZkuzswZzI2xfurZrW</latexit>

`t!
0
2n�1(At,Ft) = n

Z 1

0
`tTr

⇣
AFn�1

t

⌘

=

Z 1

0
Tr

⇣
A`tFtFn�2

t +AFt`tFtFn�3
t + . . .+AFn�2

t `tFt

⌘

= n

Z 1

0
tdtTr

h
✏
⇣
Fn�2

t A+ Fn�3
t AFt + . . .+AFn�2

t

⌘i

<latexit sha1_base64="PsiNCFBhDNL2HLLHJnNYWjejKjE="></latexit>
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�✏�[A] = cn

Z

D2n�2

�✏!
0
2n�1(A,F)

= cn

Z

D2n�1

Z 1

0
`tTrFn

t + cn

Z

S2n�2

Z 1

0
`t!

0
2n�1(At,Ft)

<latexit sha1_base64="I1obk6+TVAxioTI45r1Tsiq/6gE="></latexit>

where we have computed

`t!
0
2n�1(At,Ft) = n

Z 1

0
tdtTr

h
✏
⇣
Fn�2

t A+ Fn�3
t AFt + . . .+AFn�2

t

⌘i

<latexit sha1_base64="rABbER3R6qw1Em6/fb4ugdDOQIs="></latexit>

This gives the general structure

�✏�[A] =

Z

D2n�1

Tr
�
✏Jbdy

�
+

Z

S2n�2

Tr
�
✏X

�

<latexit sha1_base64="f+FRJSye+dDqZ07hIRBFETrkHZI=">AAACKHicdU/LSsNAFJ2pr1pfUcGNC4PdVNSSRMGVUB+guKrYF3RqmEymdehMEjJToYSsBT/Fr3En3foFfoJNGxc19KwO53E51wk4k8owRjC3sLi0vJJfLaytb2xuads7DekPQkLrxOd+2HKwpJx5tK6Y4rQVhBQLh9Om079J/OYrDSXzvZoaBrQjcM9jXUawGku29o5cyhW2I0QDybjvxegOC4HbSGD1QjCPruLOJWKesqNbO7K8UzOOIxQKvRaikxg5rFf6q+oP9sRx3OHEODqe9p6ek541v9eapG2taJSNCfQsMVNSBCmqtvaGXJ8MBPUU4VjKtmkEqhPhUDHCaVxAA0kDTPq4RyMspBwKJyMmX2ZE4s5KSSiUXTnnZGG83Py/M0saVtk8K1uP58XKdfpDHuyDQ1ACJrgAFXAPqqAOCPiBe/AA6vADfsIvOJpGczDt7IIZwO9fob6lnA==</latexit>

cn ⌘ 1

n!

in

(2⇡)n�1
<latexit sha1_base64="UmR8t9dvro2PJ5WB9RvaE9Tcvfs=">AAABznicdY9NT8JAEIZn8Qvxq+rRC8oFD5IumnglevFYEwskFpvtMuCG7QfdLQlpGo/6C/w1XvU/+G8s2As2vqd3nnlnMuNFUihtmt+ksra+sblV3a7t7O7tHxiHR10VJjFHm4cyjPseUyhFgLYWWmI/ipH5nsSeN7ld9HszjJUIgwc9j3Dgs3EgRoIznSPXMLmbBpmD00TM6il1wjxcD06zVDwt+LJstp1InOf1Bc0y12iYLXOpetnQwjSgkOUar84w5ImPgeaSKfVIzUgPUhZrwSVmNSdRGDE+YWNMma/U3PdK0Gf6uQT5cBUtQrEaqX9W1vLL6d87y6bbbtHLVvv+qtG5KX6owgmcQRMoXEMH7sACGzi8wwd8whexyIxk5OU3WiHFzDGsiLz9ADwFg1E=</latexit>

`tTrFn
t = nTr

⇣
✏Fn�1

⌘

<latexit sha1_base64="fmBZpXuxaJHL1BLTsccGqtwIKWA=">AAAB8nicdY/LSgMxGIX/1Futt1GXbordVNAy0wquhFJBXFboDZw6ZNK0hiaZIUmFMszad3Anbn0C38SdW30KO3UWrYNndfjOSTi/H3KmjW1/oNzK6tr6Rn6zsLW9s7tn7R90dDBRhLZJwAPV87GmnEnaNsxw2gsVxcLntOuPr5K8+0iVZoFsmWlI+wKPJBsygs0MeVbLpZx7kYkjV4liS7mnsSuweSCYR9dxEtxHMr6UC3GDjcouDTXjgVzoznpnzjw98aySXbHnKmaNk5oSpGp61pM7CMhEUGkIx1rfOXZo+hFWhhFO44I70TTEZIxHNMJC66nwMzBZkoFksIySktJD/c+Xhdly5+/OrOlUK06tUr09L9Ub6Q15OIJjKIMDF1CHG2hCGwi8wyd8wTcy6Bm9oNffag6lbw5hSejtB9PQkzE=</latexit>
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with

X = ncn

Z 1

0
tdt

⇣
Fn�2

t A+ Fn�3
t AFt + . . .+AFn�2

t

⌘

<latexit sha1_base64="ovqaxXh0Zxz8z0PA6jki8Cw3dl4=">AAACO3icdU/LSsNAFJ1pfdT4irp0IxakpVryEFwJtYK4rGAfYGqYTKZ16GQSMlOhhFn7FX6KH+Lanbh1b6pBbGPP6nDOufee60WMCmkYr7BQXFpeWS2taesbm1vb+s5uR4TjGJM2DlkY9zwkCKOctCWVjPSimKDAY6TrjS6nfveRxIKG/FZOItIP0JDTAcVIppKrP/eOzjl2E64cyqWbGOo+MZX0pXPsNOmw4gRIPmDEkivlJjI1+YmlfsULVfsnYP8NzPk1h/mhFDVtcSS7kV6vunrZqBvfOMgTMyNlkKHl6k+OH+JxQLjEDAlxZxqR7CcolhQzojRnLEiE8AgNSYICISaBlxOnbXIi9melaSgWA7FgpZY2N+d75knHqpt23bo5LTea2Q8lsA8OQQWY4Aw0wDVogTbAsAir0II2fIFv8B1+/EQLMJvZAzOAn1+v1a5p</latexit>

If we particularize this to the case of a gauge transformation 

✏ = Du
<latexit sha1_base64="erk+UJBP2WjzPuiOEQnrFQkW4Gw=">AAABp3icdY/NSsNAFIXv1L8a/6Iu3YjZ6CYkteBKKOrCnRVMGmhKmUxv69BJZpiZCKW49gnc6nP5NraaTQ2e1eG7517OzZTgxgbBF2msrW9sbjW3nZ3dvf0D9/AoNrLUDCMmhdRJRg0KXmBkuRWYKI00zwT2suntct57QW24LJ7sTOEgp5OCjzmjdoH6KSrDhSyu78qh6wV+8KPTugkr40Gl7tB9S0eSlTkWlglqTD8MlB3MqbacCXx10tKgomxKJzinuTGzPKvBnNrnGmSjVbQMaTM2/5x0Fs3Dvz3rJm754aXfemx7nZvqhyacwBmcQwhX0IF76EIEDCS8wwd8kgvyQGKS/EYbpNo5hhUR+g0lMHQF</latexit>

�✏�[A] =

Z

D2n�1

Tr
�
✏Jbulk

�
+

Z

S2n�2

Tr
�
✏X

�

<latexit sha1_base64="/pka+i0ROU2WLxCXc0f4S0sttzM=">AAACKXicdU+7TsMwFLXLq5RXgIGBJdClCKiSgsSEVB4SiKmIvqS6RI7rFqt2EsUOUhVlZuBT+Bo2YOUL+AOaNAwl6pmOzuPqXNvjTCrD+IS5ufmFxaX8cmFldW19Q9vcako38AltEJe7ftvGknLm0IZiitO251MsbE5b9vAq9lvP1JfMdepq5NGuwAOH9RnBaixZ2ivqUa6wFSLqScZdJ0I3WAjcQQKrJ4J5eBF1zxFzlBVeW2HFOTajKES+0Os+OoqQzQalv6p+ZyWOHfBh4hwcTooPj3GxMrvYTtKWVjTKRgI9S8yUFEGKmqW9oJ5LAkEdRTiWsmManuqG2FeMcBoVUCCph8kQD2iIhZQjYWfE+M2MSHrTUhzyZV/OOFkYLzf/78ySZqVsnpQr96fF6mX6Qx7sgn1QAiY4A1VwC2qgAQj4gTtQh3vwDb7DD/g1ieZg2tkGU4Dfv4bHphU=</latexit>

Jbulk = ncnFn�1
<latexit sha1_base64="sqKvuQd2KQ05Hb0Z5iQQ0+Aesco=">AAABwnicdY9LS8NAFIXv1FeNr6hLN8W6cGNJquBKKCoirirYB5gaJtNpnWZmEmcmQolZC/4at/pP/Dc2mk0NntXhu+dezg1izrRxnC9UWVhcWl6prlpr6xubW/b2TldHiSK0QyIeqX6ANeVM0o5hhtN+rCgWAae9ILzI571nqjSL5J2ZxnQg8FiyESPYzJBvH9z4qadELUh4mJ1J4qcy8wQ2jwTz9Cp7SOWRm/l23Wk4P6qVjVuYOhRq+/arN4xIIqg0hGOt710nNoMUK8MIp5nlJZrGmIR4TFMstJ6KoATzEiVIhvMoDyk90v+ctGbN3b89y6bbbLjHjebtSb11XvxQhT3Yh0Nw4RRacA1t6ACBN3iHD/hEl2iCnpD+jVZQsbMLc0Iv3wM6fvc=</latexit>
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Tr
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Z
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D2n�1

Tr
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Z

S2n�2

Tr
h
u
�
Jbulk �DX

�i

<latexit sha1_base64="GBmLFHYyoPiS1QjMBeVmVjTXWNA="></latexit>

Stokes
theorem
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But now, using the Bianchi identity DF = 0
<latexit sha1_base64="kuJcNUw0fxBd7Xg4EUETOH1zQno=">AAABqnicdY9LS8NAFIXv1Fetr6hLN2I2LiRMasGVUFTEZRXTVppaJpPbOnTyYGYilNC1f8Gt/iv/jY1mU4NndfjuuZdzg1QKbSj9IrWV1bX1jfpmY2t7Z3fP2j/o6iRTHD2eyET1A6ZRihg9I4zEfqqQRYHEXjC9Lua9V1RaJPGjmaU4jNgkFmPBmVmg5xs/YuaFM5nfzi/pyLKpQ390XDVuaWwo1RlZb36Y8CzC2HDJtB64NDXDnCkjuMR5w880poxP2QRzFmk9i4IKLApUIA+XURFSeqz/OdlYNHf/9qyabtNxz53mfctuX5U/1OEITuAUXLiANtxBBzzgoOAdPuCTnJEH8kQGv9EaKXcOYUkk/AapGnT8</latexit>

DJbulk = ncnD
⇣
TrFn�1

⌘
= 0

<latexit sha1_base64="iS+665UoPz8QOw+E3iAvwVJqAAM=">AAAB2nicdY9LS8NAFIXv1Fetr6hLN8VuKmhJquDGQqlFxFWFvsDUMJlO69DJJMxMhBKycSPi1l/gr3GrO/+NTc2mBs/q8J17L+e6AWdKm+Y3yi0tr6yu5dcLG5tb2zvG7l5X+aEktEN87su+ixXlTNCOZprTfiAp9lxOe+7kMsl7j1Qq5ou2ngZ04OGxYCNGsJ4hx7ho3jiRLb2iG/JJXBPEiUTctBtsXJ7jtrSPY9vD+oFgHl3F95E4seIkP6qZjlEyK+ZcxayxUlOCVC3HeLaHPgk9KjThWKk7ywz0IMJSM8JpXLBDRQNMJnhMI+wpNfXcDEy6ZCAZLqJkSKqR+udkYdbc+tsza7rVinVaqd6eleqN9Ic8HMAhlMGCc6jDNbSgAwTe4QM+4QvZ6Am9oNff0RxKd/ZhQejtB5gih6o=</latexit>

so the gauge variation of the effective action is local

�u�[A] =

Z

S2n�2

Tr
h
u
�
Jbulk �DX

�i
⌘ �

Z

S2n�2

Tr
⇣
uG [A]cons

⌘

<latexit sha1_base64="x4wrJOBN37oHrEq7wfZI6MZxIFE=">AAACSnicfY/NTgIxFIVbREX8G3HphkhiIBEygya6MQE0wbjCyF9CcdIpBRvambHtkJDJrH0ZH8UX8DXcGTcyyAaJntXJd2/PPXV8zpQ2zXeYWEuub2ymttLbO7t7+8ZBpq28QBLaIh73ZNfBinLm0pZmmtOuLykWDqcdZ3wdzzsTKhXz3Kae+rQv8MhlQ0awniHbeEUDyjW2wyBCdSwE7iGB9RPBPKxG/fTJFWKutsOHx7DsFstRFCIpsk2JTiNUY6NegBw2yt/Zc+wEfBwVb7oxK8TjPqLPAZtki/+G5IP5SUVkWI+Wzv/EEs9V88WCbeTMkjlXdtVYC5MDCzVs4wUNPBII6mrCsVI9y/R1P8RSM8JplEaBoj4mYzyiIRZKTYWzAuM+K5AMllG8JNVQ/RGZnjW3fvdcNe1yyTorle/Pc5Xa4g8pcASOQR5Y4AJUwC1ogBYgMAMvYRXW4Bv8gJ/w62c1ARdvDsGSEslvv+WxQw==</latexit>

�u�[A] = �
Z

D2n�1

Tr
⇣
uDJbulk

⌘
+

Z

S2n�2

Tr
h
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�
Jbulk �DX

�i

<latexit sha1_base64="amUH8lcruEbuoezsITn5GMNn1Qg=">AAACL3icdY/LSsNAFIZn6q3GW9WlCMVCbdGWJAquhFoLiquKvUGnhsl0WofOJCEzEUrI2rWP4tOIG3HrE7i1abuwLZ7Vz3fOdzjH9jiTStc/YGJpeWV1LbmubWxube+kdvca0g18QuvE5a7fsrGknDm0rpjitOX5FAub06Y9uI77zWfqS+Y6NTX0aEfgvsN6jGA1QlbqFXUpV9gKgwjdYCFwGwmsngjm4VXU0bKXBQ0xR1lhxQpNp2BEUYh8ka756DRCZdbPBZU7a4zsgA/GKH8yMR4eY8OcN9oBskfeX6tQacUsH7c7ViqjF/VxpReDMQ0ZMK2qlXpBXZcEgjqKcCxl29A91QmxrxjhNNJQIKmHyQD3aYiFlENhL8D45wVIurMoHvJlT/6zUhtdbszfuRgaZtE4K5r355lSefpDEhyAI5ADBrgAJXALqqAOCPiBhzALj+EbfIef8GsymoBTZx/MFPz+BStfpog=</latexit>

Z

S2n�2

Tr
�
uDJ

�
=

Z

S2n�2

Tr
⇣
uG [A]cons

⌘

<latexit sha1_base64="FiPlNvD9PJjc9bKD1vRiDuD+9xo=">AAACDHicdY+9TsMwFIXttkApfwFGloourQRVEpCYkEpBAjEV0T+pKZHjuq1Vx4lsB6mKMrPxNGyIlSdg4VWYaEKWEvUsPjr+7tW5js+oVLr+DXP5wtr6RnGztLW9s7un7R90pRcITDrYY57oO0gSRjnpKKoY6fuCINdhpOfMruP/3jMRknq8reY+GbpowumYYqQWka1xi3Jlh49PoclPzSgKLeGW28I6iSyHTqrBzX381i5XY80Ys1ykphKL8DYaJB4jFl5FQzsBscdlAtZsraLX9UTlrDFSUwGpWrb2Yo08HLiEK8yQlAND99UwREJRzEhUsgJJfIRnaEJC5Eo5d51MGPfJhHi0HMWQkGO5YmVp0dz43zNrumbdOKubD+eVRjO9oQiOwDGoAgNcgAa4Ay3QARh8gR+YhwX4Ct/gO/z4Q3MwnTkES4KfvwLrmsA=</latexit>

D(J �X) = �Jbulk

�����
S2n�2

= � 1

(n� 1)!

in

(2⇡)n�1
TrFn�1

<latexit sha1_base64="FUiLh5QQmRTxe2KtiFwrDmmmi9g=">AAACCHicdY87T8MwFIUdnqW8AowshS6tRKokIDFVqgpCqFMRfUmkjRzXDabOQ7GDVBnPSPwaNsTKL2Dlj7BC2mYpEWc6/u710blOSAnjuv6lLC2vrK6t5zbym1vbO7vq3n6HBXGEcBsFNIh6DmSYEh+3OeEU98IIQ8+huOuML6bz7iOOGAn8Fp+EuO9B1ycjgiBPkK0+XJYaWq9c1Rq2sCKv4MR0LK06cd0nW9wOhOlrppRVTRhWkOQUSr5mlI+kIAPhyxSZVkjKyVszpJyFtCLrRFoe5PcIUnEl5zNbLeoVfaZC1hipKYJUTVt9toYBij3sc0QhY3eGHvK+gBEniGKZt2KGQ4jG0MUCeoxNPCcDpyUyEA0X0XQpYiP2T2Q+aW787Zk1HbNinFbMm7NirZ7ekAOH4BiUgAHOQQ1cgyZoAwQ+wTf4UYDyorwqb8r7fHVJSf8cgAUpH7/UsZfg</latexit>
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With this, we identify the Bardeen-Zumino term 

D(J �X) = Jbulk

�����
S2n�2

=
1

(n� 1)!

in

(2⇡)n�1
TrFn�1

<latexit sha1_base64="kMuvv+7QdCHSzhvOz4ecUC7jKtg=">AAACBnicdY9LT8JAFIWn+EJ8VV26QdlAIqStJq5ICBpjWGHklVhopsNQJkwf6UxNyDhr/TXujFt/gXv/h1uNBbrBxrM68907J+faASWMa9qnkllZXVvfyG7mtrZ3dvfU/YMO86MQ4TbyqR/2bMgwJR5uc8Ip7gUhhq5NcdeeXM7m3QccMuJ7LT4NcN+FjkdGBEEeI0sdXxUb5V6p2rCEGbp5O6ITadaJ4zxa4m4gDK9sSFkVuunHKfmiV9ZLx1KQgfBkggwzIKX4XdalnGe0QvNUmi7kYwSpuJaLmaUWtIo2Vz5t9MQUQKKmpT6ZQx9FLvY4opCxe10LeF/AkBNEscyZEcMBRBPoYAFdxqaunYKzEimIhstothSyEfsnMhc31//2TJuOUdHPKsbteaFWT27IgiNwAopABxegBm5AE7QBAh/gC3yDH+VZeVFelbfFakZJ/hyCJSnvvxj1mHE=</latexit>

JBZ = �X
<latexit sha1_base64="t7FFXWlnwwQAoF0zBRB2+EVSxtg=">AAABuHicdU9NS8NAEJ2tXzV+Rb3ppZiLF0vSCoIglHoRTxVsGzQlbrbTunQ3CbtboYSCN/+JV/07/htTzaUG32Ueb97MvIlSwbVx3S9SWVldW9+oblpb2zu7e/b+QU8nU8WwyxKRKD+iGgWPsWu4EeinCqmMBPajyfWi339BpXkS35tZigNJxzEfcUZNLoX2URAlYqhnMi/ZbZgFStbaD/OrM38e2o5bd39QKxOvIA4U6IT2WzBM2FRibJigWj96bmoGGVWGM4FzK5hqTCmb0DFmVOrF0ZIoqXkuiWy4LC1MSo/0PyutPLn3N2eZ9Bp1r1lv3J07rXbxQxWO4QROwYMLaMENdKALDF7hHT7gk1ySJzIm/NdaIcXMISyBqG8Ab3pl</latexit>

JBZ = � 1

(n� 1)!

in

(2⇡)n�1

Z 1

0
tdt

⇣
Fn�2

t A+ Fn�3
t AFt + . . .+AFn�2

t

⌘

<latexit sha1_base64="e8+TAIjpYwfV6nnp2jd9l650+Wo=">AAACZ3icdY/bSgJBHMZnt5PZQSuIoBtNCMW0HQ26CswgoiuDPFCjy+w42uDsgZ0xkGGue7YeoUfoLVpridT8rr75/r+Z/zdOwJmQlvVhmCura+sbic3k1vbObiq9t98S/jgktEl87ocdBwvKmUebkklOO0FIsetw2nZGN9N5+5WGgvneo5wEtOvioccGjGAZRXb6/d5WKHQz9Sd9elVSEPkRncl7JVjIasV6ytNxVEEBK0TnEtQaMU/aytI9BbXsS3SG6myYRy6WLwRzdattJfWUrejf8FoX/wGqf4G5eRHxvi9FMbkciXdE2wt2OmeVrW9lFg2MTQ7EatjpN9T3ydilniQcC/EMrUB2FQ4lI5zqJBoLGmAywkOqsCvExHUWwmmbhZD0Z6MpFIqBWPJkMmoO53sumlalDKvlysNFrlaP/5AAx+AE5AEEl6AG7kADNAExzo2m0TNs49NMmYfm0Q9qGvGdAzAjM/sFA8+60g==</latexit>

The covariant current is then given by

Jcov ⌘ J + JBZ
<latexit sha1_base64="UrTnRyn0F902PEsY7rA3WQQLG8E=">AAABvHicdY/NSsNAFIXv1L9a/6IuBSlmIwglqYI7KXUjXVUwbdGUMJne1qEzSZyZBErJTvBd3OrL+Da2mk0NntXhu+dezg0TwbVxnC9SWVvf2Nyqbtd2dvf2D6zDo56OU8XQY7GI1SCkGgWP0DPcCBwkCqkMBfbD6e1y3s9QaR5HD2aW4FDSScTHnFGzQIF12gnmvpJ1Fme5jy8pz+qdi4K1H/PAsp2G86N62biFsaFQN7De/FHMUomRYYJq/eQ6iRnOqTKcCcxrfqoxoWxKJzinUuuZDEtQUvNcgmy0ipYhpcf6n5O1RXP3b8+y6TUb7mWjeX9lt9rFD1U4gTM4BxeuoQV30AUPGLzCO3zAJ7khIzIl8jdaIcXOMayIZN8EVXuf</latexit>

whose divergence gives the covariant anomaly

Tr
�
uDJcov

�
⌘ G [u,A]cov = � 1

(n� 1)!

in

(2⇡)n�1
Tr

⇣
uFn�1

⌘

<latexit sha1_base64="xkeHt6PGomdrxDQzYSCXP91xSio=">AAACO3icdY/LTgIxFIZb8IJ4Q126GWXDJEBmwMSVCaJR4woTbglF0ikFG+Zm2yEhk659Ch/FB3Htzrh1LwMTFYn/6pyvf8/5j+XbTEjDeIWJ5Mrq2npqI725tb2zm9nbbwov4IQ2iGd7vG1hQW3m0oZk0qZtn1PsWDZtWaOL6L01plwwz63LiU+7Dh66bMAIllPUyzyHiDtanaO8QhYb5oLL294MEW88IzqijwEba8jB8kEQHl6rTpCfdQTb4bnq/vjTZ4XQRN50n5ZzC6Z+pEJ2H7oqRiXkM33aF0ylfq2tRmu/B16puSPCei+TNYrGTNpyYcZFFsSq9TJPqO+RwKGuJDYWomMavuyGmEtGbKrSKBDUx2SEhzTEjhATx1qCUZIlSPqLKDJxMRD/jExPk5t/cy4XzVLRLBdLdyfZSjW+IQUOwTHIAROcggq4ATXQAAQmoQ5LsAxf4Bt8hx9zawLGfw7AguDnF1PHqsU=</latexit>
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Let us find the Bardeen-Zumino term and the covariant 
anomaly in four dimensions (n = 3)

JBZ =
i
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Z 1
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tdt
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Z 1
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h
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i
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✓
FA+AF � 1
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◆

<latexit sha1_base64="SQDn2Qk2CyxKaEtnaecgxiFYPko="></latexit>

The four-dimensional covariant anomaly is then given by

back to Minkowski signature

Ga[A]cov =
1

8⇡2
Tr

�
T aF2

�
<latexit sha1_base64="x+nircm0T944TSWmJgGOAze3sk4=">AAAB/3icdU+7SgNBFL3rM66vVUubYJoIEnajoI0QFdQyQl6QSZbZySQO2Rczk0AYprDyU+zE1i/wG/wIW23djYsQg6c6cx6XM17sMyFt+91YWFxaXlnNrZnrG5tb29bObkNEI05onUR+xFseFtRnIa1LJn3aijnFgefTpje8Sv3mmHLBorAmJzHtBHgQsj4jWCaSa2EUYHkvCFc32lVYt6dvgn11oTuuQjzIk2iszXPloCg5lD9DMeuqstZTr8bRkUYeGxRr3aT9W77WaSY1Dl2rYJfsKfLzxMlIATJUXesR9SIyCmgoiY+FaDt2LDsKc8mIT7WJRoLGmAzxgCocCDEJvDkx3TEnkt6slIa46It/TprJcufvznnSKJec41L57qRQucz+kIN9OIAiOHAKFbiFKtSBwBt8wCd8GQ/Gk/FsvPxEF4ysswczMF6/ASJWmF4=</latexit>

Ga[A]cov =
i

8⇡2
Tr
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T aF2

�
<latexit sha1_base64="nCssA1401bY3+E6HtSQHTcNAQPE=">AAAB/3icdU+7SgNBFL3rM66vVUubYJoIEnajoI0QFdQyQl6QSZbZySQO2Rczk0AYprDyU+zE1i/wG/wIW23djYsQg6c6cx6XM17sMyFt+91YWFxaXlnNrZnrG5tb29bObkNEI05onUR+xFseFtRnIa1LJn3aijnFgefTpje8Sv3mmHLBorAmJzHtBHgQsj4jWCaSa2EUYHkvCFc32lVYt6dvgn11oTuuQjzIk2iszXPFUJQcyp+hmHVVWeupV+PoSCOPDYq1btL+LV/rNJMah65VsEv2FPl54mSkABmqrvWIehEZBTSUxMdCtB07lh2FuWTEp9pEI0FjTIZ4QBUOhJgE3pyY7pgTSW9WSkNc9MU/J81kufN35zxplEvOcal8d1KoXGZ/yME+HEARHDiFCtxCFepA4A0+4BO+jAfjyXg2Xn6iC0bW2YMZGK/fctaYlg==</latexit>
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Ga[A]cons =
1

24⇡2
Tr
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T ad

✓
AdA+

1

2
A3

◆�

<latexit sha1_base64="QC1j2wcbEkZdf+LFlMbnu+C7zts=">AAACNHicdY/LTgIxGIVbvCHeRl26IbDBQMjMQOLKBHWhS0y4JRQmnVKgoXNJW0xI07Vv4KP4LibujFufwIVcZoESz6Zfz//35NSPOZPKtt9gamt7Z3cvvZ85ODw6PrFOz1oymgpCmyTikej4WFLOQtpUTHHaiQXFgc9p25/cLebtJyoki8KGmsW0F+BRyIaMYDW3POsFBViNJRH63ngam+7yTjDXN6bnaSSCLIlCaTLX2kHRPCnrVlHM+to1ZjltCFQyiNOh6jb684DBkgtrMYM1LiYpbtasuX1dMUiw0Vhdro6eZ+Xtsr1UdhOcBPIgUd2zntEgItOAhopwLGXXsWPV01goRjg1GTSVNMZkgkdU40DKWeBvmItCGyYZ/LYWS0IO5T+RmXlz52/PTWi5ZadSdh+r+dpt8oc0uAA5UAAOuAI18ADqoAkI+IY5WIQl+Arf4Qf8XK2mYPLmHPwS/PoBYf6sCg==</latexit>

In the Abelian case, the difference between the covariant and the 
consistent anomaly is in the prefactor

Thus, in four dimensions the expressions of the consistent and 
covariant forms of the anomaly are

V�A
<latexit sha1_base64="+DVTKnmclONi2u7UD2vuR3JPdXI=">AAABqHicdY+9TsMwFIWvy18JfwFGFkQ6ICSqpCCxFlgYg0SSIlJVtusWq3Zi2Q6iijrzBqzwWrwNLWQpEWc6+u65V+cSJbixvv+FGiura+sbzU1na3tnd8/dP4hNXmjKIpqLXPcINkzwjEWWW8F6SjMsiWAJmdwu5skL04bn2YOdKtaXeJzxEafYzlGaSpK/lnHrvHU9G7ie3/Z/dFw3QWU8qBQO3Ld0mNNCssxSgY15Cnxl+yXWllPBZk5aGKYwneAxK7E0ZipJDUpsn2uQDpfRIqTNyPxz0pk3D/72rJu40w4u2p37S697U/3QhCM4gVMI4Aq6cAchREBBwTt8wCc6QyFK0ONvtIGqnUNYEiLfCk9z2Q==</latexit>

V�A
<latexit sha1_base64="+DVTKnmclONi2u7UD2vuR3JPdXI=">AAABqHicdY+9TsMwFIWvy18JfwFGFkQ6ICSqpCCxFlgYg0SSIlJVtusWq3Zi2Q6iijrzBqzwWrwNLWQpEWc6+u65V+cSJbixvv+FGiura+sbzU1na3tnd8/dP4hNXmjKIpqLXPcINkzwjEWWW8F6SjMsiWAJmdwu5skL04bn2YOdKtaXeJzxEafYzlGaSpK/lnHrvHU9G7ie3/Z/dFw3QWU8qBQO3Ld0mNNCssxSgY15Cnxl+yXWllPBZk5aGKYwneAxK7E0ZipJDUpsn2uQDpfRIqTNyPxz0pk3D/72rJu40w4u2p37S697U/3QhCM4gVMI4Aq6cAchREBBwTt8wCc6QyFK0ONvtIGqnUNYEiLfCk9z2Q==</latexit>

V�A
<latexit sha1_base64="+DVTKnmclONi2u7UD2vuR3JPdXI=">AAABqHicdY+9TsMwFIWvy18JfwFGFkQ6ICSqpCCxFlgYg0SSIlJVtusWq3Zi2Q6iijrzBqzwWrwNLWQpEWc6+u65V+cSJbixvv+FGiura+sbzU1na3tnd8/dP4hNXmjKIpqLXPcINkzwjEWWW8F6SjMsiWAJmdwu5skL04bn2YOdKtaXeJzxEafYzlGaSpK/lnHrvHU9G7ie3/Z/dFw3QWU8qBQO3Ld0mNNCssxSgY15Cnxl+yXWllPBZk5aGKYwneAxK7E0ZipJDUpsn2uQDpfRIqTNyPxz0pk3D/72rJu40w4u2p37S697U/3QhCM4gVMI4Aq6cAchREBBwTt8wCc6QyFK0ONvtIGqnUNYEiLfCk9z2Q==</latexit>

V
<latexit sha1_base64="iIlboewJjTSwU5yuPzqxX2EGIYY=">AAABpHicdY+9T8MwEMXP5auErwAjCyISYoqSgsRawcLAUARpI5FS2e61WLWTyHYQVdSZnRX+Mf4bWshSIt709Lt3p3csl8LYIPgijZXVtfWN5qaztb2zu+fuH3RNVmiOEc9kpmNGDUqRYmSFlRjnGqliEntscr2Y915QG5GlD3aaY1/RcSpGglM7R3GiWPZadmcD1wv84EfHdRNWxoNKnYH7lgwzXihMLZfUmMcwyG2/pNoKLnHmJIXBnPIJHWNJlTFTxWpQUftcg3y4jBYhbUbmn5POvHn4t2fddFt+eO637i689lX1QxOO4ATOIIRLaMMNdCACDhLe4QM+ySm5Jfck+o02SLVzCEsiT9+L13L7</latexit>

A
<latexit sha1_base64="z44Z6skkGewRkYQfki/6AMR4Jpc=">AAABpHicdY+9T8MwEMXP5auErwAjCyISYqqSUom1wMLAUARpI5FS2e61WLXjKHYQVdSZnRX+Mf4bWshSIt709Lt3p3cslcJY3/8itZXVtfWN+qaztb2zu+fuH3SNzjOOIddSZxGjBqVIMLTCSozSDKliEntscr2Y914wM0InD3aaYl/RcSJGglM7R1GsmH4tLmcD1/Mb/o+OqyYojQelOgP3LR5qnitMLJfUmMfAT22/oJkVXOLMiXODKeUTOsaCKmOmilWgova5AvlwGS1CmRmZf0468+bB355V0202gvNG867lta/KH+pwBCdwBgFcQBtuoAMhcJDwDh/wSU7JLbkn4W+0RsqdQ1gSefoGchVy5g==</latexit>

V
<latexit sha1_base64="iIlboewJjTSwU5yuPzqxX2EGIYY=">AAABpHicdY+9T8MwEMXP5auErwAjCyISYoqSgsRawcLAUARpI5FS2e61WLWTyHYQVdSZnRX+Mf4bWshSIt709Lt3p3csl8LYIPgijZXVtfWN5qaztb2zu+fuH3RNVmiOEc9kpmNGDUqRYmSFlRjnGqliEntscr2Y915QG5GlD3aaY1/RcSpGglM7R3GiWPZadmcD1wv84EfHdRNWxoNKnYH7lgwzXihMLZfUmMcwyG2/pNoKLnHmJIXBnPIJHWNJlTFTxWpQUftcg3y4jBYhbUbmn5POvHn4t2fddFt+eO637i689lX1QxOO4ATOIIRLaMMNdCACDhLe4QM+ySm5Jfck+o02SLVzCEsiT9+L13L7</latexit>

JBZ
<latexit sha1_base64="e4gZkgKFotHNt1OL6FjEbDnAKsM=">AAABpnicdY/NTsJAFIXv4B/Wv6pLN8RuWDUtmrAluDEuDCYWCJbU6XDBCTNtMzM1IQ1rX8CtvpdvI2g32HhWJ9899+bcOBNcG8/7IrWt7Z3dvfq+dXB4dHxin571dZorhgFLRaqGMdUoeIKB4UbgMFNIZSxwEM9v1vPBKyrN0+TRLDIcSzpL+JQzalZodBcVoZKN7mgZ2Y7nej9qVI1fGgdK9SL7LZykLJeYGCao1k++l5lxQZXhTODSCnONGWVzOsOCSq0XMq5ASc1LBbLJJlqHlJ7qf05aq+b+355V02+5/pXberh2Ot3yhzpcwCU0wYc2dOAWehAAgwTe4QM+SZPck4AMfqM1Uu6cw4bI8zcehXNH</latexit>

Ga[A]cov =
1

8⇡2
Tr

�
T aF2

�
<latexit sha1_base64="x+nircm0T944TSWmJgGOAze3sk4=">AAAB/3icdU+7SgNBFL3rM66vVUubYJoIEnajoI0QFdQyQl6QSZbZySQO2Rczk0AYprDyU+zE1i/wG/wIW23djYsQg6c6cx6XM17sMyFt+91YWFxaXlnNrZnrG5tb29bObkNEI05onUR+xFseFtRnIa1LJn3aijnFgefTpje8Sv3mmHLBorAmJzHtBHgQsj4jWCaSa2EUYHkvCFc32lVYt6dvgn11oTuuQjzIk2iszXPloCg5lD9DMeuqstZTr8bRkUYeGxRr3aT9W77WaSY1Dl2rYJfsKfLzxMlIATJUXesR9SIyCmgoiY+FaDt2LDsKc8mIT7WJRoLGmAzxgCocCDEJvDkx3TEnkt6slIa46It/TprJcufvznnSKJec41L57qRQucz+kIN9OIAiOHAKFbiFKtSBwBt8wCd8GQ/Gk/FsvPxEF4ysswczMF6/ASJWmF4=</latexit>

Ga[A]cons =
1

3
Ga[A]cov =

1

24⇡2
Tr

�
T aF2

�
<latexit sha1_base64="3zod5FsPidpF38BYuVddpdEouiQ=">AAACMnicjU/LSgMxFE3qq46vUZduBrtpRcrMtOBKqArqskJf0LRDJk1r6LxI0kIZsvYH/BR/Rnfi1i9w5UwdCrUIntXJeVxO3MhjQprmK8ytrW9sbuW3tZ3dvf0D/fCoJcIJJ7RJQi/kHRcL6rGANiWTHu1EnGLf9WjbHd+kfntKuWBh0JCziPZ8PArYkBEsE8nRn5GP5aMgPL5TToxVd/4m2IuvVM+JEfcNEgZCXcYWCpNDRkX9pzFV2qJhV1HE+rGt1NxscHSukMtGxUY/qS/atyrNpEbJ0Qtm2ZzDWCVWRgogQ93Rn9AgJBOfBpJ4WIiuZUayF2MuGfGo0tBE0AiTMR7RGPtCzHx3RUx3rIhksCylIS6G4o+TWrLc+r1zlbTsslUp2w/VQu06+0MenIBTUAQWuAA1cA/qoAkI+IIGLMEz+ALf4Dv8+InmYNY5BkuAn9/tE6sv</latexit>
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D2n�1
<latexit sha1_base64="H1A4oZWGP+YsPtrV/0pb1UBKWTE=">AAABpHicdY87T8NAEIT3wiuYl4GSBmEJ0WDZDhJtBBQUFEHgxBIJ1vmyCafc2dbdGSmyUtPTwh/j35CAm2Ax1ejb2dVskguujed9kcbK6tr6RnPT2tre2d2z9w+6OisUw5BlIlNRQjUKnmJouBEY5QqpTAT2ksn1Yt57RaV5lj6aaY4DSccpH3FGzRxFN3EZpOf+LLYdz/V+dFw3fmUcqNSJ7bf+MGOFxNQwQbV+8r3cDEqqDGcCZ1a/0JhTNqFjLKnUeiqTGpTUvNQgGy6jRUjpkf7npDVv7v/tWTfdwPVbbnB/4bSvqh+acAQncAY+XEIbbqEDITAQ8A4f8ElOyR15IOFvtEGqnUNYEnn+BpYncjQ=</latexit>

S2n�2
<latexit sha1_base64="UaQr8wsJDIcarxzJHgIKpSM0lic=">AAABpHicdY87T8NAEIT3wiuYl4GSBmEJ0WDZBok2goaCIig4sUQeOl824ZQ727o7I0VWanra5I/xb0jATbCYavTt7Go2zgTXxvO+SG1jc2t7p75r7e0fHB7ZxydtneaKYchSkaoophoFTzA03AiMMoVUxgI78eRhNe+8o9I8TV7MNMOepOOEjzijZomiVr8IkutgNrAdz/V+dF41fmkcKNUc2B/dYcpyiYlhgmr96nuZ6RVUGc4EzqxurjGjbELHWFCp9VTGFSipeatANlxHq5DSI/3PSWvZ3P/bs2ragevfuMHzrdO4L3+owxlcwBX4cAcNeIQmhMBAwCfMYUEuyRNpkfA3WiPlzimsifS/AajickM=</latexit>

Jbulk
<latexit sha1_base64="f/895j5IpaTZteXCq8NdFUeEKIE=">AAABqHicdY+9TsMwFIWvy18JfwFGloosiCFKSiXWChbEFCTSFJEqsl23WLUTy3aQqqgzb8AKr8Xb0EKWEnGmo++ee3UuUYIbGwRfqLWxubW909519vYPDo/c45OBKUpNWUwLUeghwYYJnrPYcivYUGmGJREsIbPb1Tx5ZdrwIn+0c8VGEk9zPuEU2yVK77Mq1bJDSjFbZK4X+MGPOk0T1saDWlHmvqXjgpaS5ZYKbMxzGCg7qrC2nAq2cNLSMIXpDE9ZhaUxc0kaUGL70oB0vI5WIW0m5p+TzrJ5+Ldn0wy6fnjldx96Xv+m/qENZ3AOFxDCNfThDiKIgYKCd/iAT3SJIpSgp99oC9U7p7AmRL4Bvzh0bQ==</latexit>

We have found that the (integrated) covariant anomaly is given by 
the flux of the bulk current over S2n�2 = @D2n�1

<latexit sha1_base64="moAhRdg3gvOUG8JEdzjZXfZQZ0k=">AAABuHicdY9LS8NAFIXv1FeNr6g73RSzcWPIpIIgCEVduKxo2oKpcTKd1qGTBzMToYSAO/+JW/07/hsbzaYGz+rw3XMv54ap4Eo7zhdqLC2vrK41142Nza3tHXN3r6eSTFLm0UQkchASxQSPmae5FmyQSkaiULB+OL0q5/0XJhVP4ns9S9kwIpOYjzkleo4C8+DuMXfjE7e48FMiNSeidR2UBBeBaTm286NW3eDKWFCpG5hv/iihWcRiTQVR6gE7qR7m5VkqWGH4mWIpoVMyYTmJlJpFYQ1GRD/XIB0tojIk1Vj9c9KYN8d/e9ZNz7Vx23ZvT63OZfVDEw7hCI4Bwxl04Aa64AGFV3iHD/hE5+gJTRD/jTZQtbMPC0LyG7hbeWc=</latexit>

The bulk current is anomaly-free in D2n�1
<latexit sha1_base64="H1A4oZWGP+YsPtrV/0pb1UBKWTE=">AAABpHicdY87T8NAEIT3wiuYl4GSBmEJ0WDZDhJtBBQUFEHgxBIJ1vmyCafc2dbdGSmyUtPTwh/j35CAm2Ax1ejb2dVskguujed9kcbK6tr6RnPT2tre2d2z9w+6OisUw5BlIlNRQjUKnmJouBEY5QqpTAT2ksn1Yt57RaV5lj6aaY4DSccpH3FGzRxFN3EZpOf+LLYdz/V+dFw3fmUcqNSJ7bf+MGOFxNQwQbV+8r3cDEqqDGcCZ1a/0JhTNqFjLKnUeiqTGpTUvNQgGy6jRUjpkf7npDVv7v/tWTfdwPVbbnB/4bSvqh+acAQncAY+XEIbbqEDITAQ8A4f8ElOyR15IOFvtEGqnUNYEnn+BpYncjQ=</latexit>

DJbulk = 0
<latexit sha1_base64="9X4lEW7z1w2V9Kqgckqor84vKr8=">AAABrXicdY+9TsMwFIWvy18JPw0wslRkYQpOQWJCqoABMRWJtJVIiWzXDVbtJLIdpCrqzEOwwkPxNrSQpUSc6ei7516dS3MpjMX4CzXW1jc2t5rbzs7u3n7LPTjsm6zQjIcsk5keUmK4FCkPrbCSD3PNiaKSD+j0ZjkfvHJtRJY+2lnOR4okqZgIRuwCxW7r9j4uI63atJDT+RWOXQ/7+Eftugkq40GlXuy+ReOMFYqnlklizFOAczsqibaCST53osLwnLApSXhJlDEzRWtQEftSg2y8ipYhbSbmn5POonnwt2fd9Dt+cO53Hi687nX1QxOO4QROIYBL6MId9CAEBgW8wwd8ojMUogg9/0YbqNo5ghWh5BuBu3Vt</latexit>

Z

S2n�2

Tr
�
uJbulk

�
= �

Z

S2n�2

Tr
⇣
uG [A]cov

⌘

<latexit sha1_base64="++UA0PItPMz1CcdPl5t7b0HtW0o=">AAACGHicdY+7TsMwGIXtAqWUSwOMLBVdWolWSUBiQiplADEV0ZtUl8hx3WLVuch2KpUoM+/A07AhVjY2HgWSZilRz3T0+Zxfx7bPmVS6/g1zG5tb+e3CTnF3b/+gpB0e9aQXCEK7xOOeGNhYUs5c2lVMcTrwBcWOzWnfnt3E7/05FZJ5bkctfDpy8NRlE0aw+kOW9oKYq6zw8Sk03boZRSESTrkj0FmEbDatBuV7K0F2wGcJql3V11dacQU5WD1LIsLbaJh4gnl4HY2Wh4g3T3K1oqVV9IaeqJw1RmoqIFXb0l7R2COBQ11FOJZyaOi+GoVYKEY4jYookNTHZIanNMSOlAvHzsB4TwaS8SqKQ0JO5JqT8XLj/86s6ZkN47xhPlxUmq30DwVwAk5BFRjgEjTBHWiDLiDgB+ZhCWrwDb7DD/i5jOZg2jkGK4Jfv4O1nkE=</latexit>

The charge flow from the bulk into the 
boundary renders the gauge theory on S 

2n-2   
anomalous 

Physical interpretation: anomaly inflow

This flow is controlled by the covariant anomaly
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Revisiting the Bardeen anomaly
(without Feynman diagrams)
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Let us consider again the theory of a left-handed and a 
right-handed fermion coupled respectively to gauge 
fields        and AL

<latexit sha1_base64="VJAxrOvBn85PETKO7IDE+v51e1s=">AAABrXicdY+9TsNAEIT3wl8wPzFQ0iDcUBk7INEGaCgogoSTSDhY58smnHJnW3dnpMhyzUPQwkPxNsTgJlhMNfp2djUbZ4Jr43lfpLW2vrG51d62dnb39jv2weFAp7liGLBUpGoUU42CJxgYbgSOMoVUxgKH8fy2mg9fUWmeJo9mkeFY0lnCp5xRs0SR3QklNS+MiuK6jIr7MrIdz/V+dNI0fm0cqNWP7LdwkrJcYmKYoFo/+V5mxgVVhjOBpRXmGjPK5nSGBZVaL2TcgFWFBmSTVVSFlJ7qf05ay+b+355NM+i6/oXbfbh0ejf1D204hlM4Ax+uoAd30IcAGOTwDh/wSc5JQELy/BttkXrnCFZEZt9lzXYk</latexit>

AR
<latexit sha1_base64="MVkaLdBQhAWHSRuoWcw0SnOvwk8=">AAABrXicdY+9TsNAEIT3wl8wPzFQ0iDcUBk7INEGaCgDwkkkHKzzZRNOubOtuzNSZLnmIWjhoXgbYnATLKYafTu7mo0zwbXxvC/SWlvf2Nxqb1s7u3v7HfvgcKDTXDEMWCpSNYqpRsETDAw3AkeZQipjgcN4flvNh6+oNE+TR7PIcCzpLOFTzqhZosjuhJKaF0ZFcV1GxUMZ2Y7nej86aRq/Ng7U6kf2WzhJWS4xMUxQrZ98LzPjgirDmcDSCnONGWVzOsOCSq0XMm7AqkIDsskqqkJKT/U/J61lc/9vz6YZdF3/wu3eXzq9m/qHNhzDKZyBD1fQgzvoQwAMcniHD/gk5yQgIXn+jbZIvXMEKyKzb20pdio=</latexit>

Naively, we would start with the anomaly polynomial

TrFn
L � TrFn

R = d
h
!0
2n�1(AL,FL)� !0

2n�1(AR,FR)
i

<latexit sha1_base64="CXwD+3Lo1SbuFUhRuI4nrw95f3g=">AAACTHichU9LSwJBHJ+xMtte2+PWRfKioLJrQRAEphEdOpj4AleX2XHcBmcfzIyBLHvu2/RRuvc9ukWQa0ugi/Q7/fi95j+Wz6iQmvYBUxubW+ntzI6yu7d/cKgeHXeEN+WYtLHHPN6zkCCMuqQtqWSk53OCHIuRrjWpR373hXBBPbclZz4ZOMh26ZhiJOeSqb4FBneyLW4UQ8NB8hkjFtyHZvAYDgM3LK1xmwv3RhkZNWr3Dc8hNhoG2typuCU9zP+FbxdTxZXpQkn5p9Nc6TTDQvTUwFRzWllbIJskekxyIEbDVF+NkYenDnElZkiIvq75chAgLilmJFSMqSA+whNkkwA5QswcKyFGhyREPFqWohAXY7FmUplfrq/emSSdSlm/KFeeLnPVWvyHDDgD5yAPdHAFquABNEAbYHgKr2Ed3sF3+Am/4PdvNAXjzglYQir9A7rossY=</latexit>

leading to the anomalous effective action

This action, however, transforms under vector gauge transformations

�V AL = �V AR = Du
<latexit sha1_base64="ugyhvkJZAEynuSH9/w2LnVSF7SM=">AAAB1HicdY+7TsNAEEVnwyuYl4GSBuGGyrIDgipSeBQUFAERJxKOrPV6ElZZP+RdI0XGFUJ0fAFfQws/wN+QgJtg5VZX586M7viJ4FJZ1jepLSwuLa/UV7W19Y3NLX17x5FxljLssFjEac+nEgWPsKO4EthLUqShL7Drjy6mefcRU8nj6E6NE+yHdBjxAWdUTZCnn7gBCkW93CnckKoHRkV+Vnj5ddGck9wWzcvM0w3LtH61XzV2aQwo1fb0VzeIWRZipJigUt7bVqL6OU0VZwILzc0kJpSN6BBzGko5Dv0KnLaoQBbMoulQKgdyzklt0tz+37NqnIZpH5mNm2OjdV7+UIc9OIBDsOEUWnAFbegAg3f4gE/4Ig55Is/k5W+0RsqdXZgRefsB/riHGw==</latexit>

�[AL,AR] = cn

Z

D2n�1

h
!0
2n�1(AL,FL)� !0

2n�1(AR,FR)
i

<latexit sha1_base64="qF/eZzmkLSxvGV0Y0s+PQbO80dM=">AAACS3ichU/LTsJAFJ1BUayvKks3RjaQCGnRxLgwQTDqwgUSeSQUm+kw1AkzbdMZTMika7/GT/ED/A53xoUUu4GGeFbnnnvPvec6AaNCGsYnzKytZzc2c1va9s7u3r5+cNgR/iTEpI195oc9BwnCqEfakkpGekFIEHcY6TrjRtzvvpJQUN97ktOADDhyPTqiGMmZZOvv1h3iHPUtjuQLRkxdR7Z6iE4X6lY0uMK28iLNop601Y2tql7ZjCKrTt2+5XPiomdlRIlcXLnsdl6Xyto/ntaSpxWV4lMDWy8YFWOO4zQxE1IACZq2/mYNfTzhxJOYISH6phHIgUKhpJiR2T8TQQKEx8glCnEhptxJiXGQlIiHi1I8FIqRWLFSmyU3l3OmSadaMc8q1cfzQq2e/JADR+AEFIEJLkAN3IMmaAMM8/AS1mEDfsAv+A1//kYzMPHkwQIy2V+ljLI5</latexit>

�V �[AL,AR] = cn

Z

S2n�2

h
!1
2n�1(u,AL,FL)� !1

2n�1(u,AR,FR)
i
6= 0

<latexit sha1_base64="+SwNVK5agnQTM/DMVgGd+//1dZo=">AAACX3ichU/NTsJAGNzWHxAVq56MFyIHIQHSooknE8REPWiCKD8JhWa7LLhht63dxYRs9uxz+RgefRML9gINcU7zzc58O58bUMKFaX5r+sbm1nYqvZPZ3dvPHhiHR23uT0OEW8infth1IceUeLgliKC4G4QYMpfijju5nb93PnDIie+9ilmA+wyOPTIiCIpIcowve4ipgI5sK/seMgZ7NoPiDUEqb5QjH1VpaW6q/jVypKcyNvGEI18GsuqVq0rZdTLu2T7DYziQVuSMZEsVpqW16+4Wc7Gc+TfVXEk1VXH+Xd/28HvOdIy8WTEXyCWJFZM8iNFwjE976KMpw55AFHLes8xA9CUMBUEUR5dNOQ4gmsAxlpBxPmNuQpzXSYhouCzNTSEf8TUrM1Fza7VnkrSrFeuiUn2+zNfq8Q1pcArOQAFY4ArUwANogBZA2rn2pLW1jvajp/SsbvxZdS3OHIMl6Ce/vTq3Wg==</latexit>

Juan L. Mañes
(b. 1955)



M.Á. Vázquez-Mozo                                                             Anomalies and Differential Geometry I                                          PhD Course, Universidad Autónoma de Madrid

To make the theory invariant under vector gauge transformations, 
we use the freedom to add a local counterterm

�[AL,AR] = cn

Z

D2n�1

h
!0
2n�1(AL,FL)� !0

2n�1(AR,FR)

+ dS2n�2(AL,AR,FL,FR)
i

<latexit sha1_base64="af8FWcsl83Zss8SX+QDFFrrxa0o=">AAACpHichVBNT8JAFNxWUaxfoEcvRBICUUhbTTyZIBr1wAHBAklbmu2y4IbdtukuJqTp2btX/WP+GwF7AUTn9N7sm3nz1g0o4UJVvyR5YzO1tZ3eUXb39g8OM9mjNvfHIcIG8qkfdl3IMSUeNgQRFHeDEEPmUtxxR7ez984rDjnxvWcxCbDN4NAjA4KgmFJOVkpZD5AxaFoMihcEaXQTO1E9Pl/om7FduEZO5MWKRTzhRHdOpHtlLY6tGhmals/wEPYiNU7o4lq3+3lfKiv/aJpLmmZcylmWqVZ0xGylcNZvzWX6H6t+s1mOMrWdXWA7mbxaUefIrRZaUuRBgoaTebP6Phoz7AlEIeempgbCjmAoCKJ4+k1jjgOIRnCII8g4nzB3hZwFWSFRf5GaDYV8wNdYKtPk2nLO1aKtV7SLiv50ma/WkhvS4AScgiLQwBWogkfQAAZAEpXepQ/pUy7IdbklGz+jspRojsEC5N43O/LQaQ==</latexit>

Bardeen counterterm

To compute this counterterm, we introduce the family of connections 
interpolating between       and    AL

<latexit sha1_base64="VJAxrOvBn85PETKO7IDE+v51e1s=">AAABrXicdY+9TsNAEIT3wl8wPzFQ0iDcUBk7INEGaCgogoSTSDhY58smnHJnW3dnpMhyzUPQwkPxNsTgJlhMNfp2djUbZ4Jr43lfpLW2vrG51d62dnb39jv2weFAp7liGLBUpGoUU42CJxgYbgSOMoVUxgKH8fy2mg9fUWmeJo9mkeFY0lnCp5xRs0SR3QklNS+MiuK6jIr7MrIdz/V+dNI0fm0cqNWP7LdwkrJcYmKYoFo/+V5mxgVVhjOBpRXmGjPK5nSGBZVaL2TcgFWFBmSTVVSFlJ7qf05ay+b+355NM+i6/oXbfbh0ejf1D204hlM4Ax+uoAd30IcAGOTwDh/wSc5JQELy/BttkXrnCFZEZt9lzXYk</latexit>

AR
<latexit sha1_base64="MVkaLdBQhAWHSRuoWcw0SnOvwk8=">AAABrXicdY+9TsNAEIT3wl8wPzFQ0iDcUBk7INEGaCgDwkkkHKzzZRNOubOtuzNSZLnmIWjhoXgbYnATLKYafTu7mo0zwbXxvC/SWlvf2Nxqb1s7u3v7HfvgcKDTXDEMWCpSNYqpRsETDAw3AkeZQipjgcN4flvNh6+oNE+TR7PIcCzpLOFTzqhZosjuhJKaF0ZFcV1GxUMZ2Y7nej86aRq/Ng7U6kf2WzhJWS4xMUxQrZ98LzPjgirDmcDSCnONGWVzOsOCSq0XMm7AqkIDsskqqkJKT/U/J61lc/9vz6YZdF3/wu3eXzq9m/qHNhzDKZyBD1fQgzvoQwAMcniHD/gk5yQgIXn+jbZIvXMEKyKzb20pdio=</latexit>

At1t2 = t1AL + t2AR
<latexit sha1_base64="hYEw7i9plmaHw+70Je93JJ40m2w=">AAAB4HicdY+9TsMwFIWvy18JfwFGFkQXJKQqCZWYkEpZGBgKIm0lWkW26xardhLFLlIVeYYNsfIEPA0r8DY0JUuIOMPV0XfutY5JLLjSjvONKkvLK6tr1XVrY3Nre8fe3euoaJpQ5tNIREmPYMUED5mvuRasFycMSyJYl0wus7z7yBLFo/BOz2I2kHgc8hGnWM9RYLf6EusHikV6YYJUB6lr5sMz5nzhC+m1OVlkBXhrArvm1J2FDsvGzU0NcrUD+6k/jOhUslBTgZW6d51YD1KcaE4FM1Z/qliM6QSPWYqlUjNJSjCrUIJ0WETZUqJG6p8nrXlz92/Psul4dfe07t00as1W/ocqHMARHIMLZ9CEK2iDDxTe4QM+4QsR9Ixe0OvvagXlN/tQEHr7Aa1ujFo=</latexit>

with

Ft1t2 = dAt1t2 +A2
t1t2

= t1FL + t2FR + t1(t1 � 1)A2
L + (t2 � 1)A2

R + t1t2
⇣
ALAR +ARAL

⌘

<latexit sha1_base64="JBdQfa1t5V4DjlV0OmojdY+OEt0=">AAACt3icdU/LSsNAFJ3EV42vVjeCm2KhpARDEgVxUagVxEUXtdgHNDVMptN2aF5mpkIJwaVf4la/x78xjUFJQu/icuecc889Y3oWoUxRvjl+Y3Nre6ewK+ztHxweFUvHPeoufIS7yLVcf2BCii3i4C4jzMIDz8fQNi3cN+d3K77/in1KXOeJLT08suHUIROCIIsgo8Sd6jZkMwSt4D40AmYEahg1LQyr9fEfdZumpHXEc9TKuj5UZA3ZI6Faj7nUhVYoxdoU2IlBNRTjfqHWUgdasa8kxntZshOTgvSfQm+SqZgxyKxImXdWHTnUjGJFkZW4yvlBTYYKSKptFN/1sYsWNnYYsiClQ1Xx2CiAPiPIwqGgLyj2IJrDKQ6gTenSNnPgKkcOROM0tBL5dELXWApRcjWbMz/0NFm9lLXHq0qjmfyhAM7AORCBCq5BAzyANugCxL1xH9wn98Xf8AY/4We/Up5Ldk5AqviXH2ry2q4=</latexit>

0  t1, t2  1
<latexit sha1_base64="sJLSrSs8ibnzBdqCqHjSJ7sVhDk=">AAABtXicdU+7TsNAENwLr2BeBgoKmog0FMjyBaS0ETSUQSIPCVvW+bwOp5wf8Z2RIss1H0ILH8Tf4AQ3wWKK1ezs7GrWT6VQ2ra/SWtre2d3r71vHBweHZ+Yp2djleQZxxFPZJJNfaZQihhHWmiJ0zRDFvkSJ/78YTWfvGGmRBI/62WKbsRmsQgFZ7qSPPPCdiQuOtoraHlT1V657qlndm3LXqPTJLQmXagx9Mx3J0h4HmGsuWRKvVA71W7BMi24xNJwcoUp43M2w4JFSi0jvyFGTL82RB5sSitTpkL1z0mjSk7/5myScc+it1bv6a47uK9/aMMlXME1UOjDAB5hCCPgUMIHfMIX6ROXBCT8tbZIvXMOGyDJDxpceGQ=</latexit>
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We apply now the generalized transgression formula with            top = 1
<latexit sha1_base64="3XDOwOpQJRWZmOx7LgZbCXqDfoI=">AAABn3icdY+9T8MwEMXP5auErwAjC5CFKYoLEhNSBQNMKAjSFtGqctxrsWonlu0gVRUzEyv8bfw3tJClRLzp6XfvTu9SLYV1UfRFakvLK6tr9XVvY3Nre8ff3WvZvDAcE57L3HRSZlGKDBMnnMSONshUKrGdjq/m8/YLGivy7MFNNPYUG2ViKDhzM3SvL2jfD6Iw+tFh1dDSBFAq7vtv3UHOC4WZ45JZ+0Qj7XpTZpzgEl+9bmFRMz5mI5wyZe1EpRWomHuuQD5YRPOQsUP7z0lv1pz+7Vk1rUZIT8PG3VnQvCx/qMMBHMMJUDiHJtxADAlwGME7fMAnOSLX5JbEv9EaKXf2YUHk8Ru5NXBH</latexit>

Q = TrFn
t1t2

<latexit sha1_base64="kS9be6JrdB86elEZcDe1tf8U3uk=">AAAB0HicdY/LSsNAFIbP1Futt6hLN8VuXEhJYsGVUBTEZSu9galhMp3WoTNJmJmKZRjEleAT+DRu9RV8G9uaTQ3+i8PPdy78J0o5U9p1v1FhZXVtfaO4Wdra3tndc/YPOiqZSELbJOGJ7EVYUc5i2tZMc9pLJcUi4rQbja/m/e4jlYolcUtPU9oXeBSzISNYz1Do+IHA+kERaZr2wgRSlFsyOLULSjA31zY0OjSenRXf2nsT29CpuFV3oXLeeJmpQKZG6LwGg4RMBI014VipO89Ndd9gqRnh1JaCiaIpJmM8ogYLpaYiysF5nhwkg2U0H5JqqP45WZol9/7mzJuOX/XOqn6zVqlfZj8U4QiO4QQ8OIc63EAD2kDgHT7gE77QLXpCz+jld7SAsp1DWBJ6+wExfoVt</latexit>

and take the domain T to be the triangle 

t1
<latexit sha1_base64="TZjlwnOTCfWVeXQeD/JN+NhxkDQ=">AAABoXicdY+9T8MwEMXP5aMlfAUYWRBZmKK4ILFWdIEtINJWaqvIca/Fqp1EtoNURZ0ZWeFP47+hhSwl4k1Pv3t3epfkUhgbBF+ksbW9s9ts7Tn7B4dHx+7Jac9kheYY8UxmepAwg1KkGFlhJQ5yjUwlEvvJvLue919RG5Glz3aR41ixWSqmgjO7QpGNS7qMXS/wgx9d1A2tjAeVwth9G00yXihMLZfMmCENcjsumbaCS1w6o8JgzviczbBkypiFSmpQMftSg3yyidYhbabmn5POqjn927Nuem2fXvvtxxuvc1f90IJzuIQroHALHbiHECLgIOAdPuCTeOSBhOTpN9og1c4ZbIgMvwFjNHF5</latexit>1

<latexit sha1_base64="7JyxpFYyUZJgZHxsrDcTO2J04bU=">AAABnXicdY/NS8NAEMVn61eNX1GPHhRz8RSyteC1KIIHkRZMU7ClbLbTunQ3G3Y3QimePXjVP87/xlZzqcF3evzmzfAmzaWwLoq+SG1tfWNzq77t7ezu7R/4h0ddqwvDMeZaatNLmUUpMoydcBJ7uUGmUolJOr1ZzpMXNFbo7NHNchwoNsnEWHDmFqhDh34QhdGPzqqGliaAUu2h/9YfaV4ozByXzNonGuVuMGfGCS7x1esXFnPGp2yCc6asnam0AhVzzxXIR6toGTJ2bP856S2a0789q6bbCOll2Og0g9Z1+UMdTuAcLoDCFbTgDtoQAweEd/iAT3JKbsk9efiN1ki5cwwrIsk3m1Bvhg==</latexit>

1
<latexit sha1_base64="7JyxpFYyUZJgZHxsrDcTO2J04bU=">AAABnXicdY/NS8NAEMVn61eNX1GPHhRz8RSyteC1KIIHkRZMU7ClbLbTunQ3G3Y3QimePXjVP87/xlZzqcF3evzmzfAmzaWwLoq+SG1tfWNzq77t7ezu7R/4h0ddqwvDMeZaatNLmUUpMoydcBJ7uUGmUolJOr1ZzpMXNFbo7NHNchwoNsnEWHDmFqhDh34QhdGPzqqGliaAUu2h/9YfaV4ozByXzNonGuVuMGfGCS7x1esXFnPGp2yCc6asnam0AhVzzxXIR6toGTJ2bP856S2a0789q6bbCOll2Og0g9Z1+UMdTuAcLoDCFbTgDtoQAweEd/iAT3JKbsk9efiN1ki5cwwrIsk3m1Bvhg==</latexit>

t2
<latexit sha1_base64="tpKQ3KsyRyfFj432hgKmBqXgeos=">AAABoXicdY+9T8MwEMXP5auErwAjCyILU+QEJNYKFtgCIm2ltooc91qs2klkO0hV1JmRFf40/htayFIi3vT0u3end2khhbGUfpHWxubW9k5719nbPzg8co9PuiYvNceY5zLX/ZQZlCLD2AorsV9oZCqV2Etnd6t57xW1EXn2bOcFjhSbZmIiOLNLFNukCheJ61Gf/ui8aYLaeFArSty34TjnpcLMcsmMGQS0sKOKaSu4xIUzLA0WjM/YFCumjJmrtAEVsy8NyMfraBXSZmL+Oeksmwd/ezZNN/SDKz98vPY6t/UPbTiDC7iEAG6gA/cQQQwcBLzDB3wSjzyQiDz9Rluk3jmFNZHBN2RucXo=</latexit>

T
<latexit sha1_base64="ev1rX71Cle/Eo78rdDd8VFDDj6g=">AAABnXicdY/NS8NAEMVn61eNX1GPHhRz8RSSKngtiuBBpIWmKdhSNttpXbqbhJ2NUIpnD171j/O/sdVcavCdHr95M7xJciXJBsEXq62tb2xu1bednd29/QP38KhLWWEERiJTmeklnFDJFCMrrcJebpDrRGGcTG+X8/gFDcks7dhZjgPNJ6kcS8HtArU7Q9cL/OBHZ1UTlsaDUq2h+9YfZaLQmFqhONFTGOR2MOfGSqHw1ekXhDkXUz7BOddEM51UoOb2uQLFaBUtQ4bG9M9JZ9E8/NuzaroNP7z0G+0rr3lT/lCHEziHCwjhGppwDy2IQADCO3zAJztld+yBPf5Ga6zcOYYVsfgbxhtvqQ==</latexit>

(q = 0)
<latexit sha1_base64="WjQL/S4AHfIOJZTgwcGctwsU6ZI=">AAABoXicdY/NT8JAEMVn8QOsX1WPXoy94KXZIoknE6IXvVVjgQQI2S4Dbtht6+6WhBDPHr3qn+Z/I2gv2PhOL795M3kTZ1IYS+kXqWxsbm1XazvO7t7+waF7dNw2aa45RjyVqe7GzKAUCUZWWIndTCNTscROPL1dzTsz1EakyZOdZzhQbJKIseDMLlFUf7mmF0PXoz790VnZBIXxoFA4dN/6o5TnChPLJTOmF9DMDhZMW8Elvjr93GDG+JRNcMGUMXMVl6Bi9rkE+WgdrULajM0/J51l8+Bvz7JpN/zg0m88NL3WTfFDDU7hHOoQwBW04A5CiICDgHf4gE/ikXsSksffaIUUOyewJtL7BmcJcKw=</latexit>

Z

@T
`tTrFn

t1t2 =
1

2

Z

T
`2td

�
TrFn

t1t2

�
� 1

2
d

Z

T
`2tTrFn

t1t2
<latexit sha1_base64="72dCeZxjcjMexXTyA1Y89ue1eUQ=">AAACdHicjZDbS8MwFMbTepv1VvVRH4pFmKCjrYIvCkNBfJywG5itpGmcYemFJhNGyLP/oeA/4rOtK4zZCZ6HcPi+k9/5kiBllAvH+dT0ldW19Y3aprG1vbO7Z+4fdHkyyTDp4IQlWT9AnDAak46ggpF+mhEUBYz0gvF94ffeSMZpErfFNCWDCI1i+kIxErnkmx+QxsKXMEWZoIhZbQUJY74USsIsstoZPFcwQuIVIyYf1FDGKjd96ar88JS6lS5M8gWWp2akOWCY+yEM6Ki+FLWAKbjF6NmFMQeGy4j/i+WbttNwfsqqNm7Z2KCslm++wzDBk4jEAjPE+bPrpGIgi1/BjCgDTjhJER6jEZEo4nwaBRWxyFMRcbgoFUMZf+F/II08ufs7Z7Xpeg33suE9XdnNu/INNXAETkAduOAaNMEjaIEOwNqNFmhjjWlf+rFu66ezUV0r7xyChdIb33sQw8U=</latexit>

Using

`tAt1t2 = 0

`tFt1t2 = dtAt1t2 =

✓
dt1

@

@t1
+ dt2

@

@t2

◆
At1t2 = dt1AL + dt2AR

<latexit sha1_base64="ZC8p8qmPwELDKaY7CDvwSZViq8M=">AAACp3icfU/LSsNAFJ3EV42vVpduggVpEUISBVeFqiAuBKvYB3RKmEymbejkQWYqlDBrv8Ctfpd/Y5KmYBr0LoZ7zzn33DN2SF3Gdf1bkjc2t7Z3KrvK3v7B4VG1dtxjwTzCpIsDGkQDGzFCXZ90ucspGYQRQZ5NSd+e3aV8/41EzA38V74IychDE98duxjxBLJqUgUSSq2YC+ghPsWIxjciGa3YEMljCnHe0lUIh7pmYm+klNT362rnP7OWAikZ84aTYTEMUcRdRGGQZFwNasaJCydbKWrU36LED0buZMqbf55b3inQjyvnAvoirGpd1/Ss1HJj5E0d5NWxqu/QCfDcIz7HFDE2NPSQj+I0H6ZEKHDOSIjwDE1IjDzGFp5dAtMIJRA7RSgVRWzM/rBUkuTGes5y0zM141Izn6/q7dv8DxVwCs5AAxjgGrTBA+iALsBSIH1In9KX3JSf5J48WEplKd85AYWS0Q9xota9</latexit>

we compute each term of the transgression formula
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Z

@T
`tTrFn

t1t2 =
1

2

Z

T
`2td

�
TrFn

t1t2

�
� 1

2
d

Z

T
`2tTrFn

t1t2
<latexit sha1_base64="72dCeZxjcjMexXTyA1Y89ue1eUQ=">AAACdHicjZDbS8MwFMbTepv1VvVRH4pFmKCjrYIvCkNBfJywG5itpGmcYemFJhNGyLP/oeA/4rOtK4zZCZ6HcPi+k9/5kiBllAvH+dT0ldW19Y3aprG1vbO7Z+4fdHkyyTDp4IQlWT9AnDAak46ggpF+mhEUBYz0gvF94ffeSMZpErfFNCWDCI1i+kIxErnkmx+QxsKXMEWZoIhZbQUJY74USsIsstoZPFcwQuIVIyYf1FDGKjd96ar88JS6lS5M8gWWp2akOWCY+yEM6Ki+FLWAKbjF6NmFMQeGy4j/i+WbttNwfsqqNm7Z2KCslm++wzDBk4jEAjPE+bPrpGIgi1/BjCgDTjhJER6jEZEo4nwaBRWxyFMRcbgoFUMZf+F/II08ufs7Z7Xpeg33suE9XdnNu/INNXAETkAduOAaNMEjaIEOwNqNFmhjjWlf+rFu66ezUV0r7xyChdIb33sQw8U=</latexit>

`tTrFn
t1t2 = nTr

h�
dt1AL + dt2AR

�
Fn�1

t1t2

i

<latexit sha1_base64="ixHciicCKsgKdGDvMyJ8FOEll7k=">AAACNXicfU/LSsNAFJ2pr1pfUZduitlUbEtSBVdCrSAuXFTpC5oaJpNpHDp5kJkKJczaT/BT/BYX7sStXyCYxCDWoGcxHM49594zVsAoF5r2DAsLi0vLK8XV0tr6xuaWsr3T4/40xKSLfeaHAwtxwqhHuoIKRgZBSJBrMdK3JufJvH9PQk59ryNmARm5yPHomGIkYslUHg3CmBkJGRmhW+6ERlUaLhJ3GLHoQsYDM9Jl/DSkvI08eer98LWoMzQs6lTs1PWdO4tzV/LQTmNz6o1M/Af/XKjp6d6RqahaXUtRzhM9IyrI0DaVB8P28dQlnsAMcT7UtUCMIhQKihmRJWPKSYDwBDkkQi7nM9fKiUmtnIjteSkxhXzM/1hZipvrv3vmSa9R14/qjetjtdnK/lAEe2AfVIAOTkATXII26AIMPqAKq7AGn+ALfIVvX9YCzDK7YA7w/RNtzq07</latexit>

dTrFn
t1t2 = 0

<latexit sha1_base64="jTMXxjOofmbkK/gKdW+cl3xvskI=">AAABx3icdY/LSsNAFIbP1Futt6hLN8VsFKQkreBKKAqiuwq9galhMp3WoTNJmJkWyzALVy59Grf6HL6NjWZTg//i8POdC/+JUs6U9rwvVFpZXVvfKG9WtrZ3dvec/YOuSqaS0A5JeCL7EVaUs5h2NNOc9lNJsYg47UWT66zfm1GpWBK39TylA4HHMRsxgvUChc7p0ARSVNsyOLOBwPqJYG5ubGh0aHy7KHVrH01sL73Qcb2a96Nq0fi5cSFXK3Reg2FCpoLGmnCs1IPvpXpgsNSMcGorwVTRFJMJHlODhVJzERVglqgAyXAZZUNSjdQ/JyuL5P7fnEXTrdf8Rq1+f+42r/IfynAEx3ACPlxAE26hBR0g8Abv8AGf6A4laIaef0dLKN85hCWhl29XgYEQ</latexit>

As for the second term on the right-hand side

`2tTrFn
t1t2 = n`tTr

⇣
dtAt1t2Fn�1

t1t2

⌘
= n(n� 1)Tr

⇣
dtAt1t2dtAt1t2Fn�2

t1t2

⌘

= n(n� 1)Tr
h�
dt1AL + dt2AR

��
dt1AL + dt2AR

�
Fn�2

t1t2

i

= n(n� 1)dt1dt2Tr
h�
ALAR �ARAL

�
Fn�2

t1t2

i

= n(n� 1)d2tTr
h�
ALAR �ARAL

�
Fn�2

t1t2

i

<latexit sha1_base64="ndtIwFfNCaVYWVkSRv5ZA0H3KMI="></latexit>

n

Z

@T
Tr

h�
dt1AL + dt2AR

�
Fn�1

t1t2

i
= �1

2
n(n� 1)d

Z

T
d2tTr

h�
ALAR �ARAL

�
Fn�2

t1t2

i

<latexit sha1_base64="qpa4AekyvoJUF79Xx8x48d0YX1U="></latexit>
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We compute the left-hand side:

t1
<latexit sha1_base64="TZjlwnOTCfWVeXQeD/JN+NhxkDQ=">AAABoXicdY+9T8MwEMXP5aMlfAUYWRBZmKK4ILFWdIEtINJWaqvIca/Fqp1EtoNURZ0ZWeFP47+hhSwl4k1Pv3t3epfkUhgbBF+ksbW9s9ts7Tn7B4dHx+7Jac9kheYY8UxmepAwg1KkGFlhJQ5yjUwlEvvJvLue919RG5Glz3aR41ixWSqmgjO7QpGNS7qMXS/wgx9d1A2tjAeVwth9G00yXihMLZfMmCENcjsumbaCS1w6o8JgzviczbBkypiFSmpQMftSg3yyidYhbabmn5POqjn927Nuem2fXvvtxxuvc1f90IJzuIQroHALHbiHECLgIOAdPuCTeOSBhOTpN9og1c4ZbIgMvwFjNHF5</latexit>

1
<latexit sha1_base64="7JyxpFYyUZJgZHxsrDcTO2J04bU=">AAABnXicdY/NS8NAEMVn61eNX1GPHhRz8RSyteC1KIIHkRZMU7ClbLbTunQ3G3Y3QimePXjVP87/xlZzqcF3evzmzfAmzaWwLoq+SG1tfWNzq77t7ezu7R/4h0ddqwvDMeZaatNLmUUpMoydcBJ7uUGmUolJOr1ZzpMXNFbo7NHNchwoNsnEWHDmFqhDh34QhdGPzqqGliaAUu2h/9YfaV4ozByXzNonGuVuMGfGCS7x1esXFnPGp2yCc6asnam0AhVzzxXIR6toGTJ2bP856S2a0789q6bbCOll2Og0g9Z1+UMdTuAcLoDCFbTgDtoQAweEd/iAT3JKbsk9efiN1ki5cwwrIsk3m1Bvhg==</latexit>

t2
<latexit sha1_base64="tpKQ3KsyRyfFj432hgKmBqXgeos=">AAABoXicdY+9T8MwEMXP5auErwAjCyILU+QEJNYKFtgCIm2ltooc91qs2klkO0hV1JmRFf40/htayFIi3vT0u3end2khhbGUfpHWxubW9k5719nbPzg8co9PuiYvNceY5zLX/ZQZlCLD2AorsV9oZCqV2Etnd6t57xW1EXn2bOcFjhSbZmIiOLNLFNukCheJ61Gf/ui8aYLaeFArSty34TjnpcLMcsmMGQS0sKOKaSu4xIUzLA0WjM/YFCumjJmrtAEVsy8NyMfraBXSZmL+Oeksmwd/ezZNN/SDKz98vPY6t/UPbTiDC7iEAG6gA/cQQQwcBLzDB3wSjzyQiDz9Rluk3jmFNZHBN2RucXo=</latexit>

T
<latexit sha1_base64="ev1rX71Cle/Eo78rdDd8VFDDj6g=">AAABnXicdY/NS8NAEMVn61eNX1GPHhRz8RSSKngtiuBBpIWmKdhSNttpXbqbhJ2NUIpnD171j/O/sdVcavCdHr95M7xJciXJBsEXq62tb2xu1bednd29/QP38KhLWWEERiJTmeklnFDJFCMrrcJebpDrRGGcTG+X8/gFDcks7dhZjgPNJ6kcS8HtArU7Q9cL/OBHZ1UTlsaDUq2h+9YfZaLQmFqhONFTGOR2MOfGSqHw1ekXhDkXUz7BOddEM51UoOb2uQLFaBUtQ4bG9M9JZ9E8/NuzaroNP7z0G+0rr3lT/lCHEziHCwjhGppwDy2IQADCO3zAJztld+yBPf5Ga6zcOYYVsfgbxhtvqQ==</latexit>

n

Z

@T
Tr

h�
dt1AL + dt2AR

�
Fn�1

t1t2

i
= �n

Z 1

0
dtTr

⇣
ARFn�1

0,1�t

⌘

+ n

Z 1

0
dtTr

⇣
ALFn�1

t,0

⌘

+ n

Z 1

0
dtTr

h�
AL �AR

�
Fn�1

t,1�t

i

<latexit sha1_base64="focEwxgnftcskFkGt28I7CK91hI="></latexit>

F0,1�t = FR,1�t

Ft,0 = FL,t
<latexit sha1_base64="gaCl2BWY2NrZVPdKzchHYwxxWQc=">AAAB9nicdY/NSsNAFIXv1L8a/6Iu3RQL4qKGSRVcCUVBXLioYn+gKWEyndahM0nITMUSsvYt3Ilbn8D3cO9Wn0FTs0mDZ3X4zr2Xc71QcKUx/kClhcWl5ZXyqrG2vrG5ZW7vtFUwiShr0UAEUdcjignus5bmWrBuGDEiPcE63vgizTsPLFI88O/0NGR9SUY+H3JK9C9yza4jib6nRMSXiRvjmn2kk4OzHLydwYrj9LBVp7Jv5FJdw/ML1zWdGK5ZxRaeqVI0dmaqkKnpmk/OIKATyXxNBVGqZ+NQ92MSaU4FSwxnolhI6JiMWEykUlPpFWDaogDpII/SoUgN1T8n0+b2fM+iadct+9iq35xUG+fZD2XYg304BBtOoQFX0IQWUHiHT/iCb/SIntELev0bLaFsZxdyQm8/2eeSHA==</latexit>

n

Z

@T
Tr

h�
dt1AL + dt2AR

�
Fn�1

t1t2

i
= !0

2n�1(AL,FL)� !0
2n�1(AR,FR)

+ n

Z 1

0
dtTr

h�
AL �AR

�
Fn�1

t,1�t

i

<latexit sha1_base64="s+z8YlatmKRaXinfUpt+3O17kis="></latexit>

n

Z

@T
Tr

h�
dt1AL + dt2AR

�
Fn�1

t1t2

i
= �1

2
n(n� 1)d

Z

T
d2tTr

h�
ALAR �ARAL

�
Fn�2

t1t2

i

<latexit sha1_base64="qpa4AekyvoJUF79Xx8x48d0YX1U="></latexit>
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We compute the left-hand side:

t1
<latexit sha1_base64="TZjlwnOTCfWVeXQeD/JN+NhxkDQ=">AAABoXicdY+9T8MwEMXP5aMlfAUYWRBZmKK4ILFWdIEtINJWaqvIca/Fqp1EtoNURZ0ZWeFP47+hhSwl4k1Pv3t3epfkUhgbBF+ksbW9s9ts7Tn7B4dHx+7Jac9kheYY8UxmepAwg1KkGFlhJQ5yjUwlEvvJvLue919RG5Glz3aR41ixWSqmgjO7QpGNS7qMXS/wgx9d1A2tjAeVwth9G00yXihMLZfMmCENcjsumbaCS1w6o8JgzviczbBkypiFSmpQMftSg3yyidYhbabmn5POqjn927Nuem2fXvvtxxuvc1f90IJzuIQroHALHbiHECLgIOAdPuCTeOSBhOTpN9og1c4ZbIgMvwFjNHF5</latexit>

1
<latexit sha1_base64="7JyxpFYyUZJgZHxsrDcTO2J04bU=">AAABnXicdY/NS8NAEMVn61eNX1GPHhRz8RSyteC1KIIHkRZMU7ClbLbTunQ3G3Y3QimePXjVP87/xlZzqcF3evzmzfAmzaWwLoq+SG1tfWNzq77t7ezu7R/4h0ddqwvDMeZaatNLmUUpMoydcBJ7uUGmUolJOr1ZzpMXNFbo7NHNchwoNsnEWHDmFqhDh34QhdGPzqqGliaAUu2h/9YfaV4ozByXzNonGuVuMGfGCS7x1esXFnPGp2yCc6asnam0AhVzzxXIR6toGTJ2bP856S2a0789q6bbCOll2Og0g9Z1+UMdTuAcLoDCFbTgDtoQAweEd/iAT3JKbsk9efiN1ki5cwwrIsk3m1Bvhg==</latexit>

t2
<latexit sha1_base64="tpKQ3KsyRyfFj432hgKmBqXgeos=">AAABoXicdY+9T8MwEMXP5auErwAjCyILU+QEJNYKFtgCIm2ltooc91qs2klkO0hV1JmRFf40/htayFIi3vT0u3end2khhbGUfpHWxubW9k5719nbPzg8co9PuiYvNceY5zLX/ZQZlCLD2AorsV9oZCqV2Etnd6t57xW1EXn2bOcFjhSbZmIiOLNLFNukCheJ61Gf/ui8aYLaeFArSty34TjnpcLMcsmMGQS0sKOKaSu4xIUzLA0WjM/YFCumjJmrtAEVsy8NyMfraBXSZmL+Oeksmwd/ezZNN/SDKz98vPY6t/UPbTiDC7iEAG6gA/cQQQwcBLzDB3wSjzyQiDz9Rluk3jmFNZHBN2RucXo=</latexit>

T
<latexit sha1_base64="ev1rX71Cle/Eo78rdDd8VFDDj6g=">AAABnXicdY/NS8NAEMVn61eNX1GPHhRz8RSSKngtiuBBpIWmKdhSNttpXbqbhJ2NUIpnD171j/O/sdVcavCdHr95M7xJciXJBsEXq62tb2xu1bednd29/QP38KhLWWEERiJTmeklnFDJFCMrrcJebpDrRGGcTG+X8/gFDcks7dhZjgPNJ6kcS8HtArU7Q9cL/OBHZ1UTlsaDUq2h+9YfZaLQmFqhONFTGOR2MOfGSqHw1ekXhDkXUz7BOddEM51UoOb2uQLFaBUtQ4bG9M9JZ9E8/NuzaroNP7z0G+0rr3lT/lCHEziHCwjhGppwDy2IQADCO3zAJztld+yBPf5Ga6zcOYYVsfgbxhtvqQ==</latexit>

n

Z

@T
Tr

h�
dt1AL + dt2AR

�
Fn�1

t1t2

i
= �n

Z 1

0
dtTr

⇣
ARFn�1

0,1�t

⌘

+ n

Z 1

0
dtTr

⇣
ALFn�1

t,0

⌘

+ n

Z 1

0
dtTr

h�
AL �AR

�
Fn�1

t,1�t

i

<latexit sha1_base64="focEwxgnftcskFkGt28I7CK91hI="></latexit>

F0,1�t = FR,1�t

Ft,0 = FL,t
<latexit sha1_base64="gaCl2BWY2NrZVPdKzchHYwxxWQc=">AAAB9nicdY/NSsNAFIXv1L8a/6Iu3RQL4qKGSRVcCUVBXLioYn+gKWEyndahM0nITMUSsvYt3Ilbn8D3cO9Wn0FTs0mDZ3X4zr2Xc71QcKUx/kClhcWl5ZXyqrG2vrG5ZW7vtFUwiShr0UAEUdcjignus5bmWrBuGDEiPcE63vgizTsPLFI88O/0NGR9SUY+H3JK9C9yza4jib6nRMSXiRvjmn2kk4OzHLydwYrj9LBVp7Jv5FJdw/ML1zWdGK5ZxRaeqVI0dmaqkKnpmk/OIKATyXxNBVGqZ+NQ92MSaU4FSwxnolhI6JiMWEykUlPpFWDaogDpII/SoUgN1T8n0+b2fM+iadct+9iq35xUG+fZD2XYg304BBtOoQFX0IQWUHiHT/iCb/SIntELev0bLaFsZxdyQm8/2eeSHA==</latexit>

n

Z

@T
Tr

h�
dt1AL + dt2AR

�
Fn�1

t1t2

i
= !0

2n�1(AL,FL)� !0
2n�1(AR,FR)

+ n

Z 1

0
dtTr

h�
AL �AR

�
Fn�1

t,1�t

i

<latexit sha1_base64="s+z8YlatmKRaXinfUpt+3O17kis="></latexit>

n

Z

@T
Tr

h�
dt1AL + dt2AR

�
Fn�1

t1t2

i
= �1

2
n(n� 1)d

Z

T
d2tTr

h�
ALAR �ARAL

�
Fn�2

t1t2

i

<latexit sha1_base64="qpa4AekyvoJUF79Xx8x48d0YX1U="></latexit>
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n

Z

@T
Tr

h�
dt1AL + dt2AR

�
Fn�1

t1t2

i
= !0

2n�1(AL,FL)� !0
2n�1(AR,FR)

+ n

Z 1

0
dtTr

h�
AL �AR

�
Fn�1

t,1�t

i

<latexit sha1_base64="s+z8YlatmKRaXinfUpt+3O17kis="></latexit>

n

Z

@T
Tr

h�
dt1AL + dt2AR

�
Fn�1

t1t2

i
= �1

2
n(n� 1)d

Z

T
d2tTr

h�
ALAR �ARAL

�
Fn�2

t1t2

i

<latexit sha1_base64="qpa4AekyvoJUF79Xx8x48d0YX1U="></latexit>

n

Z 1

0
dtTr

h�
AR �AL

�
Fn�1

t,1�t

i
= !0

2n�1(AL,FL)� !0
2n�1(AR,FR)

� 1

2
n(n� 1)d

Z

T
d2tTr

h�
ALAR �ARAL

�
Fn�2

t1t2

i

<latexit sha1_base64="Eef0VFSQV4qMZJbty4G3i2+tzRA="></latexit>

e!0
2n�1(AL,AR,FL,FR)

<latexit sha1_base64="+P7Sw3Q6BOIdv8LhmSXU9KppFV8=">AAAB/HicdY+7TsNAEEVnwyuEl4GSBpEmSBDZBok2gBRRUAREHhJOrPV6ElZZP+TdgCLLtPwIHaLlC/gJfoEWPoAkuCCxuNWdc2dHd51QcKl0/YPk5uYXFpfyy4WV1bX1DW1zqyGDQcSwzgIRRC2HShTcx7riSmArjJB6jsCm0z8f5817jCQP/Bs1DLHt0Z7Pu5xRNUK21rEeuIuKCxdjK/CwR5NOrCd2bPqHRlKyPKruGBXx6QhdJgdT8/WfuTqTVyf5vq0V9bI+0W7WGKkpQqqarT1ZbsAGHvqKCSrlraGHqh3TSHEmMClYA4khZX3aw5h6Ug49JwPHHTKQudNovBTJrvznZGHU3JjtmTUNs2wclc2r42LlLP1DHnZgD0pgwAlU4AJqUAcG7/AJX/BNHskzeSGvv6s5kr7ZhimRtx+Sxpeq</latexit>

Bardeen counterterm⇣
de!0

2n�1 = TrFn
L � TrFn

R

⌘

<latexit sha1_base64="YWIXEHyVmVeUg7gLzFJUR2j9DGw=">AAACAnicdU/LSsNAFL3xWesr6tJNsZsKtiRVcCWUCuLCRZW+wKlhMpnGoZMHM1OlhOwE/8WduPUL/AP/wq2uTGo2NfSsDuecezjXDjmTyjA+tYXFpeWV1cJacX1jc2tb39ntymAsCO2QgAeib2NJOfNpRzHFaT8UFHs2pz17dJ76vQcqJAv8tpqEdOBh12dDRrBKJEt3UJO5FQc9Mocqxh0aocCjLo7vIiO2orpfNeOzCAmv1BboKEYeVvcE8+giMa+SkB9X57g3UzetP7T0slEzpijliZmRMmRoWfozcgIy9qivCMdS3ppGqAYRFooRTuMiGksaYjLCLo2wJ+XEs3NiuiUnEmdWSkNCDuWcymKy3Py/M0+69Zp5XKtfn5QbzeyHAuzDAVTAhFNowCW0oAMEPuALvuFHe9JetFft7S+6oGU3ezAD7f0XVLaZrA==</latexit>

Ft,1�t = tFL + (1� t)FR + t(t� 1)
�
AR �AL

�2
<latexit sha1_base64="cz+25MRIVYwhynMFMnSkI2hdc6g=">AAACC3icdY/NS8MwAMWTzY85v6oevYi7dMyNZgqehKkgHnaY4j7AzpJm2RaWtKXJhFFy9uRf4028+hd48k/x5jqLUIvv9PJ7L+HFDTiTyrI+YS6/tLyyWlgrrm9sbm0bO7sd6U9DQtvE537Yc7GknHm0rZjitBeEFAuX0647uYzz7iMNJfO9OzULaF/gkceGjGA1R44hbIHVmGAeXWknUkeoqvSZSsGmrphzXE7BW11Rpqqisu2ykfkbnS+iaurc1HGn/BDVtWOUrJq10EHWoMSUQKKWYzzZA59MBfUU4VjKe2QFqh/hUDHCqS7aU0kDTCZ4RCMspJwJNwPjLRlIBmkUl0I5lP88WZwvR393Zk2nXkPHtfrNSalxkfyhAPbBITABAqegAa5BC7QBAR/gC+ZgHj7DF/gK336qOZjc2QMpwfdvMG6aPg==</latexit>

Invariant under 
vector gauge 
transformations
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It is easy to see that the Chern-Simons form

Ft,1�t = tFL + (1� t)FR + t(t� 1)
�
AR �AL

�2
<latexit sha1_base64="cz+25MRIVYwhynMFMnSkI2hdc6g=">AAACC3icdY/NS8MwAMWTzY85v6oevYi7dMyNZgqehKkgHnaY4j7AzpJm2RaWtKXJhFFy9uRf4028+hd48k/x5jqLUIvv9PJ7L+HFDTiTyrI+YS6/tLyyWlgrrm9sbm0bO7sd6U9DQtvE537Yc7GknHm0rZjitBeEFAuX0647uYzz7iMNJfO9OzULaF/gkceGjGA1R44hbIHVmGAeXWknUkeoqvSZSsGmrphzXE7BW11Rpqqisu2ykfkbnS+iaurc1HGn/BDVtWOUrJq10EHWoMSUQKKWYzzZA59MBfUU4VjKe2QFqh/hUDHCqS7aU0kDTCZ4RCMspJwJNwPjLRlIBmkUl0I5lP88WZwvR393Zk2nXkPHtfrNSalxkfyhAPbBITABAqegAa5BC7QBAR/gC+ZgHj7DF/gK336qOZjc2QMpwfdvMG6aPg==</latexit>

not only reproduces the appropriate anomaly polynomial

but is also invariant under vector gauge transformations

�V e!0
2n�1(AL,AR,FL,FR) = 0

<latexit sha1_base64="rraozTlPl17CJM10mj4o9kupMq0=">AAACCXicdY87SwNBFIXv+IzxtWppIwYkgobdKFgJUSFYWEQxD3DjMjt7E4fMPtiZKGHY2sJfYye2/gJLf4mtSdzCZPFU537nzuWMGwkulWl+kZnZufmFxdxSfnlldW3d2NhsyLAfM6yzUIRxy6USBQ+wrrgS2IpipL4rsOn2LkZ58xFjycPgVg0ibPu0G/AOZ1QNkWP0bA+Foo5uJPYT91Bx4aG2Qx+7NLnXZuLocnBoJUXbp+qBUaHPhugqOZiYb/7M1am8Os73905NxyiYJXOsnayxUlOAVDXHeLa9kPV9DBQTVMo7y4xUW9NYcSYwydt9iRFlPdpFTX0pB76bgaMaGci8STRaimVH/nMyP2xuTffMmka5ZB2VytfHhcp5+occbMMuFMGCE6jAJdSgDgw+4ZsAIeSFvJI38v67OkPSN1swIfLxA+EZmtQ=</latexit>
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We compute the effective action

�[AL,AR] =
1

n!

in

(2⇡)n�1

Z

D2n�1

e!0
2n�1(AL,AR,FL,FR)

<latexit sha1_base64="cLeUnz1JWrBuZTBAL0jI+TotGyk=">AAACV3ichU/LTsJAFJ1WRcRX0aULUTaQKGnRxJUJvtCFUTTySCg00+mAE2bapjNoyGTWfpOfwtcoSBMDjfGszuPOvWfckBIuTHOs6UvLK6nV9FpmfWNza9vI7jR4MIwQrqOABlHLhRxT4uO6IILiVhhhyFyKm+7gapo333DESeC/iFGIOwz2fdIjCIqJ5Rif9i1kDLZtBsUrglReKEfeq6M5/aw659Kyg8minH+gJOlKX81koWyHpDjRx5ZSNvGFI68dWZ7Jd+JhQaiHpR0w3IeqK00Vp4V/Lv7q6kJe/cmLjpE3S+YPcklixSQPYtQc48P2AjRk2BeIQs7blhmKjoSRIIhilbGHHIcQDWAfS8g4HzE3YU47JEzkzVvToYj3+B8rM5Pm1mLPJGmUS9ZJqfx0mq9cxn9Igz1wCArAAmegAu5ADdQB0va1G+1Be9TG2pee0tOzUV2L3+yCOejZb7Hatoc=</latexit>

To find the associated anomaly, we use the identity

e!1
2n�2(uL,R,AL,R,FL,R) =

✓
uR

�

�AR
+ uL

�

�AL

◆
e!0
2n�1(AL,R,FL,R)

= n

✓
uR

�

�AR
+ uL

�

�AL

◆Z 1

0
dtTr

h�
AL �AR

�
Fn�1

t,1�t

i

<latexit sha1_base64="YE/N/LuFpxEnckINvvkXzK2Gl5Q="></latexit>

with Ft,1�t = tFL + (1� t)FR + t(t� 1)
�
AR �AL

�2
<latexit sha1_base64="cz+25MRIVYwhynMFMnSkI2hdc6g=">AAACC3icdY/NS8MwAMWTzY85v6oevYi7dMyNZgqehKkgHnaY4j7AzpJm2RaWtKXJhFFy9uRf4028+hd48k/x5jqLUIvv9PJ7L+HFDTiTyrI+YS6/tLyyWlgrrm9sbm0bO7sd6U9DQtvE537Yc7GknHm0rZjitBeEFAuX0647uYzz7iMNJfO9OzULaF/gkceGjGA1R44hbIHVmGAeXWknUkeoqvSZSsGmrphzXE7BW11Rpqqisu2ykfkbnS+iaurc1HGn/BDVtWOUrJq10EHWoMSUQKKWYzzZA59MBfUU4VjKe2QFqh/hUDHCqS7aU0kDTCZ4RCMspJwJNwPjLRlIBmkUl0I5lP88WZwvR393Zk2nXkPHtfrNSalxkfyhAPbBITABAqegAa5BC7QBAR/gC+ZgHj7DF/gK336qOZjc2QMpwfdvMG6aPg==</latexit>
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In four dimensions (n = 3)

e!0
5 = 3

Z 1

0
dtTr

n�
AR �AL

�h
tF + (1� t)FR + t(t� 1)

�
AR �AL

�2i2o

= 6

Z 1

0
dtTr

n
A
h
(1� 2t)FA + FV + 4t(t� 1)A

i2o

<latexit sha1_base64="sPQdPqAaamxLALyasU5S3bRPhpM="></latexit>

and integrating over the parameter t 

e!0
5(V,A,FV ,FA) =6Tr

✓
AF2

V +
1

3
AF2

A � 4

3
A3FV +

8

15
A3

◆

<latexit sha1_base64="TXB0vyctZHvHjPONj1M5G3FPR88=">AAAClnicdY9LTwIxFIU74xtfqBsTN0QSA0HJDPjaaETjY4kJr8QK6XTK0NBhJm3RmKY7E1f6//wnLh2EGGD0rk5Pv3NzrhMyKqRlfRrmzOzc/MLiUmJ5ZXVtPbmxWRNBn2NSxQELeMNBgjDaI1VJJSONkBPkO4zUne7V4L/+RLigQa8iX0Ly6COvR9sUIxlZreQXfKYukZS5RMHAJx7STWXpljrSGegj2cGIqZre/9WlMX0TcbWpd0lnz/aOFeR+qsLhvoaMtGVmLD6VbqqCzikbBlHLVFH/B5Z+wAN1+AfYVMXprTl1OgTtoxjJqdeR2VYybeWtn0nFhT0SaTCaciv5Bt0A933Sk5ghIR5sK5SPCnFJMSM6AfuChAh3kUcU8oV48Z2YOWgSM7E7aQ0gLtrin5WJqLk93TMuaoW8XcwX7g/TF5ejGxbBDtgFGWCDE3AB7kAZVAE2msar8W58mNvmuXlt3g5R0xhltsDEmOVvcynPZA==</latexit>

The anomalous effective action is therefore given by

�[V,A] =� i

4⇡2

Z

D5

Tr

✓
AF2

V +
1

3
AF2

A � 4

3
A3FV +

8

15
A3

◆

<latexit sha1_base64="LgMewxzw+McKE7BB6yuZ5GfJ2kM=">AAACf3icdY9bS8MwHMXTepvzNvXRl+HAC87S7oL6IGwq6qOCm4LZSpplW1jSliRTJOTZz+ij38TOFVGr5+lw8vsfToKYUalc982yZ2bn5hdyi/ml5ZXVtcL6RltGY4FJC0csEg8BkoTRkLQUVYw8xIIgHjByH4zOJ+/3T0RIGoV36iUmHY4GIe1TjFQS+YV3eIU4R4+QIzXEiOm2KX/5pumc7hxqCqOkoliDMe3qijGQhsrXF76uG6Oh4MU7AcsGMtJXe99uv+yl8ZPayemB9qZdVfMf2PwED3XtD7Crq79bD/TxFPTqGVLQwVDt+4WS67ifKmaNl5oSSHXjF15hL8JjTkKFGZLy0XNj1dFIKIoZMXk4liRGeIQGRCMu5QsPMuFkSSbEvZ/RBBKyL/+pzCfLvd87s6ZdcbyqU7mtlRpn6R9yYAtsgz3ggSPQANfgBrQAtq4sbj1Zz7Zl79qO7U5R20pvNsEP2ScfX5bFaA==</latexit>

which is manifestly invariant under vector gauge transformations.
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To get the anomaly, we compute

from where we get the Bardeen anomaly

�A�[V,A] = � i

4⇡2

Z

S4

Tr

⇢
uA


F2

V +
1

3
F2

A � 4

3

⇣
A2FV +AFV A+ FV A2

⌘
+

8

3
A4

��

<latexit sha1_base64="lta1mGCsaZj4CuZWCoSjmzmqm3s="></latexit>

e!1
4(uA,V,A) = 6Tr

⇢
uA


F2

V +
1

3
F2

A � 4

3

⇣
A2FV +AFV A+ FV A2

⌘
+

8

3
A4

��

<latexit sha1_base64="GuxS4qTw26A/Ky6tY9k1YhTPB+U="></latexit>

e!1
4(uA,V,A) = 6

Z 1

0
dtTr

 
uA

(h
(1� 2t)FA + FV + 4t(t� 1)A2

i2

+ 4t(t� 1)
n
A,
h
(1� 2t)FA + FV + 4t(t� 1)A2

i
A
o

+ 4t(t� 1)
n
A,A

h
(1� 2t)FA + FV + 4t(t� 1)A2

io)!

<latexit sha1_base64="/G+naVTsAh5LqZBDeJkWb9HJ/to="></latexit>
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Thank you


