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Plan of the course

* Generalities about anomalies
O The axial anomaly
O Gauge anomalies
O A first contact with gravitational anomalies
* Functional methods.Wess-Zumino consistency conditions
* Anomalies and differential geometry
* Stora-Zumino descent chain

% Consistent vs. covariant anomalies
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Anomalies: a very quick introduction
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An anomaly is the quantum breaking of a classical symmetry.

Anomalies can be of two very different kind:

The nice type

* They affect a nonfundamental symmetries, e.g.

O Scale invariance

O Global symmetries

These anomalies are at the origin of very interesting physical phenomena:

0

asymptotic freedom, 7~ — 2y ,anomaly matching...
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The nasty type

* They affect local (gauge) invariances,e.g.

O Gauge anomalies

O Gravitational anomalies

These are very dangerous anomalies that have to be cancelled.

W

Unphysical (ghost) states do not decouple and the whole theory becomes
inconsistent.
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“Good” anomalies
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First example: Scale invariance

Consider a massless ¢* theory: classically it is scale invariant:

_ 4 1 v _14
S—/da:<28ugb6gb 0 )

This invariance is broken by quantum corrections. Regularization and
renormalization requires the introduction of an energy scale that breaks
scale invariance.At one loop:

P1 P3 P1 P3 P1 P4
- X - O+ Q
P2 P4 D2 P4 P2 P3
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This results in the running of the coupling constant.

. 3hA 3
1672 1 — 3 A(j10) log (ﬁ)

B(A)

so physics at different scales “does not look the same”.

In QCD this quantum breaking of scale invariance is responsible for the
most interesting features of the theory, such as asymptotic freedom
and confinement.
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This results in the running of the coupling constant.

_ Ay A(u) =
BA) = 1672 — " I — A (o) log (%)

so physics at different scales “does not look the same”.

In QCD this quantum breaking of scale invariance is responsible for the
most interesting features of the theory, such as asymptotic freedom
and confinement.
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Second example: The axial anomaly

Let us look at QED:

Squn = [ e |~ { BB 4 TP m)u - T

The theory has a U(1) gauge invariance

(x) — e P(x), P(z) — e " P(z), with «a€R
with a conserved vector current
Jh =yt = 0, =

This current couples to a propagating gauge field and its invariance
is crucial for the internal consistency of the theory (e.g. unitarity).
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In addition, we also have global axial-vector transformations

() — ePY(a), Y(x) — P(z)ePs, with g eR

The associated conserved axial-vector current is conserved in the
massless limit

— . seudovector-pseudoscalar
Jo =V sy - OpJy = 2tmipysih. g;ui\l:alce)\rllce)o S

In the quantum theory, both the axial and the vector-axial current are
composite operators that need to be defined.

The question is whether these operators can be defined to satisfy the
quantum conservation equations

0u (Y (x)) =0

OulJy (%)) =0
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To analyze the problem, we look at a Dirac fermion coupled to an
classical external U(l) gauge field%, ()

Sint = —€ / d*z J\/;(m)ﬁfu(il?) (remember that Jy, = yy*y)
The expectation value of the axial current in this background is given by

/ Dy Dy J) (x)eif a4z (i —m)p—eJl ]

(Ja(2) e = — —
/prw ezfd4x[w(zg? —m)w—e,]\“;gfu]

This correlation function can be computed in perturbation theory

)y = —ie j 4y O\ T[T (0)7¢ ()]0 Fa )

62
2 f d*y1d*yy QT3 (I (1) TG (72)]10) e (91 (¥2) -+ ...
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To analyze the problem, we look at a Dirac fermion coupled to an
classical external U(l) gauge field%, ()

Sint = —€ / d*z J\/;(m)ﬁfu(il?) (remember that Jy, = yy*y)
The expectation value of the axial current in this background is given by

/ Dy Dy J) (x)eif a4z (i —m)p—eJl ]

(Ja(2) e = — —
/prw ezfd4x[w(zg? _m)w_e*]\/j%u]

This correlation function can be computed in perturbation theory

0
T Wer = ie | &'y QIR0

62
2 f d*y1d*yy QT3 (I (1) TG (72)]10) e (91 (¥2) -+ ...
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We are faced with the calculation of the following free-field correlation
function

CHY9 (x,y) = OIT [/, (x)Jy (»)Jy (0)]|0)

Which, applying Wick’s theorem gives

| e 1 | ‘ | [

CH*(x,y) = <0|wy“y51p(x)wva(y)wy%p(())|0>+<0|myﬂy5q;(x)wyvzp(y)wyﬁqum)|0>

These contractions are codified in the celebrated triangle diagram:

Jy
C*(x,y) = A
Ji 7

- LL — symmetric

The sought conservation equation is then

62
Ol IR (@) er = == /d4y1d4y2 O\ O (3, y1 — y2) Ay, (Y1) Ao (y2)
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It is convenient to work in momentum space

d* d* o
O O A a)0) = | 5By [ 5 ired (pug)eir o

(2m)* ) (2m)*
where
o p”
ilyap(pq) = (p+4q)" A+ (pt9)t ‘\S
T q"

and the anomaly equation to be computed is

(p+q)uil**P (p,q) =2
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Applying the Feynman rules of QED, we have

| _ A2/ ' i /) 1
Luap(p, q) = /(27.‘.)4T (g_m_|_i€%%£—]zﬁ—¢—m—|—’é6%¢—}é—m+i€%é>
(225)
a3 )

However, these integrals are ambiguous!
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The problem is that they are linearly divergent.

Let us look at a simpler one-dimensional integral

lim f(x) = constant === |inearly divergent

L |x| > 00
I(a) = J dx f(x+a) ~ logarithmically divergent
—F |xl|iinoof(x) =0 or convergent

Naively, /(a) = I(0). However, computing the derivative
# (0  if linearly divergent

I'(a) - J_wdxf/(x+a) = f(o0) = f(~0) —0 if logarithmically divergent

or convergent

Hence, if the integral is linearly divergent the result of the integration
depends on a shift in the integration variable!

The same happens for multidimensional integrals.
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Thus, the triangle diagram is ambiguous because its contribution depends on
how we label the loop momentum!

| WA Al+p
{+q o~ {+p+gq "

From Lorentz invariance, the most general form ofil ,,5(p,q) is (the Levi=
Civita tensor is due to vs)

iruaﬁ (p7Q) — fl 8Mab’0po +f28ua/36q0 "l'f3€‘uoc(7)»p/3paq)L
+ f1€ua0rqpP q" + fs€uporPap’q”"
A A
+ fo€up0rqaP’d" + frEaporPuP’ " + fs€apordur’q”

From Bose symmetry

fi(p,q) =—f2(q,r),  f3(p.q9)=—fe(q:P),

il falp,a) =—fs(a,p),  f1(p,9) = —13(q,p)-

Mocﬁ(p7Q) — iruﬁa(Q7p) E—
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A bit of dimensional analysis: |I',,,3] = energy

: A
lruaﬁ (p7Q) :@uaﬁapa @Maﬁaqa u f3‘guaa)»p/3p0q
A A
+(f4EuaordpPq" HfseuporPal’q

A . A A
+(feEupordaP’q” Hf18aporPul’q” H fsEaporqupr’q

O mmmi=  Dimensions = (energy)°

mmmi=  Dimensions = (energy)-2

Thus, only fi(p,g) and f2(p,qg) are (logarithmically) divergent and their values
depend on the regularization scheme used.

The remaining integrals f3(p,g) to fs(p,g) are convergent and free of
ambiguities.

Is there a wise way of fixing these regularization ambiguities?
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So far we have ignored the issue of gauge invariance. The relevant gauge
Ward identities reads

pilqp(p,q) =0

a[a’pq s S

/j \ ¢"ilqp(p,q) =0

Iy TG 7y
Vector current conservation further constraints the functions fi(p.q)

p il qp(p,q) = (fZ_psz_p'QJ%)guﬁaaqapa === />(p,q) = p°f5(p,q) + P qf6(P,q)

0" iLyap (prq) = (f1-q2f4—p-qf3)ewlsaq’3p" == [i(0.9) = f+(p,q9) — p-qf3(p,q)

Hence, gauge invariance completely fixes the ambiguities and the
anomaly is completely determined by finite integrals

(p+q) il qp(P.q) = [ s+ +@E(—fat fo) +ra(—fr+fo+ fa "I'fS)]ga[)’G)»quA
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So far we have ignored the issue of gauge invariance. The relevant gauge

Ward i
r’-r . o o o _A \
lruaﬁ (p7Q) — flguaﬁap _I_fZSMaﬁGq +f3guoc0)»p/3p q

A A
+ fau00298P° 4" + [5€uporPaP’q

A A Al
+ f6€upordaP " + freaporPul’q" + f8€aporqup’q

N W,

A |4

Vector current conservation further constraints the functions fi(p.q)
P ilap(P:q) = (fz—P2f5 —p-qf6> tupacq”p’ =B f2(p,q) = p’f5(p.q) + p-qfe(p,q)

0" iTyap(P,q) = (fl —q2f4—p-qf3) tuapod’ P’ = fi(p.q) =4’ fa(p.q) — p-qf3(p,q)

Hence, gauge invariance completely fixes the ambiguities and the
anomaly is completely determined by finite integrals

(p+a)"iT,0p(Pq) = [pz(fs )+ (—fat+ ) +pg(—f+ fo+ fr +f8)]8a[30)»q0pA
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Now we only have to evaluate the integrals

l—=x
Ty
, = — , d )
l—=x
y(1—y)
, _— — y d )
Fa(p.) = —Fs(a.p) = / a:/ F R (e Tl
L _ Steven Adler
f7(p,q) = —fs(q,p) =0, (b. 1939)

to find the result

2
: e :
(p + @)"il yap(p, q) s €asorP”q” + 2mil'ag(p, q)
Back in position space, we get the famous Adler-Bell-Jackiw (Jfghzng.singg)
anomaly
4 )
2
e” _
Ol T4(@)) s = 755" P Fap + 2im(P(2) 159 (2)) o1
N s Roman Jackiw
Jack Steinberger (b. 1939)

(b. 1921)
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f7 Steven Adler
(b. 1939)

to find the result

102

(p+ @)L pas(pyq) = 53 CasorD”q" + 2millag (; q)

Back in position space, we get the famous Adler-Bell-Jackiw (J|O9h2n3.si9B;(l)l)
anomaly

4 )

2
€ 16" 0 .
a,u<J:X(x)>£% — 1672 e Bﬁul/ﬁaﬁ T 21m<¢(aj)fy5w($)>£f

N s Roman Jackiw

Jack Steinberger (b. 1939)

(b. 1921)
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Actually, there are other choices... Suppose we shift the loop momentum:

* Parity
* Lorentz invariance
* Bose symmetry

H — F + apt + Bgt
Luap(p,4) — Tuap(p, q) + Apas(e, B) v
1e?

iruaﬂ (p7 Q) — iF,uozB (p7 Q) | 87'('2 aeuaﬂo (p o q)a

a = a(a, B)
The vector and axial Ward identities now read:
" ie” b .
(p+ )il hap(p, q) = 4—7T2(1 — a)€aporD’q” + 2mil 45(p, q),
(0N 262 o UV
P Zruaﬁ(pa Q) — _@(1+a)€aﬁayp q .

our physical choice:

There is no value of a for which both are preserved! 0 1
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Is the one-loop result enough? We can look at contributions of higher
loop diagrams to the anomaly, e.g.

avav]

These diagrams contain five fermion propagator. The integration over the
“triangle momentum’” has the structure

40 2 i
”J(Zn:)“ Ly A +ie

and it is unambiguous. The integration over the photon
momentum can be regularized in a gauge-invariant way, for

Steven Adler

example adding the term (b. 1939)
1 + uv A?
AS = = | d'xF OF" Guv(p) ~ o

Hence, higher-loop triangles do not contribute to the anomaly.

This is known as the Adler-Bardeen theorem it
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Instead of QED, we consider now a fermion coupled (in a certain
representation) to an external non-Abelian gauge field

S = [ dta ("0, — mis + gAY 7
Classically, the gauge current Ji* = " T) 1) satisfies the conservation equation
(Dudl)* =0 i 0, J% 4 g f U = 0
In addition we also have global axial transformations
W — 6i575¢ b — P
while its associated singlet axial current J{ = 1)7v*~51) satisfies the identity
O, Jh = 2imanp
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Similarly to QED, the calculation of the axial anomaly boils down to computing
g b
0I5 @) =~ [ ity OTLIL ()73 (1) K (02007 (1) A 02) + -

Diagrammatically, we have again two triangle diagrams, these time with gauge
group generators on the “vector” vertices

(TR )ik

The two diagrams share the same gauge factor

Tt (TpTr) = Tr (TrTR)
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Similarly to QED, the calculation of the axial anomaly boils down to computing

T @) =~ [ a0 QTG ) ) 0) ) 42) + -

Diagrammatically, we have” again two triangle didgrams, these time with gauge
group generators on thg “vector” vertic

The two diagrams share the same gauge factor

Tt (TpTr) = Tr (TrTR)
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0 (J4 () er = —%/d“yld"‘yz@,ﬁx)<0|T[JK(x)J3“(y1)JB (y2)]]0)- 2 (y1) 72 (y2) +

The rest of the calculation is identical to the case of QED. In momentum space,
we get

P
Ly a o v
(p - Q)M?’Fuaﬁ (p7 Q) — 27T2 Ir (TRTl?{)eozﬁaup q -+ Qm/]’raﬁ (p7 )

Adding the external gauge fields and Fourier transforming back to position
space, this leads to
2 2

O T4 (1)) oy = 5O (TATR) By Oy = -5 0T (TATR), (4o

A2 41

~-

2

0 (Jh () or = %e“mﬁ@ Tr (%%%)

The problem with this result is that it is not gauge invariant!
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In fact, in the case of the singlet anomaly the triangle diagram is not enough.

We need to compute the box diagrams as well:

% 4+ permutations

This gives a second contribution cubic in the gauge fields that adds
up to the triangle result

2

2
6’UJ<JK(33)>% — 49_71_2461/0458“111” (ﬁ/y(?acﬁzfg -+ §<Q%y<Q7a:Q75>

singlet anomaly

M.A.Vazquez-Mozo Anomalies and Differential Geometry | PhD Course, Universidad Autonoma de Madrid



2

y
0, (JH (1)) ey = L etoB g, T (%%% + g%%%>

472
Here we identify the Chern-Simons form,

P

By Ty ( Ay Doy ls + g%%%) - iTr (T F)

so the singlet anomaly can be written as

4 )

g Vo
a“<JK(ZE)>d — 1671'2 et 5TI‘ (ﬁungéﬁ)

- J

which is gauge invariant.

Important: although there is contribution to the anomaly from the box
diagram, its coefficient is determined by the triangle diagram
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Gauge anomalies

M.A.Vazquez-Mozo Anomalies and Differential Geometry | PhD Course, Universidad Autonoma de Madrid



Prelude: quantum symmetries vs. gauge invariance

Wigner’s theorem says that global symmetries are implemented on the
Hilbert space by unitary or antiunitary operators:

Uaz)|1h) = [Y)  where, generically  [¢) 7 |¢)

Look, for example, at the hydrogen atom: a SO(3) rotation acts on a state as

U0, 0, 9)|n, j,m Z@(j (0,,9)|n, j,m’)

Gauge invariance is very different from this. In a gauge theory, a physical
state is represented by infinitely many rays in the Hilbert space.

The space of physical states is smaller than the “naive” Hilbert space of the
theory

%hyszt%ﬁ/g
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Thus, gauge invariance is hot a symmetry but a redundancy. Just a
technicality to describe a spin-1 (or spin-2) theory in a way compatible with
locality and Lorentz invariance.

But some of these redundant states have negative norm, e.g.
T) = Ao[())  — (T[T) <O

These dangerous redundant states are eliminated from the physical
spectrum by demanding gauge invariance:

5gauge W>phys =0

Since dgauge Ao = €(x) we have

5gauge‘\11> # 0 S S |\If> is not a physical state
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The absence of ghosts is preserved in time when the quantum theory is
gauge invariant

Ogauge, H] = 0
This guarantees that

5gauge‘¢(0)> =0 RS o 5gauge’¢(t)> =0

i.e., the time evolution of a physical state is a physical state.

When gauge invariance is anomalous, ghosts can pop up

.

the theory becomes nonunitary

.

gauge anomalies should be cancelled in physical theories at all cost
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Where can we expect gauge anomalies?
Chiral anomalies can only emerge in even-dimensional theories. Besides,

parity reverses fermion helicity

P YR — VLR

Thus, a parity-invariant theory contains as many right- and left-handed fermions
in the same representation.

In this case, we can build gauge=-invariant mass terms and regularize the

theory using Pauli=Villars fields which preserve gauge invariance.

Gauge anomalies can arise only in parity=-violating theories.
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For example, consider N Dirac fermions with charges Q; chirally coupled to
an external U(l) gauge field

53" [ [0+ 08 (152) vyor]
L . J 12 Uy J
1=

This theory has a gauge symmetry

1+ Y iQia(x 1 — Y
Vi(a) — —5 (@) + D S (x)
() — () + Opolz)
where the associated conserved current is of the V-A type
N o ] —
IE= 3w (R0 ) e with O =0
j=1
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To spot the gauge anomaly, we have to compute

1

O TE @) =~ [ dond 0TI )T (1) T ) I0) (1) 1)

We have evaluate a triangle diagram with three left currents at the vertices

Jr
L _ (summing over all
E | W fermion species in
\ the loop)
T

and impose Bose symmetry on all three vertices

Even before computing it, we see that the result should be proportional to the
quantity

N N
8M<J§>@f ~ Z Q? which cancels if Z Q? =0
j=1 j=1
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A similar calculation for a right-handed theory

al _ - 1
S = Z / d*x {z‘wﬂ“amj + Qi " ( z%> wj%}
1=

and we have

N N
%(J}’%)d ~ Z Q? which again cancels when Z Q? =0
j=1 j=1

For a theory with Nr right-handed and N, left-handed fermions, the
cancellation condition for the anomaly reads

Ngr N Nr,
2 Q) -2, Q=0
7j=1 j=1
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We analyze now the hon-Abelian case

S:/d4$ {iawu(au_igﬂ) (1—275)@5+i@7“(8ﬂ—i%/i> (1‘;75>14

where we have introduced external gauge fields coupled respectively to
the right- and left-handed component of the fermion

Zu(x) =2 (x)T" Hu(x) =X, (v)T*

This theory has a G, X Gr gauge invariance

w(x) . ezu%(:c)Ta (1 _2’75> w(x) _I_ezuclﬁz(az)Ta (1 +’Y5> w(m)

Zu(x) — ieM @ g em LT i ()T g ()i (0) T

g?,u (x) — ieiu%(m)TG 5’u€_iu%(aj)TG + ei“?%(f’?)Ta%u (55)6_”:“%(95)7”
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Alternatively, we can write the theory in terms of vector and axial-vector
gauge fields

S = / d*x {i%ﬂ (au — iV, — i%%)ﬂ

where ¥, = 7T and &), = &/, /T*" are given by

%”:%($“+%“) ‘Q%M:%(gu_%u)
In terms of these fields, we have vector and axial gauge
transformations
W(z) — e BTy (g) W(z) — P @T 54 (g)
V(@) — il DT g 0" @ | (@) — DT ()BT
+ e DTy ()™ BT (1) — i@ g e T
o, (x) — e DT g7 (g)et" (@17 + B @T° o7 (3)e=iB" (@I
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The classical conservation equations for the vector and axial-vector currents
are
aMJK fabc%a fabcdb — 0
D JN = R T B e
(DuJ}) (D, J5)* + Foe /b The = 0

To find the anomaly we have to calculate

1 - e
(P R)) 1,00 = / DY Dy (%Jﬁia + farey e + fabC%jJﬁc>er d*2[ipy* (Da—iVa—islas) Y]

Expanding in perturbation theory, the terms with two gauge fields give the
contribution of the triangle diagram.The parity=-violating triangles ones are

Ty J5!
JL Jhe
Be &
Jy Jh
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Anomaly = (9, J* + fOV T 4 foaPTH) )y o

In the non-Abelian case, there are terms in the triangle with three gauge fields.

Their contribution combines with terms coming from the (logarithmically
divergent) box diagrams

Jab T3
Jhe Jo4 JH Jo4
J 56 Ja°
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Anomaly = ((0,J3" + fabC"VMbJKC + fachQf,fJKC»"l/,d

Finally, there are also contributions to the anomaly from the (UV finite)
pentagon diagrams:

ab
J‘(}b JA )
J‘O‘/d J‘G/
Jhe Ta
J\>/\'6 Jg/\'e
Jhe Ty
ab
ab JA
JV sz Jgd
Jha Ty
T\ i
Jhe Ty
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What about the group theory factors!?

For triangle we have (AVV and AAA):
T,

TiC;' +Bose symmetry e S S
T
whereas the result for the box is (AVVY and AAAV):

b
1y

T TIS , +Bose symmetry PR T e

]
d
TE?Z
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~ Tr [Ta{Tb, e Td]}}
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Finally, we deal with the pentagon (AVVVV,AVVAA, and AAAAA):

Ty
T +Bose symmetry ool ~ 1T {T“T[bTCTdTG]}
Tﬁdm
Tﬁm N fr[bCfde]sTr [TQ{TT, TS}i|
* The box and pentagon diagrams only contribute to non-Abelian case.
* The cancellation condition for the triangle diagram
Tt [T@{Tb,TC}} ~ 0

automatically implies the cancellation of the box and the
pentagon as well.

Therefore, to cancel the gauge anomaly we only have to care about the triangle!
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Computing all these diagrams and imposing vector current conservation

(D)) v e =0

one arrives at the expression of the Bardeen anomaly

1 William A. Bardeen

1
(D) )y oy = — = MV BTy {Ta {”//W”f/a/g + gdﬂydaﬁ (b. 1941)

. 2
. %(JZZLVQ{V%@,B € %,LL%O&‘QZB -+ ”//M,,Qfagﬁz/g) — %ﬂu%yﬁaﬂﬁ} }

where
%u/ — a,u% — av/y,u — Z[ﬂ/,ua %] — i[cQ%,ua CQ{I/]
Ay = 0,9, — 0,4, — 1|V, o, — 1|, V)

The result preserve vector gauge transformations (it depends on the
vector field strength 7, alone).
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We can recast the Bardeen result for the case of a single left- or right-
handed fermion

1

1
left: V=), = 505/@ Jf — 9 (J\F; — JK)
. 1 1
right: V=~ = _ A, =3 (J(; n JK)
For a left-handed fermion:
a 1 a 1 Vo a
(DuIf))2 = =5 ((DuI) ) y=er = 5oz T [T (L L

_|_ igugycg/ﬂaﬁ _I_ iogﬂgyagﬁ —|— igu,/fafg — QD%Mogyogaogﬁ)}

.

a 1 Vo a Z
(Dudf)) 2 = 55— T [T 9, (z,,aagﬁ - 50%,,0%0%)]
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1

ef. V== 5. g = (J{ﬁ _ JK)
1
)

right: V= -, = =%, J5

and similarly for a right-handed fermion

(D)% = SA(Du) = =~

eV aB Ty [Ta (%W%ﬁ
—|— i‘%/#%’/‘%aﬁ —|— Z.%Hﬁya%ﬁ _|_ Z‘%,ul/%oz%ﬁ — 2%,&%1/%@%5>:|

.

| - .
(D J1)) g = BTy |T99, (%,/aa% - %%,,%925)

<7-‘-2

Anomalies and Differential Geometry |

opposite sign!
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We have seen that the condition for the cancellation of the gauge
non-Abelian anomaly reads

Tr [T“{T”,TCH — 0

In a theory with N, positive chirality fermions and N. negative chirality
fermions, the anomaly cancellation condition takes the form

ZTr[ ArrTe ) —;Tr e {rt_ e ] =0

Are there ‘“safe” representations for which

d%{?c = Ir {Tﬁ{Tﬁ, Tf{H — (0  (anomaly coefficients)
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Let us do some group theory...

A Lie algebra representation is real or pseudoreal if there is an
intertwining operator § relating the representation and its
complex conjugate

sl — g real

TR* = —STRS™!
gl — _ g pseudoreal

Using
Ty [Tﬁ{Tg, Tf{H — Ty [Tﬁ{Tg,Tf{HT — Ty [(Tﬁ)*{(Tg)*, (Tﬁ)*H

we find for real and pseudoreal representations

Tr [(Tﬁ)*{(Tg)*, (Tf{)*H — _Tv [STﬁs—l{Sbe{S—l,STﬁS—lH — Ty [Tﬁ{Tﬁ,TﬁH

.

e [rn{oh 7)) = [k ) — =0
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Thus, real and pseudoreal are anomaly-free representations

df:“{bc =1 [Tf{{Tﬁ, Tf{}} = 0  for R real or pseudoreal

All representations of the following groups are safe
e SU(2)
e SO2N+1)
e SO(4N) for N> 2
* Sp(2N) for N> 3
e and the exceptional groups G2, Fa, E7, E3

Other groups whose representations are nheither real or pseudoreal but
are still safe are

e SOAN+2) for N>2
° E6

In addition, the adjoint representation of any group is real and therefore
safe.
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Potentially dangerous Lie group are

« U(D).
 SU(N) for N = 3.

For non-safe groups, anomalies can be eliminated either by choosing
an anomaly free representation or by cancellation

N, N_
S T [Tg+{T£+,Tif+H -3 T [Tg_{T;j_,Tg_H — 0
1=1 1=1

If the gauge group is a direct product, Gi ® ... ® G, there might be mixed

gauge anomalies associated with triangles with “different group factors” at

each vertex
g,

i

gk
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Gravitational anomalies
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Gravitons are quantized perturbations over flat (or any other background)
spacetime

QWZUW%—Q%hW ( KZ\/S?TGN )

The graviton action is obtained expanding the Einstein-Hilbert action
around the Minkowski metric

S = d*xz/—gR]|g]

2/4:2

1 1
S = /d4x <§8Mha58“ho‘ﬁ — §8O‘ha58u,h“5 + Self—interactions>

At the level of the graviton field, diffeomorphism invariance translate into
gauge tranformations generated by a vector field

Sy () = 5 [0 () + 0,6(2)]
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Expanding the matter action to linear order in the graviton field

Slpi,m + 2kh] = S|o;] + 2k (/d‘lxhw 5.5 >

Ly P
— S[¢p;] — K [/44;1;\/—7;@1/ (_ \/2—7 5251/)]

g=n

leads to the coupling between the graviton and the energy-momentum tensor

Sint = —%/d4x b TH

Invariance under gauge transformations

1

Sy () = 5 |9 (@) + D ()

depends on the conservation of the energy-momentum tensor
0SSt = /d4x §V8MTW/ e aMTF“/ — ()
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Gravitational anomalies appear whenever the energy-momentum
tensor is not conserved quantum-mechanically

Op (T (2))n # 0

Let us consider a theory of a chiral fermion coupled to a background graviton
field

Ty = fﬂ(wg,ﬁr%gu)zp where f10u fo= f1(0,f2) — (Ouf1) fo
The expectation value of the energy-momentum tensor is then

T @) = 5 [ POGET () AT O T
. . . T,
Expanding in powers of K we find again the triangle

diagram, this time with three energy-momentum -
tensor insertions i
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But, since anomalies and parity noninvariance come together, the question is
whether gravitational couplings are sensitive to chirality

This depends on the dimension:
* D =4k:
CPT reverses the helicity of fermions

* D =4k+2:

CPT preserves the helicity of fermions

Thus, in D = 4k there are as many left-handed as right-handed fermions

~- +“equivalence principle”

Gravitational couplings are chirality-blind

There are no pure gravitational anomalies in four dimensions
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However, gravity can contribute to the gauge anomaly...

For example, a left-handed fermion coupled to a gauge field also couples to
gravity through

A . a 1 — a v
S = /d4x [zwv“ﬁuw + YyHT ( 2%) Yt} — Kby, T

The quantum conservation of the current is then
1 _ | _ | .
<Jga(x)>d,h = A / @w_@wjga(x)ezso[w,w,d]—zﬁfd4yT R

Expanding in powers of K brings down insertions of the energy-momentum
tensor into the correlation function. Then, we have contributions like

_%2 / d*y / d*y, (0T {J,g‘"’(a:)TC“B (y1)T‘”\(y2)}|0>ha6(y1)hax(y2)
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Diagrammatically, we have again a triangle diagram with one gauge
current and two energy-momentum tensors

Tos
JHe +Bose symmetry

TJ)\

Since we are only interested in cancelling this contribution we just need to
look at the group theory factor
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Thus, the condition for the cancellation of mixed gauge-gravitational
anomalies is

> o TeT¢ - Y TrT* =0

right-handed left-handed

* SU(N) for N> 2 do not contribute to mixed anomalies (tracelessness!)

* But beware of U(1)’s!!!

The cancellation of mixed anomalies poses very strong nontrivial
constraint on theories (e.g.the standard model, MSSM,...).
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Functional methods
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Foreword: Euclidean fermion fields

In Minkowski space, the Dirac matrices satisfy [7,, = diag(1,—1,—1,—1)]

A0t = 40

VML — ’YOVMVO s { it i
V=

Dirac fermions are defined as objects transforming under the Lorentz group
as .
[/

7 v O-MV — __[/ylu7 /yy]

w/ — 6_51%“/0“ w — U(ﬁ)w Where { | 4

O_O’LT _ _O_Oz7 O_zj]L _ O'Z].

’

Since 0" is not Hermitian, Hermitian conjugate spinors are not “contravariant’
X vt _
Pl = le2tm?™ " = PTU(9)" # ¢TU (W)™
o = Vg0 ' ”yOU(ﬁ)TVO = U(l?)_l

' =l =TU W) = "YU W) =9U@)™
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Euclidean space can be obtained by Wick rotation from Minkowski signature

ZCO — —iil?4 » my — _5pw

while the new Dirac matrices are defined as

(7.7} = —26"1

/\4 . O

Euclidean Dirac fermions are objects transforming under SO(4) as

SV L~ o~
o =177

GHUT — GHY

7 ~uv

w/ — o 5WurO W = O(W)w e Ty S

Now, Hermitian conjugate objects are contravariant

GHvT

Yt = pleden®™ = 9i0(w)" = 9T0(w) ™!

In Euclidean QFT, ) and @DT are considered independent variables.
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In Euclidean space, the chirality matrix is defined as

B = 7

satisfying

A particularly important identity in the computation of anomalies is

Tr (3577975797 ) = =4e"°7 where €% =1
Comparing with its Minkowskian counterpart
60123 — 1

Tr (’75’yufyyfyafyﬁ) — _fjehvelB with

we see how Euclidean chiral anomalies will have an addition factor of i.
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Notation WARNING

From now on, Euclidean gamma matrices will be “hatless”

We denote 4 (z)" = 1 (x) # ¢(2)'3"
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The fermion (Euclidean) effective action

As above, we study a massless fermion coupled to an external
gauge field o, = &“T" and define the Euclidean fermion effective
action in d dimensions.

I /@@@w exp —/dd:z:@*y“ (i(?u —I—EQ%,,J)w

which is nonlocal, since we are integrating out a massless state.

Expanding the action in powers of the external gauge field, we see
that this sums the contribution of all one=-loop diagrams with arbitrary
gauge field insertions:

i) - QMQMQW\;}M
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e Tl = /@@@w exp {—/ddm Py (i@u + %M)w} ot = T

Let us carry out a gauge transformation on the external field:
dudd) = Opu® + feu’ = (Dyu)®

The corresponding transformation of the effective action is given by

JNEe4
0.7 ()

L

5.0/ = / 2z §,%(x)
On the other hand

_5(?;[5(2) e Tl _ /@@@w[— @(:U)W/‘T“zp(:v)} exp {—/ddy Py (i(?a + Ma>¢]

U
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_5(2;;?@) e = /@¢@¢ — Y)Y T (2 )} exp {—/ddy%o‘ (iaw%)w]
~45-
ety = e | 7090 [ T uw)] e |- [ atyiee (0, + o))

Z/ N

We identify the expectation value of the gauge current

ST[o7 ]

i) = D@ T Y@)r = (@)

' 0. || = /ddzv 5uﬂfi(x)5§[j@)

5[] = / dx 6,0 () (T () o
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5,/ = (Dyyu)° 5, T[] = / 092 6,07 (2) (T (2)) or

Thus, the variation of the fermion effective action is given by

5uTlef] = [ dle (D) (2) (7 (2)
and integrating by parts

5,T[ef] = / 492 1% (2)[ Dy (T (2)) v

|dentifying the potential gauge anomaly, we arrive at

Dol (@) o]0 = Gl (3)] et 6, T[] = — / 2z u® (2) 9, [ (x)
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5, D[] = — / a1 ()9, | o ()]

We conclude that the gauge variation of the fermion effective action
is determined by the anomaly.

In fact, we can write the anomaly as

4 )

tolef () = — G Tl +Dul

Thus, one way to compute the anomaly is by directly constructing the
fermion effective action for the corresponding gauge theory

g

Differential geometry
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But, how do the anomaly transform under gauge transformations!?

Remember that under finite gauge transformations

‘27[? — g_lan,Lg -+ ig_laug g~1—iu"T, 5u<% =Dyu
T = g_ljuug OuF py = —t|F v, ul

Composing two infinitesimal transformations g1 ~ 1 —1u, go~1— 1w
Mjng — 42%5291 = (0y0y — 00y)27, = D, |u, V]

FII2 — FRI = (54,0, — 040y) Fp = —i| P, [u, )]
In general, acting on any quantity:

0u0p — OgOq = 5[u,v]
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0u0y — 040y = 5[u,v]

Applying it to the fermion effective action

(68, — 6404 )L[7] = 6o T[]

g

5, (&UFW]) 4, (5uF[£/]) = 610 L[]

Julius Wess
(1934-2007)

But now, if we recall that ' / /"jh
Bruno Zumino
0, | = —/ddx uY, [ o] (1923-2014)
we arrive at the Wess-Zumino consistency conditions
g )
/d% v*0u G| | — /ddﬂf U0y, || = /ddx u, v, | ]
- J
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/ddx 00,9, || — /ddxua%%a[;z/] = /ddx u,v)|*Y, |
* Any anomaly derived as the variation of a functional automatically
satisfies the Wess-Zumino consistency condition.

* If the functional is local, there is ho anomaly, since the gauge variation
of the functional can be cancelled by adding a local counterterm.

* Only solutions to the Wess-Zumino consistency conditions derived from
nonlocal functionals can be considered to candidates to represent

anomalies.

To find these nontrivial solutions to the Wess-Zumino equations we need
a bit of differential geometry.
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A short detour into mathematics
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Differential forms: definitions and conventions (Nakahara, 2nd edition 2003)

Differential forms are elements of the algebra of totally antisymmetric
covariant tensors of rank p < d.They are spanned by

dx"* N\ ... NdxMr = Z (_1)77(0)553;%(1) Q... R dxHe®
oESy

» p-forms: w, € Q4(M), 0<p<d

no wedges!
1 »1/

— H Hp — M1 Hp
Wp = p!wm-.-updl’ LA LA dxlr = p!wmm“pdaz .. .dx
- exterior product: A : QM) ® QM) — Q) (M)

1
—'wmmupnylmyqda:“l coodxtrdxtt L dxte

“plla = plq!

wpNg = (—1)PIngw,  —m— wg =0 for p odd
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Differential forms: definitions and conventions (Nakahara, 2nd edition 2003)

- exterior differential: d: Q%(M) — Q. (M)

1
dwp = —Oawy, - wy, dz™dz™™ .. dzh?
p!

d(wptg) = (dwp)ng + (—1)Pwy(dng) (Leibniz rule)
2. — 0 (nihilpotency)
p =
dwd =0
There are two important definitions:

© Closed p-form:
dw, =0

c Exact p-form:thereis 7,1 € Q;l(/\/l) such that

wp = dNp_1
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Differential forms: definitions and conventions (Nakahara, 2nd edition 2003)

All exact forms are closed but, what about the converse? J ..».\
i

-

Poincaré lemma:

“All closed forms are locally exact”

Henri Poincare

locally (1854-1912)

dw, = 0 R wp = dNp_1
Globally, this is not necessarily true.

- Integration of differential forms: a p-form w, € Q%(M) can be
integrated over a p-dimensional open set C), C M

[:/ Wp
C

p

M.A.Vazquez-Mozo Anomalies and Differential Geometry | PhD Course, Universidad Autonoma de Madrid



Differential forms: definitions and conventions (Nakahara, 2nd edition 2003)

» Hodge dual: *: Q0 (M) — Qf_ (M)

1
*Wp = Wy, X (dxHt ... dxtr) r601,“0;_1 =1 )
p!
01...d—1 1
: ¢ — g
with C y
e o nderry = I g g e

(d—T)' Vi...Vd—qr

The Hodge dual is only defined in spaces with a metric.

/ Wplld—p  weesmi—  metric independent (topological)
M

/ wp(*wp) ~ wemmi—  depends on the metric
M
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Differential forms: definitions and conventions (Nakahara, 2nd edition 2003)

» Hodge dual: *: Q0 (M) — Qf_ (M)

1
*Wp = _'wul...,up x (dl“'ul e da:'“p) f€01md_1 =1 )
D.
ith cric! 6Ol...d—l _ g—l
wi metric!
eder ooty = I e g g

(d—T)' Vi...Vd—qr

The Hodge dual is only defined in spaces with a metric.

/ Wplld—p  weesmi—  metric independent (topological)
M

/ wp(*wp) ~ wemmi—  depends on the metric
M
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Differential forms: definitions and conventions (Nakahara, 2nd edition 2003)

* Stokes theorem: w, ¢ Qg(./\/l)a p-formand C, 1 C M an open set with

boundary 0C, 1
/ dwy, :/ W
Cp+1 OCp+1
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Gauge theory in the language of differential forms

Associated with the gauge potential, we construct the gauge=-algebra-
valued one-form

A= —id,dz" = —i%jT“dm“

which is by construction antihermitian A" = —.A

Associated with it, we construct the field strength two-form

F=dA+ A

which in components read
F = —i0,9,dzx"dx" — o, o, dxtdz” = —i(@uﬁfy — iszfuﬁf,/)daz“dajy

(

— _% (@ngf,/ — 0, ), — 1|, %y])dx“dx” = —533de“de
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Gauge theory in the language of differential forms

Associated with the gauge potential, we construct the gauge=-algebra-
valued one-form

A= —id,dz" = —i%jT“dm“

N

which is by construction antihermitian A" = —.A

Associated with it, we construct the field strength two-form

F=dA+ A

which in components read
F = —i0,9,dzx"dx" — o, o, dxtdz” = —i(@uﬁfy — iszfuﬁf,/)daz“dajy

(

— _% (@ngf,/ — 0, ), — 1|, %y])dx“dx” = —533de“de
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F =dA+ A?

Taking the exterior differential on the field strength, we have

dF = d* A+ dAA — AdA = dAA — AdA

Using now dA = F — A?
dF = (]-"—AQ)A—A(]-“—AQ) — FA— AF — A% + A3

and we arrive at the Bianchi identity

dF = FA— AF
In the Abelian case, F and A commute and we have

dF =0 (remember that F = d.A)
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We implement now gauge transformations

—u*T“ ol

g==~¢
The transformation of the connection one-form is given by
Ay = g ' Ag+ g~ dg (Abelian: A, = A+ g 'dg)

while the field strength two-form transform as an adjoint field

Fq= g Y Fg (Abelian: F, = F)
For infinitesimal gauge transformations g =1+u and ¢! =1 —u
0u A = du + | A, ul (Abelian: 6,4 = du)

and

OuF = [ F,ul (Abelian: 6,F = 0)
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The transformation of the connection one-form gives the definition of the
covariant derivative acting on zero-forms:

0u )} = (Dyu)*
el Du=du+ [A,u] eelie— 5,4 = Du
OuA = du + [ A, ul

On a general Lie-algebra valued adjoint r-form, the covariant
derivative is defined by

Dw, = dw, + Aw, — (—1)"w, A
which satisfies the same Leibniz rule as the differential (Exercise)
D(wsns) = (Dwy)ns + (—1)"w,-(Dns)

and it is indeed covariant (Exercise)

cc?nstructed Dg (g_lwrg) — g_l(Dwr)g
with A, ~ -
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When computing traces of forms, one has to take into account their
noncommutative character in applying the cyclic property

1r (WTnS) — (_1)T8Tr (nswr)

or in general

Tr (Wrnsy « - - M5, ) = (_1)r(81+m+8n)Tr (Msy « - Nspwr)

For example, in the case of the covariant derivative

Dw, = dw, + Aw, — (1) "w, A

~ i

Tr Dw, = Trdw, + Tr (Aw,.) — (—1)"Tr (w,-A) = Trdw, = dTrw,

Thus, the trace of a covariant derivative is an exact form.
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Invariant polynomials

In an even-dimensional space D = 2m, we can define the invariant
polynomial associated with a gauge connection as

P(F) = Z Cn. i (Trf”)j

nji<m

* Invariant polynomials are gauge invariant: we look at the single
trace 2n-form

Tr F" — Tr (g_l]:”g) = Tr (F”gg_l) = Tr 7"

* Invariant polynomials are closed forms: computing the exterior
differential

JHF%JH@ﬁF”F+FW?WP+”+FFmdﬂ

= nTr (dFF"")
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ATy F* = nTr (dFF")
On each terms we can apply the Bianchi identity dF = F A — AF
dTe F" = nTr (FAF"™! — AF")

= n'Ir (A]:") — nIr (A]:”) =0

With this, we have shown two important properties of the invariant
polynomials

S,IrF" =0 w5, P(F) =0

and

dTr F* =0  weie  dP(F) =0
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dir F* =0
Using this property and the Poincare lemma, we conclude that the locally

Tr F" = dwy,_(A)

where w3, _;(A) is the Chern-Simons form.
But since
0=20,TrF" =Tr Fi'r, — Tr F" = dws,, 1 (A114) — dws,,_1(A)
= d|wd, 1 (A1) — w1 (A)] = by, (A

the gauge variation of the Chern-Simons form is also closed, and locally exact

locally

déuwgn—l(A) =0 IS 5uw(2)n—1("4) — dw%n—Z(Uw A)
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Back to the anomaly
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Tr F" = dwy,_(A)

5uwgn—1("4) — dw%n—Q(uv "4)

Bruno Zumino
(1923-2014)

With these ingredients it is possible to construct a nontrivial solution to
the Wess-Zumino consistency condition.

Let us take a (2n-1)-dimensional ball Ds,,_; with 0Dy, = S % and write
the integral

Its gauge variation is given by
A= [ b (A= [ sk = [ wd
Doy 1 Doy 1 S2n—2
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I|A] :/D ) wo 1 (A) O I|A] = /5%2 wa _o(u, A)

We identify the anomaly in 2n-2 dimensions as

/ WG A] = —c / oy A)
SQn—Q SQn—Q

being the variation of a functional it automatically solves the Wess-
Zumino consistency equation.

Moreover, the (2n-l)-dimensional integral /|.A| is nonlocal in the physical

(2n-2)-dimensional space.
1

w5, _o(u, . A) is a nontrivial solution to the Wess-Zumino equations
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I|A] :/D ) wo 1 (A) O I|A] = /5%2 wa _o(u, A)

We identify the anomaly in 2n=-2 dimensions as normalization
/ constant
[ gl = [ wh
S2n—2 S2n—2

being the variation of a functional it automatically solves the Wess-
Zumino consistency equation.

Moreover, the (2n-l)-dimensional integral /|.A| is nonlocal in the physical

(2n-2)-dimensional space.
1

w5, _o(u, . A) is a nontrivial solution to the Wess-Zumino equations
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For a single left-handed fermion in D=2n-2 dimensions, the
normalization constant can be computed (e.g. using diagrammatics)

1 "
Cp, =
n! (2m)n—1

The fermion effective action is given by

FlAL =2 (27r.)n”‘1 /Dgn 1 “an—1(A

while the anomaly is
4 . )

1 ik
/Sznz uaga [A] ~ n! (27-‘-)72—1 /52712 w%’n—Q(uaA)

- J

Local ambiguities correspond to adding a total differential to the
Chern-Simons form ocal in D=2

—

CA = Gt [ 91 () + daa(A)
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Let us particularize the analysis to D=4 (n=3). The relevant anomaly
polynomial es

P(F)=Tr F°

To compute the Chern-Simons form we use an homotopy formula.
Consider the family of connections

A =tA with 0<t<l1

with field strength

Fi=dA + A7 = tdA + 1 A*> vl P(F,) = Tr F?

Differentiating with respect to the parameter

%Tr Fi = 3Tc (FF?) = 3Tx (dAF?) + 3Tr (AAFY) + 3Tr (AuAF?)

= 3Tr (dAF?) +3Tx (A AF) - 3Tr (AF2A,)
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%Tr Fi = 3Tx (dAF}) + 3T (AAFE) = 3Tr (AFEA)
Applying the Bianchi identity dF, = dA, A, — A,dA,
Tr (d A, fg) — dTr (Atff) + T (Atd]-"t]-“t) +Tr (At]-"td]-"t)
= dTe (AFP) + Tr (AdAAF,) = Tr (A AdAF,)

4Ty (At]-‘tdAtAt) Ty (At]-"tAtdAt)

and using dA; = F; — A’

Tr (dAtf,?) = dTr (Atff) + Tr (AtftAtft) — Tr (At.A;?ft>
— Tr (AtAt]:tQ) + Tr (AtAth) + Tr (/lt]:fflt)

— Tr (At.lrtA?) — Ir (At}_tAt}_t) + 1 (At"rtA?)
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%Tr Fi = 3Tx (dAF}) + 3T (AAFE) = 3Tr (AFEA)
Applying the Bianchi identity dF, = dA, A, — A,dA,
Tr (d A, fg) — dTr (Atff) + T (Atd]-"t]-“t) +Tr (At]-"td]-"t)
= dTe (AFP) + Tr (AdAAF,) = Tr (A AdAF,)

4Ty (At]-‘tdAtAt) Ty (At]-"tAtdAt)

and using dA; = F; — A’
 (04i72) =t (A7) + T (ABAF) - T (ki)

— Tr (AtAt]:tQ) + Tr (AtAth) + Tr (/lt]:fflt)

— It (AtftA?) — 1 (A%}—t) + 1 (At"rtAg)
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%Tr Fi = 3Tx (dAF}) + 3T (AAFE) = 3Tr (AFEA)
Applying the Bianchi identity dF, = dA, A, — A,dA,
Tr (d A, fg) — dTr (Atff) + T (Atd]-"t]-“t) +Tr (At]-"td]-"t)
= dTe (AFP) + Tr (AdAAF,) = Tr (A AdAF,)

4Ty (At]-‘tdAtAt) Ty (At]-"tAtdAt)

and using dA; = F; — A’

Tr (dAtE?) = dTr (Atff) + It (At%}—t) — Tr (%fo
— Tr (AtAt]:tz) + Tr (A%%) + Tr (/lt]:fflt)
— Tr (At]:tA?) — Tr (A%}}) + Tr (At]:tAf)
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%Tr Fi = 3Tx (dAF}) + 3T (AAFE) = 3Tr (AFEA)
Applying the Bianchi identity dF, = dA, A, — A,dA,
Tr (d A, fg) — dTr (Atff) + T (Atd]-"t]-“t) +Tr (At]-"td]-"t)
= dTe (AFP) + Tr (AdAAF,) = Tr (A AdAF,)

4Ty (At]-‘tdAtAt) Ty (At]-"tAtdAt)

and using dA; = F; — A’

Tr (dAtf,?) = dTr (Atff) + It (At%}—t) — Tr (%fo
— Tr (AtAt]:tz) + Tr (A%%) + Tr (/lt]:fflt)
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%Tr .7—_5’ = 31 (d/ltff) + 3'1r (AtAtftz) — 31 (AtFE'At)

Tr (d/ltftz) = dTr (At]:tz) — T¥r (/lt.At]:tQ) + Tr (Atftzflt)

i

%Tr F3 = 3dTx (At]-“f)

Now we can integrate over the parameter 7 (remember A; = t.A)
1 .
Tr F° = 3d / dt Tr (At]-"f)
0
so we can identify the Chern-Simons form as

1 .
W(A) =3 /O T (AF?)
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1 .
WO (A) = 3 /O T (A,F?)

We can carry out the integral explicitly by using
Ay =tA Fr =tdA+ 2 A°

1
HO(A) = 3 / 0t T [PA(AY + PALAN + 8 A%A + 100
0

YA) = Tr | AdAP + S AP A+ S A°

or in terms of the field-strength

4 )
wp (A, F) = Tr (A]:Q — %Ag]:jL 1—10A5)

- J
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wp (A, F) = Tr (A]—“2 — %AS}" + %/ﬁ)

Taking a gauge variation of this expression,
1
(5uwg(A, F)="Tr <5UA./72 + 0y FFA A+ 0y FAF — §5UAA2}"
~ LSVAAFA - L6 AFA — L5, FA 4 5, AL
2" 2" 2" 10
duA = du + [A, ul ' Oy F = | F,u]
0 o 1 9 1 1 2, 1 4

and writing it in terms of the gauge potential

5,2 (A, F) = Tr |(Du)d (AdA + %AP’)
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5,02 (A) = Tr |(Du)d (AdA + %A3>

' D [d (AdA+ %Ai’))] =

5,2 (A) = dTr |ud | AdA + %A?’)

' Suws = dw;

(" )

wi(u, A) = Tr |ud | AdA + %A:g)

\_ e,
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wy (A, F) =Tr (A]-“Q —~ %A3f+ 1—10A5>
wj(u, A) = Tr {ud (AdA + %A:S)}
We can now compute the anomalous effective action
( 5o 1 q 1 -
Al = Tr | AF° - A F+ —A
Ds 2 10

2472
\— nonlocal!

which gives the anomaly

a 2 _ 1 3
/34u A = o /S4Tr ud (AdA+2A )

) ) 1 |
_ aTy | e ~ 3
SV /5411, T _ d (AdA 2A )
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wy (A, F) =Tr (A]-“Q —~ %A3f+ 1—10A5>
wj(u, A) = Tr {ud (AdA + %A:S)}
We can now compute the anomalous effective action
( 5o 1 q 1 -
Al = Tr | AF° - A F+ —A
Ds 2 10

2472
\— nonlocal!

which gives the anomaly

Euclidean

_ ! “Tr | T% [ Ad —A°
space 2472 /5’4 o (A A ZA )-
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This gives the consistent anomaly in four-dimensions (A = —i.o7,,dx")

(

Gul ] = 24772

BTy | 799, (ﬂ,,aa% - %%%@)

which reproduces, in Euclidean space, the Bardeen anomaly for a
left-handed fermion (in the notation used back there)

a 1 Vo a Z
(DuTf)") 2 = 55— T {T 9, (g,/aao% - 5%%@)}

For a right-handed fermion, we have the a similar contribution but with
opposite global sign:

o 2 2 1 3 1 5 — left-handed
LAl =7 VA2 /D5 1r (’AF - 5"4 S+ 1—0./4 ) + right-handed

R

a ; a a 1 + left-handed
/34 u'Y, | Al = 5 /54 u*Tr {T d (Ad/l+ §A3>} _ right-handed
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To summarize: to find the chiral anomaly in dimension D = 2n — 2

 Construct the anomaly polynomial in dimension D + 2 = 2n

I i
P(F) = n! (Qn)n_lTr]:

* The (nonlocal) anomalous effective action is given by the integral of
the corresponding Chern-Simons form in dimension D +1 =2n — 1

1 (
Tr F" = dwgn_l(A) » P[A] — n! (27T)n_1 / wgn—l(A)

n_

up to the addition of an exact (2n-1)-form (local counterterm)

* The (local) anomaly is given in terms of buws _1(A) = dws, _o(u, A) by

1 )"
/Sznz u'Gal Al = n! (2r)n—1 /S2n2 w%n—Q(uwA)
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The BRST formulation
and the descent equations
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BRST transformations

Acting on the gauge theory fields, we define the action of the BRST

operator s with a odd adjoint (zero-form) parameter v

anticommute with/ sA=—Dv

odd-rank forms
sF = —|v, F|

SU — —U2

We assign ghost humbers:
gh(A) =0
gh(F) =0
gh(v) =1
with § Increasing the ghost number in one unit.

gh(sO) = gh(0O) + 1

M.A.Vazquez-Mozo Anomalies and Differential Geometry |

(with Dv = dv + {A,v})

PhD Course, Universidad Autonoma de Madrid



BRST transformations

Consistency of these transformations requires

sd+ds =0
Indeed,

sF = s (dA + AQ) — sd A+ (sA)A — A(sA)
= —d(sA) — (Dv)A + (Dv)A = d(Dv) — (Dv)A+ A(Dv)
= dAv — Adv + dv A — vd A — dv A+ Adv — vA* — Av A+ A%v + Av A

sd = —ds
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BRST transformations

Consistency of these transformations requires

sd+ ds =0
Indeed,

sF = s (dA + AZ) — sd A+ (sA)A — A(sA)
= —d(sA) — (Dv)A+ (Dv)A = d(Dv) — (Dv)A + A(Dv)

:dAv—%+M—vdA—M4+M—UA2—M%—AQ’U—I—M
'

sF = dAv — vd A — v A + A%v

sd = —ds

= —[v,dA + A?]

= —|v, F]
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BRST transformations

The BRST operations is nihilpotent
s =0

Let us check it explicitly:

s°A = —s(dv+ Av +vA) = d(sv) — (sA)v + A(sv) + (sv)A — v(sA)

= —d(v*) + (dv + Av + vA)v — Av® + v° A — v(dv + Av + vA) = 0

s°F = —s(vF — Fv) = —(s0) F + v(sF) + (sF)v + F(sv)

= v*F —v(vF — Fv) — (vVF — Fo)v — Fo* =0

s*v = —s(v?) = —(sv)v + v(sv) = v° —v® =0
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BRST transform

We get now Stora’s Russian formula

(d+s)(A+wv)+

ations

-

(d+ 8)(A+v) + (A+v)° =dA+ A?

J

(A+v)? =dA+ A% + dv + sA+ sv + Av + v A + v?

= dA+ A* + (SA+dv+Av+vA) + (Sv+v2)

= dA+ A2+ (SA+DU) (

— dA + A?

Neis b

This means that J is left invariant by the replacement

M.A.Vazquez-Mozo

d— d-+ s
A— A+
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Let us apply the BRST formalism to the problem of anomalies. If we write
the transformations in components

a __ a
sszfu = —D,v

we find that acting of the effective action

Tle) = [ P [ss(a) Mg(w)r[m —— [ oD@ T (@))r

— [ @Pwu @) [Du1 @] = [ P @l (@)

so the BRST transformations of the action gives the anomaly

( ST A] = / AN \

- J
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ST A] = / VG, [ A] = / G, A

The Wess-Zumino consistency condition now takes a extremely
simple form

/s%l[v,fl] =0

It is obvious that any anomaly obtained as the BRST variation of a
functional automatically satisfy the consistency condition.

Only nontrivial (i.e. honlocal) solutions to the Wess-Zumino equations
can give anomalies.
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Let us apply now the Russian formula to the anomaly polynomial:
Tr [(d s (A+v) + (A+ U)Q} — Tr F©

and since Tr F" = dwgn—l (A’ f’) all dA’s have been

/ written in terms of F'‘s

(d+ s)ws, _(A+v, F)=dwy, (A, F)

now we can expand the Chern-Simons form in powers of v

/ ghost number

wgn_l(A+v, )—an (A, F) +w2n (v, A, F) + .+w3"_1(v,A,]:)

and equal order by order in the ghost humber expansion. At zeroth
order, we have trivially

dwgn—l(A7 f) — dwgn—l(Aa F)
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(d+ 8wy, _(A+v,F)=dwsy, (A, F)
wgn—l(A_'_ Ua"r) — wgn—l(Aa F) T w%n—Q(/UMAa F) Tt w(%n—l(vaa F)

At first order, we have a nontrivial identity

swo, _o( A, F) + dws, _o(v, A, F) =0
while at the following orders we find

swsy, _o(v, A, F) 4+ dws, (v, A, F) =0

Swgn_g('v,A, .F) —|_ dwgn_4(v,¢4, .F) — O

swit (v, A, F) +dwitt (v, A, F) =0

2n—m—2

uptom =2n—1
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We have arrived at the Stora-Zumino descent equations

4 ) '1
Tr F"* — dwy, (A, F) =0

Swgn—l(Av F) T dw%n—Q(vv Aa 'F) =0 R?{;;%Tgoslt;)ra
Sw%n—Q(vv “47 'F) T dw%n—S(Uv “47 'F) =0

swor (v, A, F) + dwm Tl (v, A, F) =0

2n—m—2

Bruno Zumino

(1923-2014)

swi" (v, A, F) 4+ dws™ (v, A, F) =0

swgn_l(v,/l, F)=0

- J
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The Stora-Zumino descent equations give nontrivial solutions to the Wess-
Zumino equations.VVe start with the nonlocal effective action

1 "

F[A] — n) (27_‘_),”_1 /D2n1 wgn—l(Av ‘F)

Using the second descent equation, we have

Swgn—l(A7 F) + dw%n—Z(v7 A? F) =0

i

1 "

SF[‘A] — n! (27‘(‘)”_1 /D2 1 Swgn—l(A7 'F)

1 "

_ 1
~ Tl (2m)nt /D 1dw2”‘2(v’“4’ 7)

1 " X
— 7A7 ‘F
n! (27‘(‘)”_1 /Sznz w2n_2(v )
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T = ey [ whoa(AF)

The anomaly is then given by

1 "
/5277,2 %1[1)’./4] — n! (271-)72,—1 /92n2 w%n—Q(vaa F)

Using now the third descent equation

sw%n_Q(v, A, F) + dw%n_g(v, A, F)=0

we see that it satisfies the Wess-Zumino consistency condition

1 " 05" 2 = ()
/5%2 sGt v, A = ol @y /5%2 swy, _o(v, A, F) /

1 "

. 2 _
- nl (2m)nd /Sznz dwzn—3(0; A, F) =0

Being derived from a nonlocal functional, it is a hontrivial solution!
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Ambiguities in the anomaly are related to the structure of the descent

equations. A generic solution to the consistency conditions has the
structure

/ S(w%n—Z + 504371_2 + dﬁ%n—S) =0
SQn—Q
From the third descent equation

sw%n_Z(v, A, F) + dw%n_g(v, A, F)=0

if follows that w,,_, is defined up to a BRST-exact term

1 1 1
Wop_o = Wy, o T SQ, 3

Using the second descent equation

Swgn—l(Av ‘F) + dw%n—Q(Ua Aa 'F) =0

we see that B%n_?) corresponds to the ambiguity

1 1 1
w2n—2 ; w2n—2 + d52n—3
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Using the descent equations we can see how BRST-exact shifts in
the anomaly are associated with the addition of local counterterms to
the effective action functional.

The first equation
Tr F"* — dwsy, (A, F) =0
remains unchanged under the addition of a local counterterm
W1 — Wop 1 + dYap s
Looking however at the second equation

Swgn—l(A7 F) + dw%n—Q(Ua A7 ‘F) =0

we see that this change can be cancelled by a BRST=-exact shift in the
anomaly

w%n—Q — w%n—Q -+ 378')1—2 (dS + sd = O)
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Computing the anomaly
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We would like to find a simple way to compute anomalies (Chern-Simons
forms and their descendants) in any dimension.

Let us introduce a family of connections A: depending on a number of
parameters taking values on a domain T

A = Ag 4. (t1,t2,...) €T

Define an even substitution operator £; replacing exterior differentials
by differentials on the domain T
p+1 9

o,
= i dy = E dt,
gt dt a(d) Wlth t . 6t7a

Example: A; =tA; + (1 —t)Aswith 0 <t <1

gtAt — O
gtft — dt.At — dt(Al — Az)
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Let us consider now a polynomial of degree ¢ in d;

2 = D(Ag, Fi, di Ag, di Fy)

It satisfies the generalized transgression formula

Juan L. Manes

(b. 1955)
(" )
/P €P+1 gp-l-l
/ —t'Q:/ ! 'dQ+(—1)p+qd/ : ;2 “.
o1 P! r (p+1)! r (p+1)!

\_ J

Raymond Stora
For the time being, let us apply it to the previous example (1930-2015)

A =tA; + (1 — 1) Ay with p=20

and take 2 the anomaly polynomial (¢ = 0)

M.A.Vazquez-Mozo

2 ="Tr F/
P o

Tr Fi' — Tr F3' = d/ 0 Tr F*
T
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(1923-2014)
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Tr Fi' — Tr F3' = d/ 0, Tr FJ*
T

Remembering that /¢, is an even operator and that
0 Fy = de Ay = dt(A; — As)
we can compute the integrand to be

OTFP =T (GRFPT + FOGFF T 4+ FUTF)

= Ir (ththz—l + Fttht.Fgl_2 + ... Fgl_ldt-At)

— Tt (thtff—l)
and taking 4, =0 and A; = A

1
Tr F" = TLd/ dt Tr (At.ltzl_1> with At —tA
0
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Tr F" = nd/ol dt Tr (Atf[”_l)

From here, we readily read the general homotopy formula for the Chern-
Simons form in any dimension

where

-

\_

1
O (AF)=n / ar T (A7)
0

~

J

.At :t.A

Fr=tdA+t* A% =tF +t(t — 1)A°

This generalizes the expression obtained in four dimensions (n=3)

M.A.Vazquez-Mozo

1
WA F) =3 / at T (4,77
0
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Example: the six-dimensional gauge anomaly (n = 4)

wy (A, F) :4/1dtTr (Atff) :4/1dtt3Tr {A{f+(t_1),42r}
0 0
:4/1dtt3Tr{A{]—“3+(t_1)(]:2A2+]:A2]:+A2]_~2)
0

F(t = 1) (FA + A2FA + AF) + (= 1)°A° }

and integrating over the parameter
1
WI(A, F) = Tr { AF? = (AP A + AFAYF + A F?)

b (AFA 4+ ABF A+ BF) — AT }
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1 n—1
WO (AF) = n/ dt "~ 1Ty {A{F (- 1)A2} }
0
To compute the anomaly, we use the Russian formula
1 9 n—1
wgn_l(A,F):n/ dtt”_lTr{(A+v) {F%—(t—l)(AJrv) } }
0

and expand to first order in v

4 )
1

Wl (0, A, F) =n / dt (1= )T |vd (AF; 2+ FAF 7+ 4 FPl A
0

\§ J

or introducing the symmetrized trace
1
wa, _o(v, A, F) = n(n — 1)/ dt Str {vd(]:f’_zA)}
0
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Let us apply this to recover the four-dimensional case (n = 3)

wi (v, A, F) = 3/1 dt (1 —1)Tr [vd(A]:t + .FtA)}

=3 /01 dt (1 —t)Tr {vd [tAf + tF A+ 2t(t — 1)A3} }
= %Tr vd(AF + FA- A*)| = %Tr vd(AdA + dAA + A7) |

= Tr {vd (AdA + %A:g)}

i

G, A] = — / Tr |vd (AdAJr%AQ)
S4 i

g4 247’('2
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while in six dimensions (n = 4) we find
1
wi(v, A, F) = 4/ dt (1 — ) Tr [vd(Af,? + FAF, + fEA)}
0
1
_ 4/ dt (1~ )T {vd [ (AF? + FAF + F2A)
0
F (= 1) (2A°F + AFA? + A2F A+ 2F A®) 4 382(t — 1)24°| |
1
_ 4/ dt (1~ )T {vd[ 2 (AF? + FAF + F2A)
0
F (= 1) (2A°F + AFA? + A2FA+2F A*) 4 382(t — 1)24°| |
1 2 2
— 2Ty {vd{(AF + FAF + F2A)

2
—= (2A3F + AFA* + A2 FA+ 2]-“A3) + %45} }
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while in six dimensions (n = 4) we find

KThe gauge anomaly in six dimensions: x

wg (v, A) = Tr {vd [A(dA)2 + %(2./4361.4 + AdAA® + A*dAA + 2dA.A3> + %AE’] }

~R

Gy, Al = / Tr {vd [A(dA)2 + %(2A3dA + AdAA? + A*dAA + 2dAA3) - %/P] }
S6

S6

QA F + AFA® + A°FA+2F A
1 2 2
— 2Ty {vd{(AJ-‘ + FAF + F2A)

2
—= (2A3]-" + AFA* + A2 FA+ QFAS) + %45} }
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Consistent vs. covariant anomalies
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So far, we have dealt with the so-called consistent anomaly derived from

the anomalous action functional and satisfying the Wess=Zumino
consistency condition

FMF%@/ W (A, F)
Doy 1

A= [ P [ ehw AT

SQn—Q

The (2n-3)-form dual consistent current J is defined by

0, I'[A] = /SMQ Tr [(Du)J} = — /SMZ Tr (uDJ)

while the I -form consistent current j is given by
j=xJ

wmm—— (xDx)j = *G [ A]
DJ = 9[A]
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The consistent form of the anomaly obtained
1 1" 1
nl (2m)n—1 22

Tr (uDJ) = G[u, A] = (u, A, F)

is however not gauge covariant.

Question: s there a term to be added to the consistent current

Jcov =J + JBZ

William A. Bardeen
(b. 1941)

such that the associated anomaly

T (UDJCOV) — g[U, ./4] + It (UDJBZ) — %[u, A]COV \
A
Y
Bruno Zumino
(1923-2014)

is gauge covariant!
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The question of consistent vs. covariant form of the anomaly pops up
already in perturbation theory.

By computing a AVV triangle, we get a covariant result
\'

. Ty (195,50

\'

whereas the triangle with three V-A vertices renders a noncovariant anomaly

V-A

VA ~ OB Ty {T“@M (%aa% — %%%%H

V-A
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The question of consistent vs. covariant form of the anomaly pops up
already in perturbation theory.

By computing a AVV triangle, we get a covariant result
\'

EASIER A ~ eMVP Ty (T"’%V%B)

\'

whereas the triangle with three V-A vertices renders a noncovariant anomaly

V-A

HARDER  V-A ~ Ty {Taaﬂ (”Q%”aa% = %%%%’ﬂ

V-A
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Let us see how the Chern-Simons form transforms under shifts in the
connection

0A =€
Applying the generalized transgression (with p = 0) formula to
Ay = A+ te 2 = wy, 1(A,F)

we find

1 1
WO (At o) —wl, 1 (A) = / (det, (e, F) + d / £, (Au, Fo)
0 0

1 1
:/ EtTr}"f—l—d/ ftwgn_l(Au]:t)
0 0

with
gt At =0

gtft — dte
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1 1
5.0 (AF) = /O (,Te F7' + d /O 0wl (A F)

/.At :A—|—t€

0, Tr F* = n'Tr (e]—“{b_l) = n'Tr (ef”_l) + O(€%)

The integrand of the first term gives

For the second one

0T = L. [tf ot — 1)A2}

1
gtwgn—l(Atw’Tt) — n/ £ Tr (A}?_1> / = tdte
0

1
— / Ty (Agtftf;n_2 -+ A.thtftf;n_g + ...+ AF?_Qgt-Ft>
0

— n/oltdtTr [e(Fﬁ_zAJrf?_SAft +"°+“4]:?_2)}
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ST =co [ Gl (AT n = i Gy

Doy o \ /

1 1
— Cn/ / 0, Tr F* + cn/ / sy, 1 (Ag, Fr)
D2n—1 0 S2n—2 0

where we have computed

¢, Tr F' = n'Tr (6.7:”_1)

1
60l (A F) =n / Ldt Tr [e (HHA CFP AR L+ A]—“,?_Qﬂ
0

This gives the general structure

0.I'[A] = /D %_1Tr (eJbay) + / Tr (eX)

SQn—Q
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oA = [ T+ [ T

SZn—2
with

Joulk = NC, F 7

1
X = ne, / tdt (]:[L_QA + FP AT 4.+ A]—"{”‘Q)
0)

If we particularize this to the case of a gauge transformation

e = Du

i

S2n—2

= —/ 1r (uDJbulk) —I—/ 1r [U(Jbulk — DX)}
D2n—1 S2n—2
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0, I'[A] = /D ) Tr {(Du)Jbulk} +/ Tr [(Du) X |

Stokes

theorem—\



5.T[A] = — /D T (uDJbulk) + /S W [u(]bulk _ DX)}

But now, using the Bianchi identity D/ =0
DJyuk = nan(Tr Fn_l) =0

so the gauge variation of the effective action is local

A = [ T fulhae-0X)] == [ T (1A
§2n—2 oo
' /S%—Q Tr (uDJ) = /SM_2 Ty (ug[A]Cons)
D(J - X) = —J = L v Ty Fr—1
— bulk o — (’]”L — 1)' (27‘(‘)’”_1 g
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. L 1 Zn n—1
D(J — X) = Jbuix s = o1 (277)”‘1Tr]:
With this, we identify the Bardeen-Zumino term Jgz = — X
4 )
Jny = — ! v /1 tdt (]-“”_QA + F S AF, 4+ ...+ A]-"”_2)
LT (=) 2t ! t LT t
\§ J

The covariant current is then given by
Jcov =J+ JBZ

whose divergence gives the covariant anomaly

. )
1 A
T (uDJeov) = G, Aleow = = —5; (27:>n—1 Tr (wr" )

- J
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Let us find the Bardeen-Zumino term and the covariant
anomaly in four dimensions (n = 3)

- 1
[/

Tor =g [t (]—"tA + A]-“t)

- 1
[/

= | a4t [fA + AF +2(t — 1)A3}
87T 0

B )
2472

(FA L AF - %A3>

The four-dimensional covariant anomaly is then given by

ol Aoow = 55 Tx (T°F?)

T

' back to Minkowski signature

G [ Alcov = 8—12Tr (T*F?)

T
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Thus, in four dimensions the expressions of the consistent and
covariant forms of the anomaly are

V_A
1 _ a 1 3 _
G Aleons = 575Tr | T (AdA+ 3 A VoA
V_A
v JBZ
1
ga [-A]COV — WTI (TGFQ) A
v

In the Abelian case, the difference between the covariant and the
consistent anomaly is in the prefactor

1 1
ga [A]Cons — gga [A]COV — Y Ir (Tafz)
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Physical interpretation: anomaly inflow

We have found that the (integrated) covariant anomaly is given by
the flux of the bulk current over 5" 2 = 0Ds,,_1

/ Tr (UJbulk) — —/ Ir (Ug[A]cov>
g2n—2 S2n—2

SQn—2
The bulk current is anomaly-free in Ds,,_;
DJyux =0
The charge flow from the bulk into the
boundary renders the gauge theory on §2-2
anomalous

This flow is controlled by the covariant anomaly
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Revisiting the Bardeen anomaly
(without Feynman diagrams)
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Let us consider again the theory of a left-handed and a

right-handed fermion coupled respectively to gauge
fields AL and Ap

Naively, we would start with the anomaly polynomial

Juan L. Manes
(b. 1955)

Tr F; —Tr Fp = d[wgn_l(AL,fL) — an_l(AR,fR)}

leading to the anomalous effective action

[ AL, Ar] = Cn/ [wgn—l(AL7‘FL) — wgn—l(ARPFR)}

Doy 1

This action, however, transforms under vector gauge transformations

ovAr, = ovAr = Du

R

SuT AL, Ag] = ¢, /

SZn—Z

[w%n—l(uvALv"rL) _ w%n—l(uﬂélRPFR)] # 0
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To make the theory invariant under vector gauge transformations,
we use the freedom to add a local counterterm

I'Ap, Agr| = cn/

[wgn—l (AL, Fr) — wo,_1(Ar, Fr)
D2n—1

- Bardeen counterterm

/
+ dSopn_o(Ar, Ar, Fr, ]:R)}

To compute this counterterm, we introduce the family of connections
interpolating between A1 and Ag

At1t2 — tlAL -+ tQAR with 0 < tl,tg <1

~Ra

2
’Ftlt2 — dAt1t2 Atltg

— 1 Fp 4 o F R+t — 1) A2 + (ty — 1)A2 + £t (ALAR + ARAL>
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We apply now the generalized transgression formula with p = 1 to
Q TI- t1t2 (q — O) t2
and take the domain T to be the triangle ———
' 1
1 1 )
e Fyo == | £ d(Tr tth) —=d | GTrF,,
oT 2 T 2 T

Using

gtAtth — O

0 0
gtftltz — tht1t2 — (dtl— —|- dtQ

o1, (3’?52) At1t2 — dt1 Ay, + dto Ag

we compute each term of the transgression formula
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1 2 n 1 2
/ ﬁtTI‘ t1t2 5/ £ d( tltz) - Qd/ € Ir t1t2
oT T \ T
dIr F;, =0

0, Tr tlt = nlr [(dtlAL + dtQAR) t1ts }

As for the second term on the right-hand side

X?Tl“ -Ftnltg — nétTr (thtltz‘FZ;Ql) - n(n o 1)Tr (thtththtlegt_f)
=n(n—1)Tr [(dtlAL + dtzAR) (dtlAL + dt2AR)Fﬁt_22}
= n(n — DdtadtaTr [(ALAr — ArAL)Fi7?]

=n(n — 1)d2tTI‘ [(ALAR — ARAL)FZt_zﬂ

R

n/ Tr [(dtlAL — dtgAR)fZ;ﬂ = —%n(n -~ 1)d/ d*t Tr [(.AL.AR — ARAL)fﬁt_ﬂ
oT T
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n/ Tr {(dtlAL + dtgAR)th_;} — —%n(n — 1)d/ d2t Ty {(ALAR — ARAL)FZZQQ}
oT T

to
We compute the left-hand side:

1
TL/ Tr {(dtlAL + dtQAR).Fﬁt_21} = —TL/ dt Ir (ARF(?;I_lt)
oT 0

1
~ ) n—1
Fo1-t = FR1—t T n/o di Tr (AL]:t’O )

Fio=JFrLi ! 1
\_ y, + n/ dt Tr {(AL — AR)]'—Z:&—J
0

X

n / e[ (dt AL + dtaAR) Fi] = o8,y (AL Fr) — oy (Ar, Fr)
oT

—I—n/o1 tTr[(AL—AR) ]
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n/ Tr {(dtlAL + dtgAR)th_;} — —%TL(TL — 1)d/ d2t Ty {(ALAR — ARAL)FZZQQ}
oT T

to
We compute the left-hand side:

n/aT Tr [(dtLAL + dtzAR)fﬁt_;} _ _n/Ol dt 'Tr (AR]:S';I_lt) 4\

1
( ) n—1
Fo1-t = FR1—t T n/o di Tr (AL]:t’O )

Firo=FLt
\_ J +n

\_/ 1 t
1

dt Ir {(AL — AR).ng’l__lt} -

R

n / e[ (dt AL + dtaAR) Fi] = o8,y (AL Fr) — oy (Ar, Fr)
oT

S~

—I—n/o1 tTr[(AL—AR) ]
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1
oT T
n / T [ (At Ap + dbs Ar) Fiit | = w81 (Ar Fr) — €, 1 (An, Fr)
oT

1
—I—TL/ dt Tr [(AL_AR) tl t]
0

Invariant under

vector gauge ' Fii—t =tFrL + (1 =) Fr +t(t — 1)(AR—AL)
transformations \

’n/ dtTl"[(AR Ar) t,l—t} = wy, 1 (AL, FL) — wy, 1 (AR, FR)
0

_ ln(n — 1)d/ dZtTI' [(ALAR — ARAL) 1t2 i|
2 T

a(2)771—1('/4[/7~/4R7~F-L)"T—-R) \

Bardeen counterterm
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:J(Z)n 1(ALSAR,"FL$'-FR) — (‘Ug'n.—](AL"}?L) _(““"!Z)'n.—l(AR?fR)
1 2
- an(n —1)d | d“tTx [(AL.Ah — AH,AL) Lt }
T

Feamt =tFr+ (1= t)Fr+t(t —1)(Ar — AL)”
It is easy to see that the Chern-Simons form
1
wzn 1(AL Ar, Fr,Fr) = n/ dt Tr {(.AR — .AL) :’l]__lf]
0
not only reproduces the appropriate anomaly polynomial
disy,, 1 (AL, A, Fr, Fr) = Tv F — Tr Fi
but is also invariant under vector gauge transformations
(ALr)g =9 "ALrg+g ‘dg

—T BN 5Vw2n 1(AL7AR7FL7FR) =0
(-FL,R)Q =g }-L,Hg
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1
wgn 1(./4[, Ar, Fr, Fr) —n/ dt Tr {(‘AR—AL)FZT_IJ
0

We compute the effective action

1 "
n! (2m)n—1

F[AL,AR] =

/ an 1(AL7AR7FL7FR)
D2y 1

To find the associated anomaly, we use the identity

) )
w%n Q(UL RaAL,RafL,R) — <uR— + Uy,

~(
A 5AL> Wy, _1(AL,R, FL,R)

5 5 : n—
= (g ey ) ) [

with JT"t,l—t — tFL -+ (1 — t)./—"R + t(t — 1)(~AR — -AL)2
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In four dimensions (n = 3)

w0p = S/OldtTr{(AR — Ap) [tf+ (1—t)Fr+t(t—1)(Ag —AL)Q]Q}

1 2
_ 6/ dt Tr {A[u OV Fa -+ Fy + 4t(t — 1)4 }
0
and integrating over the parameter ¢
~0 2 1, o 4 3 38 13
ws(V, A, Fy, Fa) =6Tr | AFy + g.AJfA — §A Fv + 1—5./4

The anomalous effective action is therefore given by

1
A2

1 4
T, Al = / Tr (A]-}Q/ + 3 AFG — A + %ﬁ)
D5

which is manifestly invariant under vector gauge transformations.
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To get the anomaly, we compute

/

1 2
wi(ug, V, A —6/ dt Tr (uA< {(1—2t)fA+Fv+4t(t— 1)./42}
0

\

Fat(t = D{A [(1 - 20)Fa+ Fv + 40t - 1)42] A}
+4t(t = 1){ A A[(1 = 20)Fa + Fy + 4t(t — 1) 42| }>)
i

1 4
Fv+3Fi—3 (A2FV + AFy A+ FVA2) + 2,44} }

wi(ug,V, A) = 6Tr {UA

from where we get the Bardeen anomaly

04TV, Al = 4; Ir {UA [fv + SFA — _(A2J’TV +AFVA+FVA2) -+ A4] }
S4
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Thank you
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