Leaving diagrams behind: Anomalies
through functional methods
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Anomalies and Jacobians

Classically, continuous symmetries lead to conserved currents
through Noether’s theorem.

Take a theory with action S|¢;] invariant under global
transformations Emiy Noether

5£¢z ij ] §bk

The conserved current can be obtalned using “Noether’s trick”. Taking ()
to depend on the position

Sloi-+ 6 = 516 = 3 [ iz, @

— S[g] + Z / 04 ()0, (2)

If the fields are on-shell, the action is invariant under any variation &;(z)

Z/d‘lei(x)aujf(x) _ 0 e— 0, (z) =0
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Let us move to the quantum theory. We look at a generic correlation
function

QT [01(21) - Ol |0 = [ (H%z) 1 (1) O(wy)eh S

We apply now a change of variables inside the integral
O5(x) = di(x) + d¢i()

that does not change its value

QT | O1(21) - .. O (2 )}lm /(H@¢> O1(x1) .. ﬁ;(mn)e%S[aﬁé]

where 0! (z) is the transformation of the operator 0;(x).At first order
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<Q‘T[ﬁ1(x1) aE ﬁn(xn)} 1) = % / (H @¢;) Oy (x1) ... ﬁ;(xn)e%s[%]

/(@) = i(a) + 6:0i(x)
= Sloi + Y [ d'at(@)0,5t

Combining these identities and expanding to linear order in &

<mT[ﬁa<x1> o]l = [ (H %;) O1(21) ... On()e 51

T Z/(H@¢> L 0¢0a(T4) ... Op(y,)en 1]
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%Z/ Toéila / (H W) 01(21)... On(@n)Dysf (2) F 519
k
‘|‘ii/ Hc@qb’- O (1) ... 0:04(2q) . .. Op(zy)er S1%]
Za:l z' t 1\&41)---9¢aldba) - “nidn
Now we make a further assumption

[[7¢i=]]79:

and arrive at the Ward identity:
7 .
- Z / d4k£k($)<Q\T{ﬁ1(:p1) . ﬁn(xn)aujg(x)} )
k

— Z<Q‘T[ﬁ1(aj1) . 5567@(:1:@) e ﬁn(xn)} ’Q>

a=1
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<Q!T[ﬁ’1(aﬁ1)...ﬁ (2, } /(H@gb) O1(11) . .. Op(z,)e S
T __Z/d4x§k /(H @(b;) ﬁ1($1)...ﬁn(xn)8ujg(m) o7 Sloil
T Z/ (H-@Qb) O1(z1)...0¢04(xq) ... Oy (2,)e7 5]

However, we can also have a nontrivial Jacobian in the functional integral

1] 24 = 1—I—Z/d4a:§k(x)/k(x) [T 2¢:
( | k 1

This introduces an extra term in the Ward identity

zk:/d4ajfk($)/k($)/ H@@ O(xy) ... ﬁ(af;n)e%s[@]

M.A.Vazquez-Mozo Introduction to Anomalies in QFT PhD Course, Universidad Autonoma de Madrid



However, we can also have a nontrivial Jacobian in the functional integral

1] 24 = 1—|—Z/d4x§k(x)/k(x) [T 2¢:
( | k 1

This introduces an extra term in the Ward identity

zk:/d4ajfk($)/k(a?)/ H@@ O(xy) ... ﬁ(xn)e%s[@]
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This gives the anomalous Ward identity.
( .
53 [dRa@@T o). Oule)dit @) 1)
k

— Z<Q‘T[ﬁ1(x1) c e 5§ﬁa($a) - ﬁn(mn)} ’Q>

a=1

d*z & () Fi(x)

_|_

<QyT{ﬁl (z1) ... ﬁn(xn)] Q)

For the particular case in which 0;(z) =1
> [ dwtu@) @0, @)0) =inY [ dog@) Ai)
K K
& o

The anomaly is given by the functional Jacobian!
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This gives the anomalous Ward identity.
( .
53 [dRa@@T o). Oule)dit @) 1)
k

— Z<Q‘T[ﬁ1(x1) c e 5§ﬁa($a) - ﬁn(mn)} ’Q>

a=1

d*z & () Fi(x)

_|_

<QyT{ﬁl (z1) ... ﬁn(xn)] Q)

For the particular case in which 0;(z) =1
> [ dwtu@) @0, @)0) =inY [ dog@) Ai)
K K
& o

The anomaly is given by the functional Jacobian!
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The fermion effective action
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Foreword: Euclidean fermion fields

In Minkowski space, the Dirac matrices satisfy [7,, = diag(1,—1,—1,—1)]

t 0, 1.0 VOT =7
pt p
VT =AY e { g
Y Y
Dirac fermions are defined as objects transforming under the Lorentz group
as .
(

v

i v o = —— ’y'uafyy
w/ _ 6—519Wa w — U(ﬁ)w where { | 4[ ]

O_O'LT _ _O_Oz7 O_Z]'i' _ 0'2‘7.

’

Since 0" is not Hermitian, Hermitian conjugate spinors are not “contravariant’
2 vt _
Pl = pleztme™ = TU ) £ TU ()™
ot = ~A0gHv A0 ' U ()0 = U(9) ™!

' =y =) = ¢ U W) =9U)™!
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Euclidean space can be obtained by Wick rotation from Minkowski signature

¥ = —ig? I S e Nuvy — —5W

while the new Dirac matrices are defined as

S DUV _ v
a‘*zw()} (7,7} = —26"1

Euclidean Dirac fermions are objects transforming under SO(4) as

SV PR o~
o ="

GHVT — GHY

wl — 6—%00“,/0‘

P =0W)Y  e—

Now, Hermitian conjugate objects are contravariant

't = ylesen® = pto(w)t = ¢To(w) ™!
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In Euclidean space, the chirality matrix is defined as

B = 775

satisfying
ﬁg =5
A particularly important identity in the computation of anomalies is
Ir (%ﬁ“ﬁ”ﬁoﬁﬁ) = —4etveP where el?3t =1
Comparing with its Minkowskian counterpart
0123 _ 1

Ir (75’yufy”'yo‘fyﬁ) — _fietveP with

we see how Euclidean chiral anomalies will have an addition factor of i.
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Then, the Euclidean action for a Dirac fermion is

Sg = /d4a:¢T (ﬁ“@u —m)w

which leads to the propagator

o [pa@wiw]io = [ o8 (i) e

p,u’/V\’M —m

This equation, however, is not homogeneous under Hermitian conjugation!

The way out to this problem is to take the Euclidean Dirac action
Sg = /d4x@(ﬁ“ﬁu — m)w

with ¥(z) and ¥ (z) as independent fields.

Thus, in Euclidean space () transforms contravariantly and

P(z) #Y(x)7°  (despite the misleading notation)
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Remember also that the representations of the Lorentz group SO(1,3) can
be written as the product of two copies of SU(2)

JI = Ji. ~ rotations

(Ji + iK})

1
:|:__
‘7’“_2

K;L — Kk boosts

These generators satisfy
NANAIESEN b TE, TF] =0

Thus, any representation of the Lorentz group can be written as a
representation of SU(2) x SU(2) labelled by

(S+7S—)

: ==y . : L. :
Since Ji, ' = J,, Hermitian conjugation interchanges the labels. In particular
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In the case of SO(4), its representations can also be written in terms of
those of SU(2) x SU(2) using the >¢ Hooft symbols:

7721/ — Eauv =+ 5a,u51/4 — 50,1/5,u4
ﬁZV — Cauv — 5&,LL5V4 + 5CLV5,LL4

where &gy is the 3D antisymmetric symbol with &4, = 0 whenever y or v
take the value 4

The generators
N = nZVJ’uV Na — 77/w<]w/

satisfy the SU(2) x SU(2) algebra

(N%, N¥| = jebe Ne NN = i N N, N =0

while Nand N are not related by Hermitian conjugation.
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Notation WARNING

From now on, Euclidean gamma matrices will be “hatless”
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The fermion effective action
From now on we work in Euclidean space.

In the computation of anomalies, it is convenient to work with the one-
loop fermion effective action. In the case of QED, this is

o—Tled] _ /@@@@b exp {_/d‘ly@(i@ +e¢)¢}

This effective action is a nonlocal functional.

~-

we are integrating out a massless fermion

Expanding the integrand in powers of the electric charge e, the effective
action can be written as the sum of one=loop diagrams:

] QMQMQWE}M
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Consider a massless Dirac fermion coupled to external axial and vector
Abelian gauge fields

S— [aa(ip+y + )

This theory has two types of local invariances:

Vector Axial-vector
() — €@ () Y(z) — Py (x)
B(z) —s Bla)e—ia@ d(x) — P(x)e PO
Voulx) — V() + 8,0 (x) Vu(r) — V()
A, (z) — A, () Ap(z) — Au(z) + 0,8()
JH = Py I = Py s
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For this theory, the fermion effective action is defined as
e VA = / DD exp [— / d'y G (ip + ¥ + A%)w]

To find why this definition is useful, let us take the functional derivative

0
0.A, ()

_ —/@@@lﬁ T () exp {—/d‘ly@(i@ +V + «A%)w}

while the left-hand side can be written as

0O  _rpyoa _ry,A] 9
Al = e TV, r
SAL(2)" © A VA

N

)
T _ _LVA] —T'[V,A]
Vv, Al e 5Au(37)6

0
0.A,(x)
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0 —F[V,A]__/ ol M _/4—- ]
54, (2) e = DY D) J) (x) exp d :mp(z@ +V + A%)w
0 0
r — _l'V.A —T[V,A]
A @) AT T AL w
Combining these two identities, we arrive at
0 _TH
(SAM(ZC)F[V’A] — <JA(:C)>V7-A

Moreover, the variation of the effective axion under axial-vector
transformations are

0 0
I = [ a* I — 4 I
ogl'|V, Al /d zgA, () 54, (7) WV, A /d $8“6($)5Au(33) Vv, Al
and integrating by parts
0

0g'[V, A|] = —/d4xﬁ(x)3

s VA = = [ e p@a @)
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Thus, the (integrated) anomaly of the axial current is given by the
variation of the effective action under axial=-vector transformations

55F[V,.A] = —/d4375(55)8u<‘]ﬁ($)>v,«4

Similarly, we can compute the variation of the effective action under vector
gauge transformations

0
0V, ()

o~ TVAl _ _ / gggw J\/;(x) exp {—/dély@(i@ + VY + «475)14

Proceeding as with the axial-vector current, we arrive at

0LV, Al = —/d4:1:‘ a(x)0,(Jy (z))y, A

Thus, the anomaly of the vector current is given by the variation of
the fermion effective action under vector gauge transformations.
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This expression of the anomaly can be connected with the existence of a
nontrivial Jacobian. (Fujikawa’s method)

Let us consider, for example, an axial-vector gauge transformation

V;(x) =V, (z) AL(x) = A, (x)+90,8(x)
The transformed effective action is
e T = / DYPp exp [ / 'z (ip + Y + A’%)w]

However, this change in the action can be “undone” by a change of variables
in the functional integral

W (x) = e—iﬁ(w)%wx) ﬂ/(a:) _ @(x)e—w@m

such that
/d%@(i@ +V + A/%)w = /d%@/ (i@ +Y+ A%)wl
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The problem arises because of the existence of a Jacobian

o—TIVA] _ /@@@zp exp [/ d%@(i@ +Y+ A’%)w

= [ 7T av e | [ d0F (i + + 4050

Now, the Jacobian is a field-independent c-number that can be taken outside
the integral

e TVAT = 718]e TVAl i T[V, A'] — TV, A] = —log J[B]

Considering now infinitesimal axial-vector gauge transformations

0pl' [V, A] = _/d%ﬁ(aj) (j%ﬁ] gg([f)]>‘/3_o

Kazuo Fujikawa a,u <JK (513)>V,A — 56(«7})

(b. 1942)
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The problem arises because of the existence of a Jacobian

o—TIVA] _ /@@@¢ exp [/ d%@(i@ +Y+ A’%)w

-

= | 99 99’ g [ / '
/ v 7y T1b]exp ‘ 5/3F[V7-A]:—/d45’35(5’3)8u<JK(5’3)>V,A

Now, the Jacobian is a field-independere——rrarmeer—uar o oe—carer—ousend€
the integral

e TVAT = 718]e TVA o T[V, A'| — TV, A] = —log J|[B)

Considering now infinitesimal axial-vector gauge transformations

0pl' [V, A] = _/d%ﬁ(aj) (j%ﬁ] gg([f)]>‘5_o

Kazuo Fujikawa a,u <JK (513)>V,A — 56(«7})

(b. 1942)
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We will implement now Fujikawa’s method to compute the anomaly...

Using the usual identity for Gaussian functional integrals with Grassmann
fields

/.@@.@w e~ [TV _ (et ¢

the fermion effective action can be written as a functional
determinant:

o~TV.A] _ /@@@zp exp [_/d%@(i@ +V + A%)lﬁ]
— det (z‘@ + Y + «%\75)

and therefore
D[V, A] = —logdet |iP(V) + A%
where we have written

P(V) =ip +Y
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How to compute a functional
determinant (in three slides)
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Let us focus on a positive definite differential operator & satisfying the
eigenvalue equation (n =1,2,...)

Owp () = Apwn () Ap >0

Its determinant is formally defined as
0
det 0 = H A,
n=1
In our case, we are in fact interested in computing

logdet & = Z log A\,

n=1

Thus, we need to find a useful representation of the logarithm...
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Let us look at the definition of the exponential integral

= dt
El(Z) :/ —G_t

t

which around z = 0 this function admits the expansion

— (=2)*

Fi(z) = —vy—logz — E 7
(=1 ’

Now, computing
> dt
/ ?e_"’t = F1(ex)
6 g e’
S —~—loge —
ogx — vy —loge 2

we arrive at

. = dt _
lim —e
e—0 ¢

! — _log x + z-independent divergent constant
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Eventually, we will be interested in gauge variations of the determinant (this

eliminates the divergent constant). Thus, we can use the following
‘“definition” of the logarithm

loga::—/:o %e_ﬂ e — 07
With this we can write
logdet &0 = N log A,
n=1
= — /GOO % i e tAn

that is,

logdet &

|
|
r\
8
| &
-
C'D
S
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Back to the fermion effective action
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Remember that we wanted to compute

'V, Al = —logdet {le(V) + A%}

To make the operator positive definite, we compute instead

LV, Al = —% log det [ilD(V) + A%} 2 * gy

logdet 0 = —/ TTI‘ e t0

€

1 / Tt POV + A’
€ t \

1 . . . ¢« . " |
Since the anomaly of the axial current is given by and “functional” sense!

Trace in the “Dirac”

TV, A) = [ B(2)0, (T4 ().
we are left with

1 [~ dt - 2
/d4ﬂ3’ B(2)0u(Jx(z))v,.a = —5/ ?%Tr e~ P (V) +Axs]
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1 [~ dt - 2
/d4$ B(2)0u(Jx(z))v,.a = —5/ 755’1’1" e~ P (V) +Avs]

We compute then the variation of the trace

1 / T Ty etV A
2]

— ‘/GOO dt Tr {55 [’LLD(V) + A’V5} [”LLD(V) i A,%} e—t[@'p(V)JnA%]g}

The interesting thing is that the integrand can be written now as a total
derivative

1 /OO At 5 Ty e—HliPO)+A2]"
o

2
__ / AL { 8 [MD(V) " A%} P (V) +Avs)? }
< i) + ]
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1 / A s Ty e tiPV Al — oy | W( , A%} =i DY)+ A )’
2Je iPOV)+ Ay

We are left with the evaluation of the variation of the operator. Recalling

ZLD (V) + “A'V5 N 6—%’5(:5)’75 [le (V) 4+ A,}%} e—iﬁ(ac)fyg)

and infinitesimally,

35 [iP (V) + A | = {=iB5, P (V)
-

/d%ﬁ(x)ﬁﬂuﬁ(x))vﬂ = Tr 1—157s, iﬁ(v)}e—e[ilb(\/)ﬂa%]?
{le(V) ™ A%}
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/d4x5(x)aﬂ<Jﬁ($)>v,A = Tr {{w%’m(")}eew<v>+m512}
[ZLD(V) ™ A%}

The introduction of the axial-vector gauge field was a computational
trick.To recover our result for the axial anomaly we set

VMZQMM AM:O

The integrated Euclidean axial anomaly is then given by

/ d*z ()0, (T (x)) e = Tr { {_w;;(ig)(%)} eew(mﬁ}

— 2Ty {5")/56 cliP ()] }
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/ d*z B(2)0, (K (7)) e = —2iTx {ﬁ%e [P }

To compute the trace, we introduce a basis |9%) in the space of functions

/ Dirac trace
—2¢1r {5756 eliP ()7 } = —2i/d4/€<¢k\5 1t {”Y lipr) }|¢l~c>

=2 [ dta [t [ dk(onla) (@lTr s TP ) (o'l

Using locality, we write

(218795~ TPE 3y — 50z — o/ B(a)Tr {yse PP )

.

—2iTy {5756 e[i ()] }: —Zi/d4$5($)/d4k ¢r(x)" Tr {756 lip()] }Cbk( )
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—2¢Tr {6%6 i (<)) }: —Qi/d4$5($)/d4k¢k(ﬂf)*Tr {%6 [P () }@c( )

Since we can use any complete set of functions, we choose a set of plane
waves

. 2 d4k . . 5
—9%Tr {ﬁ%e—e[zlb(d)] }: —Qi/d4x5(x)/ o otk {756_6[@(@%)] }ezkx
70

Now we have to compute the trace over the Dirac indices:

Tr {%e—ew(mﬁ}
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ip())? = ="+ D, () D, ()
— —%{y“,yy}Du(ﬁ)Dy(ﬂ) — —V'LL’YV[DM(W)a Du(d)]

Using the Euclidean Dirac algebra {1",~"} = —20""

iP())? = D(t Y~ "7 (D), Dy ()]

while the second term gives the background field strength

* O
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d*k . >
—92;Tr {5%6 elip())° }: —Zi/d4x5(x)/ o o~ kT {%e_e[zzp(d)] }ezkx
™

' Tr {756_6[“2)(”‘2{)]2} = Tr {756_€[D(d)2+%7“7”9uu]}

d4k . 2, 1e MV .
—2ulr {5756 clip(e)]” } = —2i/d4x5(x)/ e F T Ty {756_6[17(@7) +5"y %W]} et

To further simplify, we use

D, (), e = ik,e™"  e—t— D, (2)e™ " = "D, (&) + ik,]

and this leads to:

4 2 ie MUV
—2¢Tr {5%6 i) } — —2z'/d4a:5(:c)/ (g l;4Tr (%e—e{[mﬂf”’“ﬂ 57" w})
s

~{ kﬂ%\%kﬂ

4 .
2Ty {Brse PN ) = 2 [ atap(a) / (j lim (rpe{VED( ik 0ty 5,00
E v
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d*k . >
—92;Tr {5%6 elip())° }: —Zi/d4x5(x)/ o o~ kT {%e_e[z;p(gf)] }ezkx
™

' Tr {756_6[“2)("2{)]2} = Tr {756_€[D(£7)2+%7”7V9W]}

4 2 | ie MUV .
—2¢1r {5756 liP()) } = —Zi/d4x5(x)/ d ];1 e Ty {756_6[17(@7) +57"y %W]} etk T
T

To further simplify, we use

Dy (7), %] = ikuc™* wg— Dy, ()€ = € [Dyu () + ik,

and this leads to:

4 2 ie MUV
—2¢Tr {B%e i) } — —2z'/d4a:5(:v)/ (g l;4Tr (%e—e{[mﬂf”’“ﬂ 57" w})
s

~{ kﬂé\%ku

4 .
2Ty {Brse PN ) = 2 [ atap(a) / (g lim (rpe{VED( ik 0ty 5,00
E v
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4 .
oy {5%6—4@(@%)]2} 20 () / (;l ’§4TI. (756—{[@7(@%)%]%%ew’/%u )
6 I

Now we take the limit ¢ —> 0 remembering that
Trvys =0, Tr (VWMWV) =0, Tr (”m 7y ) — 4l

Thus, the first term contributing in the €-expansion is the one with four 7"

. D) 2 |1 [(iee\* [ ., P d*k -
—2¢ 1y {5756 }:__2 o\ o d zf(x)T (757 T )f/wfaﬂ (2ﬂ)4€

€

+ O(e*)

g —0

2

- e vo
~2iTe { e TP} — S [ ()07, () Faso)
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4 .
oy {5%6—4@(@%)]2} 20 () / (;l ’§4TI. (756—{[@7(@%)%]%%ew’/%u )
6 I

Now we take the limit ¢ —> 0 remembering that

Trvys =0, Tr (VWMWV) =0, Tr (”m 7y ) — 4l

Thus, the first term contributing in the €-expansion is the one with four 7"

| L ) % |1 [iee) > o d4k
2Ty { e TP L 2 |2 (7> /d4w5( Tr (457977 75)%1/%’@6/ (2ﬂ)4§3

k* = =8, k" kY

2

- e vo
~2iTe { e TP} — S [ ()07, () Faso)
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.2

- —€|t 2 42 ro
—2¢1r {5756 )] } — 1672 /d4xﬁ(x)e“ ng,uu(x)gozﬁ(x)

Since the anomaly is given by
/d4x B(x)0,(Jy () oy = —2iTr {6’}/56_6[ilb(d)]2}

we arrive at the known Adler-Bell-Jackiw anomaly in Euclidean space

. 2

[ 8@ T @) = 155 [ A B F () Fap(a)
4 /1:62 )
Ou(J\(2)) o = 63 B F (1) Fup(T) mind the i !
\_ J
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je?

" 1672

Op(Jx (7)) er " T () Fap ()

With just a few changes, this calculation is easily generalized to the case of the
singlet anomaly

* Take the vector gauge field V() to be non-Abelian, while keeping
A, (z)Abelian

* Add group theory traces in all expressions
* Setat theend V,(z) = g, (x) and A, (z) =0
. 2

tg va
Ou(J4 (@) = Tz T | T (1) ()

mind the ;!
(again)
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The connection with topology
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From our previous discussion, we know that the axial anomaly is given by
(taking f(x) = constant)

e—0

/d4fc 0u(JX () oy = —2¢ lim Tr {756_6[”0(‘2%)]2}

Instead of a basis of plane waves, to compute the right-hand side we can use a
basis of eigenfunctions of the Dirac operator

P( ) () = Antn(2)

But the Dirac operator anticommutes with the chirality matrix ys
P (A )ys = —y5idp (A )
~g-
D (A )vs¥n(x) = =75t (A )hn(x) = —Any5¢n (2)
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UP(A )b () = Antpn () D (A )5t () = = Anys¥n(2)

For each eigenstate with A, > 0 there is another eigenstate of opposite

eigenvalue —), <0

All nonzero eigenvectors of the Dirac operators are paired!

Moreover, since they have different (nonzero) eigenvalues, ., () and Y5y ()
are orthogonal (the Dirac operator is self-adjoint)

/ 2, ()50 (z) = 0 (An # 0)
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/d4 B (@) 15tn(z) = 0 (An # 0)
~i-

—2iTr {’756_6[MD(‘Q%) = —2i Z /d4$ e_€>‘ (2)V5%n ()

Ay 20

20 3" [ i, (@hsin (o)

An=0

In the limit ¢ — (0 the sum over nonzero eigenvalues tends to zero (due to
orthogonality)
Thus, the anomaly is only determined by the zero modes of the Dirac

operator

/d4m8 (JA(2)) o = —2i Z /d%w )5 n ()
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/d%ﬁﬂujﬁf( = —2i z_: /d4:vw 2 )V5¢n ()

The zero modes of the Dirac operator can be classified into positive and
negative chirality:

Y (2) = 2 (2) (An = 0)

Then, the sum over zero modes can be written as

Z /d‘lw )5 thn (2 Z /d4azw(+) (2)p ) (z) Z /d‘lw( ()9 (2)

n=0,+ n=0,—

and since the states are normalized

> [ @i @

A =0

= (# of +’ve chirality zero modes) — (# of —’ve chirality zero modes)
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/d%ﬁﬂujﬁf( = —2i z_: /d4:vw 2 )V5¢n ()

The zero modes of the Dirac operator can be classified into positive and
negative chirality:

Y (2) = 2 (2) (An = 0)

Then, the sum over zero modes can be written as

D /d4af¢ )5 Pn (T) = d*z 5T (2)p(H( ) d*z ) ( ¢< (2
An=0 An —0+ An —o—

and since the states are normalized

> [ @i @

A =0

= (# of +’ve chirality zero modes) — (# of —’ve chirality zero modes)
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Thus, the integrated axial anomaly is given by the difference between the
number of zero modes of the Dirac operator with positive and negative
chirality:

/d4x 0, (JN (X)) oy = —2i(n+ — n_)

In fact, we can define the operators

1
D:t — ZLD (JZ%)PZE where Py = 5 (]I T ’y5)

we can write

ny = dimker D n_ =dimker D_

Using i) (<7 )Py = P+il)(«7) and self-adjointness of the Dirac operator,
D_ =Dt s n_ = dimker DT

M.A.Vazquez-Mozo Introduction to Anomalies in QFT PhD Course, Universidad Autonoma de Madrid



With all this we have arrived at the result

4 )
/d4:1: 0, (Jh () oy = —2i (dim ker D, — dim ker Di)

\. /

The term inside the bracket on the right-hand side is known in Mathematics as
the index of the operator D-

4 )

/ A4z 9,(J"(2)) o = —2i (ind D)

\. J
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In fact, the analysis is valid not on in D =4 but for any dimension D =2n

-

\_

~

/ 2"z 9, (J%(2)) .y = —2i (ind D )

J

This index only depends on topological properties of the manifold and
the external gauge field 7, ()

M.A.Vazquez-Mozo
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A short (and non-sophisticated)
excursion into Mathematics
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Let us consider a nonabelian gauge theory defined on a Euclidean closed
even-dimensional manifold M.

The gauge connection defines a one=form field taking values in the Lie
algebra

of = o, dx" where o, = o, T*

we should keep in mind that T Tb) = j fabere

. .
ANl =TT Nt = S [T Tl Nt = S fad* N /T
The field strength is a two-form given by

I =dod + A N with F = %ﬁwdaﬁ“ A dx”

T, =0, — 0,4 +if*" A A
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Under gauge transformations, the connection transforms as
o — g dg+g g

while the field strength two-form transforms in the adjoint representation of
the gauge group

F — g_lgzg

Finally, from % =do/ + o N\ o

p Tt A of — of Adof dot = F —d N dF = F NA — A NI N\ A
= A\ AN R T
—ANF + A NS N A

we get the Bianchi identity
dF —FNAd +d NF =0
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We want to investigate the properties of invariant polynomials of the
form (dim M = 2m)

Cn,j € C

n-+j<m | Fr=FN. P NF
* The polynomial is gauge invariant: P(gF g ') = P(ZF)
Tr.Z" — Tr (ggz’"fg—l) — Ty F"
* Itis closed: dP(%#) =0
ATe F" = Te (dF A AF )+ .+ T (F A AT ) =0T (dF F77)

using the Bianchi identity d% — % AN+ NF =0

dTr F" = nTr (3@%35”—1) _ nTr (gfﬁ”) — 0
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. / Tr.#" is invariant under deformations of the connection
M2n

Let us consider a continuous family of connections joining <7 and 2%

o = (1 —t)oh + tah 0<t<1)

~4-

oy — g tdg + g ' g

Defining % = d</; + @ N\ 2 we compute

P .
ETI‘ F'=nTr (L%gﬁt”_l)

Now we can use ﬁt:d%—l-e%/\%—l-%/\% to write

%Tr F' =nTr (d%ﬂtn_l) +nTr (%%ﬁ’t”_l) + nTr (%%ﬁt”_l)

= nTr (d%@tn_l) +nTr (%%9{"_1) —n'Tr (%ﬁtn_lszft)
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%Tr F' =nTr (deQ/;fgtn_1> + n'Tr (%%ytn—l) —nlr (%9t”_1%)

Applying the Bianchi identity recursively, one can easily prove

0 C
ETI‘ F=ndIr (%ﬁ[” 1)

dF —F NS + I NF =0

Integrating over the parameter ¢ shows that
1 . 1
TI'chén —Tfﬁin :nd/ dt Tr (Q%ngtn—l) Ed/ dthn_l(Jth,ath)
0 0

Thus, given any closed 2n-dimensional surface submanifold M>,C M

/ Tr #{" = / Tr .75
Mgn M2n

and the result of the integral is independent of the connection.
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T (%ﬁf’%ﬁf‘“

)+ (
..—Tr (%ﬁt”_lz%) + Ir (%gtn_zﬁﬁt)

T — R RTTTITTTITTTIIIT T ZA°”NH1
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dTr (%ﬁtn_1> = Tr (d@éﬁtn_l) — Tr (%dﬂtﬁn_2> — Tr (%ﬁtdﬁtﬂtn_3) ..o —Tr (%ﬂtn_Qdﬁo

Fi N\ Gy + 2 N\ Fy

e (77 e (1517) 1 (5P 1 (i)
—Ir (%g?%t%fn_g) + Tr ( AE tﬁt"_Q)
— Ty (%ﬁti%%g;tn—él

.. —Tr (%ﬁt”_lz%

dTr (gf;ﬁp—l) ~ Tr (d%ﬁtn_l) +Tr (gz%%n—l) Ty (gzzn—%%)

T — R RTTTITTTITTTIIIT T ZA°”NH1
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T ——————— e
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dTr (gf;ﬁp—l) ~ Tr (dgf;%“—l) +Tr (%%ﬂ}”_l) Ty (%%”_%ﬁ%)

B e
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%Tr F' =nTr (deQ/;fgtn_1> + n'Tr (%%ytn—l) —nlr (%9t”_1%)

Applying the Bianchi identity recursively, one can easily prove

0 C
ETI‘ F=ndIr (%ﬁ[” 1)

dF —F NS + I NF =0

Integrating over the parameter ¢ shows that
1 . 1
TI'chén —Tfﬁin :nd/ dt Tr (Q%ngtn—l) Ed/ dthn_l(Jth,ath)
0 0

Thus, given any closed 2n-dimensional surface submanifold M>,C M

/ Tr #{" = / Tr .75
Mgn M2n

and the result of the integral is independent of the connection.
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. / Tr.Z™ is invariant under deformations of the submanifold M5,
M2n

n’ Bont1 \ M),

Let M., be a deformation of Ma,, and let
0Bon1 = My, — My,

Then, using dTr . #™ =0

/ Trgzn—/ Trgznz/ Trgz'”:/ dTr " = (
M Mgn aBQn—|—1 BQn—|—1

and we conclude that the integral does not change under deformations of

the submanifold
/ Tr " :/ Tr ™
/ M2n

2n

/
2n
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We have seen how using invariant polynomials we can construct
topological invariants both with respect to deformation of the gauge
field and of the manifold.

We introduce two examples:

* Chern classes: given a U(n) gauge bundle, the total Chern class is
defined as

2T

o(F) = det (1 + iﬁ)

to write it in terms of invariant polynomials, we notice that since .# is
Hermitian [it lives in the algebra of U(n)], we can diagonalize it
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c(F) = det <1+ 27Tf> o
'CC’I’L
The total Chern class is written then as
c(F) :H(l—l-%') = 1+in—|—2xixj+...—l—nxi
i=1 i=1 i< j i=1

so we can identify the i=th Chern class

N~
c1(F) = ;xz = 27TT1“

n 1 i n 2 n | 1 . 2

T\ — . — . _ A T\2 _ T2

co(F) = ;xz% =5 (;xz) ;aﬁz =3 (277) [(Tr/) Tr
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* Chern character: given again a U(n) gauge bundle, we define

ch(.#) = Tr exp (L35>

2T

Formally expanding the exponential, we find the i=th Chern character

. m . k
v\ 1 T
Ir exp <%J4’> = Z X (27TJ>

=0

N
Z .
ch,;(F) = <—> Tr %/ 2 <2j<dimM
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Atiyah-Singer index theorem

(first version)

Let be a vector bundle defined on an even- Sr Michael Atiyah Isadore Singer
dimensional flat manifold without 1729 (b-1924)
boundary M.

The index of the Weyl operator Dy =i])(«/)P+ is given by

4 )

ind Dy = / ch(F)]vol where ch(%) = Tr exp (Lﬁ)
M 2T

\. J

In particular, if dim M = 2m

1 N\
indD+:/ chy (F) = — <Z > / Tr 7™
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. L (i \" m
/d2”x0M<JK(a:‘)>Q¢ = —2i (ind D) ind Dy = /M ch,, (F) = — <2W) /M Tr #

Using the Atiyah-Singer index theorem, the axial anomaly in D = 2n is given by

2 /i \"
2n 5 . aorn

: : : 1
To rewrite the right-hand side, we use 7 = 53@,,@:“ A dz”

1
Lgn — z_ng:ull/n o ‘g/,l/nl/ndxul /\ dﬂjyl /\ e o o /\ d.flj'un /\ dajyn
1
- Q_nelulyl.ulunynigglull/l el Lgalunl/nClznﬂ?

~-

9, . n
/dan 8/1,<<]K(ZU)>% _ ( <4Z > /dQnCC €M1V1...,unVnTI' (Qgglulyl . .Qgglunyn)
7i8

n!
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2% (i \" ., .
I @)r = =23 (1) T (B T,

The axial anomaly in D = 2n has the following properties:

It is determined by the one-loop, (n+1)-gon diagram with one axial-
vector current and n vector currents

LTt

D=2 D=4

* The anomaly is exact at one loop.
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But remember that gravity also contributes to the axial anomaly...

On the 2n-dimensional Euclidean manifold, we 1M

have the freedom to choose an orthonormal

basis of the tangent (and cotangent) space at
each point independently

TMx . €, €p — 5ab

TM;; . Ha(eb) — 516;

These relations are left invariant by SO(2n) rotations of the frame. It is with
respect to these transformations that Dirac spinors are defined:

{v*7"} = =267 P =y

(1) = e 38ar @7 (1)
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General relativity can be seen as a SO(2n) gauge theory for the choice of
local frames [= SO(1,2n—1) in Lorentzian signature]

To define the notion of parallel transport along a curve y(t) we introduce
the one-form spin connection wg;

For a general field ®(z) transforming in some
representation %%’ of the local SO(2n) group,

1
Vv® =do(v) + §wab(v)2“b<l>

~-

Vy® =0

. L [
In the case of a spinor, the representation is ©° = ¢%® = -~ [v*,4°] and

1

Vvt = dip(v) + Swan(v) o™
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In terms of the spin connection, the curvature two-form is defined by
XY = dw, + w. N\ Wy
Taking the exterior derivative
dZ, = dw”, Nw —w”, A dw,
and using
dwab — %ab — wac A\ wcb
we arrive at the Bianchi identity

dxY — X" N\ w + W', NXE =
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The curvature two-form can be expressed in the basis of differentials

1
:@ab — 5:@&@“1/6&5“ /\ dCCV

Lorentz indices can be turned into Einstein ones by using the vielbein
e, = e, (x)0, O = ¢, (z)eq
which satisfy
Sap = e, (z)ey” (1) g () g () = e, (x)e,” () Nab
In terms of the vielbein, the Einstein components of the curvature tensor are

% __ o M, bgpa
‘%y,aﬁ_ea eu‘%b,aﬁ
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Given the transformation properties of w®, and Z,

w—s U U + U twU B —sUt@U

We can define invariant polynomials as we did with gauge theories

P#)= Y an,j(Tr%”)j anj € R

n+j<m (#")" =R NN NRT T

where the trace is over SO(2n) indices.

* The polynomials are invariant under SO(2#n) transformations:

P(Z%) = P(U'#U)
* They are closed:

dP(%) = 0

* The integrals / Tr#™ are topological invariants.
M2m
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* The first invariant polynomial we define is the Pontrjagin index

p(e#) = det (1+ )

2T

The curvature two-form takes values in the Lie algebra of SO(2n), i.e. it is an
antisymmetric matrix. To diagonalize it requires a complex transformation.

However, there exist real similarity transformations bringing the curvature to
the form

(o m \

then
p(Z) :H(1+w?) :14—2:1:?%—233?3;?%—...%—1_[33?
1 i=1

= i< j i=1
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To write the Pontrjagin index in a more
useful form, we notice

1 2k n
B _ o(_1\k 2k
Tr <2W§?> 2(—1) ;:1 T

writing
(%) =1+ p1(Z)+ p2(Z) +
with
p1(Z) = zn;fl%z = _S_;TL@Q
: - .
p2(Z#) = ;ﬁx? = % (;%2) - ;xf

Hw? = <i> det #
, 2T

M.A.Vazquez-Mozo Introduction to Anomalies in QFT

| —I 0
P — 0 T
27'('% — X9 02
.o+ (%)
_ (Tr #%)* — 2T1“§?4}
12874
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* The A-genus (A-roof) is defined as

2T
~ 1 1 1 1 1
A(M) =1 Tr 7° Tr#?) + —Tr 24| + ...
M) =1+ e W7 g [288( )T 550 1 }+

 Euler class
n
e(M) = H T
1=1

E.g., in a four-dimensional manifold, this is the “square root” of p2(Z%)
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Atiyah-Singer index theorem

(second version)

Let be a vector bundle defined on an even-
curved manifold without

dimensional
boundary M.

The index of the Weyl operator Dy =ilp(«/)Py

Chern class and the A-genus as

-

\_

ind D, — /M[E(M)Ch(gz)]vol

\

J

In four dimensions, the index has two contributions

M.A.Vazquez-Mozo

Sir Michael Atiyah Isadore Singer
(b. 1929) (b. 1924)

is given now in terms of the

1 T
ind Dy = ——— (T F2 4+ —T 2)
ind D 87‘(’2/ r 7 +12 r X

Introduction to Anomalies in QFT
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Global anomalies
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So far, we have considered anomalies with respect to infinitesimal
gauge transformations...

In compactified four-dimensional Euclidean space, gauge
transformations are maps

g(z): S* — 9

Then, the topology of gauge transformations is classified by the fourth
homotopy group of the gauge group, 74(¥)

For some “popular groups”, we have

m4|SU(3)] =0
m4|U(1)] =0

Thus, in the standard model, we can have transformations of SU(2) which

are not contractible to the identity (they wrap once around the gauge
group).
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“Large” gauge transformations are important. They are nhot taken care of
by the Fadeev=-Popov trick in the functional integral. E.g., for SU(2)

Since the space of connections is contractible:

/@&%Me—i J eI Fun T mmlim— overcount by a factor of 2

In the absence of chiral fermions this is harmless, since the factor cancel
out in expectation values.

In the case of a Dirac fermion
7 — / P, / GEDp e T Ao Te Fp F10 TPy

_ / e, det[iP(ef Vet ] 45T Fu 7P

No problem: the determinant of the Dirac operator can be defined
unambiguously and the result is gauge invariant.
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What about a SU(2) gauge theory with fundamental chiral fermions?

(Witten, 1982)

Let us decompose the Dirac fermion into two Weyl spinors

¥ .

Y =Py Yo -t r

and write ¥— in terms of a charge-conjugated spinor m
v =y + (x4) e

The Dirac action is now

[ dtaipe = [ da[,iDos + (G IPOG)

But since the fundamental representation of SU(2) is real we can drop
the charge conjugation symbol

[ @iy = [t (3,ipv. + x,ipx)
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[ iy = [ dta (3, ipvs + X, iDxs)

Then, a Dirac fermion in the fundamental of SU(2) is equivalent to two
positive chirality Weyl fermions.

As a consequence,
_ — [d*x | Y i X1
det(llp) _ /gw_l_@w_l_/@y_l_gx_l_ o f (w—k $¢++X—|— lDX-I-)

— /@E+@¢+e—fd43?@+ilp¢+ /@X—F@X—F 6—fd4mi+i$x+

and we arrive at

/@@+@¢+6_Id4xa+upw+ = +|det ZLD]%
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/ D, Dpye I TTPPUE = Ldet(iDp))?
There is an ambiguity in the sign of the square root but, can we fix it

once and for all?

Let us take a gauge field for which the Dirac operator has ho zero modes
[in other words, det(¢1)) # 0].Then, the square root can be defined as

A

det (1)) % = H An T A4

An >0 + A3

Remember: the eigenvalues of the Dirac operator are 1
paired (1, —1,) 1

Now we consider a family of connections

-

t (1 _ U <t < 1

A, =(1-t)g), +t, 0<t<1 Lo
where U is a topologically nontrivial gauge transformation. + =3
1 )\

How do the positive eigenvalues “move” with #?
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A= (1—t)), +td, 0<t<1

Varying ¢ induces a spectral flow of eigenvalues in which some may change
sign:

If an odd number of positive eigenvalues change sign, then

detifp (7)) = —[detil)(</)]2
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detifp (7)) = —[detil)(<7)]2

This would be a disaster, since after integrating over all gauge fields, the
correlation functions of any gauge invariant operators vanish!

/ D, det[ilp ()20, ... Ope~ 7] T T T —

and the theory become “empty”.

If the theory contains n SU(2) doublets, then the result of the fermionic
integration is

det[ip (7)) 2

and the conclusion is avoided if n is even.
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But, is there really a global SU(2) anomaly!?

We study a five-dimensional problem on
° 4 o (] [
the cylinder 5™ X R with an instanton-like U o —

configuration... T : N -
... and define the Dirac operator t

0

P =T+ '

or

The zero-mode equation is
O _ ), N -
$(5)¢:O T L E:—fy LD¢ 7

The operators I) and 7" I) have the same spectrum:

Dipr, = Anthn v T D(I =" )hp = =Ap (I =77y

where {77, 4"} =0and (77)° = -1
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c‘w_ -
E——W Dy

Now, we assume that gauge field %,(x,7) varies adiabatically with respect
to T

Y(z, 1) = F (7)Y () where V' Pipr(x) = M7)Yor ()
In the adiabatic approximation, the zero-mode equation )\*)¢ = 0 reads
Vo DY i F(7) = -ADF(7)
~g-
F(1) = F(0) exp [— /OT dt’)\(t’)]

and the zero-modes of the five-dimensional Dirac operator are

b(a7) = POV ()exp |~ [ deaw)
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b(a7) = FOus)exp | [ atae)]
0
This mode is normalizable only if:

A7)>0  for T — 00
A7) <0 for T — —0

With this adiabatic argument, we have shown that:

 The normalizable zero-modes of @(5) are in one-to-one
correspondence with the eigenvectors of I)(%/) changing sign
with the spectral flow.

The question now is:

How many zero-modes does LD(5) have?

N

mod 2 Atiyah-Singer index theorem
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5) . . . . .
The operator LD( ) is real and antisymmetric. Its eigenvalues are either zero
or purely imaginary and come in complex conjugate pairs.

Im A\ Im A\
A A
X
X
s varying JZ%'UJ * Re )
» Re )\ PRI §T >
X
X
X

The number or zero-modes changes with a pair of complex conjugate
eigenvalues moves towards or away the real axis.

.

The number of zero-modes of LD(5) mod 2 is a topological invariant.
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The number (mod 2 ) of zero-modes of LD(5) can be computed using the
mod 2 Atiyah-Singer index theorem for the gauge instanton-like
configuration:

# of zero-modes of ZP(5) =1 (mod 2)

~-

Thus, there is an odd number of eigenvalues of I)(./) changing sign as we
deform the connection from 7, to MMU

~-

det ilp (V)2

N~

—|det ¢ Ip ()]

.

A theory with an odd number of chiral fermions transforming as
doublets of SU(2) is anomalous!
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Fortunately, the standard model is safe!

(5 )L <Vi>ﬂ ( : >L 6 SU(2). doublets
(), (%), (),

Both leptons and quarks are required to cancel the anomaly!

The MSSM is also safe due to the second Higgsino doublet

_ + 2 SU(2). doublets
L
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An index theorem computation
of the gauge anomaly
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We have managed to reformulate the problem of computing the axial anomaly
into the calculation of the index of the Dirac-Weyl operator D, = ID(</ )Py

Let us try to do the same for the gauge anomaly in the simplest case of a
chiral theory with a single right-handed Weyl spinor with gauge group G

We begin by computing the one-loop fermionic effective action in Euclidean
space

e Tl9] = /@@@w exp {—/d4x@i¢(ﬂ)P+¢
The gauge anomaly is given by the gauge variation of the effective action

5Tt = / 04z 0(2) D,y (JA(2)) s
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To find the origin of the anomaly, let us consider the fermion in a complex
representation [? of the gauge group.

This theory is anomalous
5O¢FR[‘Q%] # 0

The same happens if the fermion is in the complex conjugate representation R

FE[JZ/] :FR[JZ{]* R T (5QFE[JZ/] =+ ()

The theory with two fermions in the representations R and R is, however,
anomaly free

FR@E[CQ%] :FR[JZf]—FFELQf] SR 5QFR@§[‘QK] — ()
Thus, only the imaginary part of the effective action is anomalous
o (ReTp]) = 0 5 (Im FRW]) £ 0
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e Tl9] = /@@.@w exp {—/d‘lx@i@(d)f@@b

Being naive, we would just write
['[«/] = logdet D (Dy =DP,)

The problem is that this determinant does not exist...

The identity
5Dy =y P(F )Py = —P( )5 Py = —P(o) P = =Dy,
shows that D maps positive chirality into negative chirality spinors
D,: S QF—S5 ®F I/ = gauge bundle

Since it is not an endomorphism, there is no eigenvalue problem and the
determinant cannot be defined.
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Instead, we work with a different operator
ﬁ: (S+@S_) K E — (S+@S_) ®X L
where
~ 0 @_
D:<D+ 0 ) (J-=9P-)
This operator has a well-defined eigenvalue problem and the

determinant can be computed.

This modification of the Weyl operator does not affect the anomaly, since
does not couple to the gauge field r ( \

0 D_

p= )
lts modulus is gauge invariant (’ \ Dy 0 j)

|det D|? = det D det Dt = det (@j_) det (D+D_> — det (@ﬁ_) det I

.

['[o/] = — log det D(<) Rel'[«/] = —log|det D(<)
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Towards a topological interpretation of the gauge anomaly

(Alvarez-Gaumé & Ginsparg 1984)

Let us compactify our 2n-dimensional Euclidean space

R*™ U {o0} — ="

and consider a one=parameter family of gauge
. Luis Alvarez-Gaumé
transformations b 1955)

g(x,0) € G g(x,0) =g(z,2m) =1

This defines a family of gauge transformations

o = g(z,0) " (d+ )g(z, 0)

Paul Ginsparg
(b. 1955)

where .27 is a reference connection such that I)(.<7) has no zero modes.

The transformation of det ﬁ(@%) is

|det D(7?)| = | det D()|

det ﬁ(gﬁ) — | det ﬁ(@/) w(0.) — \ /det () ")
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det D(#?) = \/det () (@)

The anomaly is then given by the variation of the phase

[[«/] = — log det D (%) - (o] = —zé@%w(é’ o)

The phase of the determinant defines a map
ei’w(e,d) : Sl s Sl

classified by its winding number

i/%czeﬁ (0,9) € Z
m_27T 0 8(9w

Thus, the anomaly is given by the winding number density!

The gauge anomaly admits a topological interpretation.
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Is the winding number related with some kind of index theorem!

Let us consider the following connection defined
on the manifold S°™ x ®

o/ (z) = tef(x) = g(x,0) "' [d + o (2)]g(, 0)

with t € [0,1].

By hypothesis, det D(.«7) does not vanish at ¢t = 1.
However, it may vanish at various points in the
interior of ©

o t? (a;') — t.a7? (x) is not a gauge transformation!

The vanishing of det D(«7) occurs when a pair
of eigenvalues of the Dirac operator crosses zero.

)\ :
p— t=1
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We can define an extension of the Dirac operator to the interior of the disk.
Introducing the (D+2)-dimensional gauge field

ac(z,0,t) = (*,0,0) C=1,...,D+2

the new Dirac operator takes the form

2n—+2

D(a) = Z Fc(a(; + aco)

C'=1
where
' = 01 & ")/’u
FQn—I—l — 09 R ,y,u

"2 = 01 @ s

and

F5:O'3®I[
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It can be shown (long calculation) that the zero modes of 1D, . ,(a) are in
one-to-one correspondence with the zeroes of det D, (A”")

The total winding number of the phase of det LDQn(AQ’t) is the sum of the
winding numbers of the vanishing eigenvalues.

1

where

m; — +1

and moreover, 1M; equals the chirality of the corresponding zero mode of the
(2n+2)-dimensional Dirac operator ), . ,(a)

.

1 27 a .
% ; d@@ﬂ](e, =Q%) — HldLDZn—I—Q(a)
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1 27T a .
% ; dﬁﬁw(ﬁ,ﬁ/) :lndLDQn—l—Z(a)

However, the Atiyah-Singer index theorem is not applicable because our
manifold has a boundary!

We have two options:

* Use the Atiyah-Patodi-Singer index theorem (valid for manifold
with boundary).

* Set the boundary conditions by gluing two =0
disks together to define the Dirac operator on §?
the closed manifold at 9,

(S x DL U[S*" x D_] — §°™ x §? ) v
l NG
nontrivial transition

functions on S?" x S*
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Take the connection on the upper hemisphere =0
to be (dg = df0y) h

ot (2,0,t) = tg(z,0) dog(z, 0) + o/ (x) D

while in the lower hemisphere we have a v 5

a (x,0,s) = (x) ~

At the hemisphere ¢#=s=1, both connections are related by a gauge
transformation

at(2,0,1) = g(x.0) dog(x,0) + g(z,0) "dg(z.0) + g(z,0) " a (2)g(z,0)
The field strength is given by
" =(d+dg+di)at +at Aat

f-=(d+do+di)a +a ANa~
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We can apply now the Atiyah-Singer index theorem to the Dirac operator in

S2n % G2

1 . n—+1
Do @ = [ el = oy (50) [

The integral has to be computed as

/ Ty fmtt :/ Tr (§7)™+ +/ Tr (7)™ !
S2m x S? S2n X2 4 S2n XD _

Locally, Tr {* "' is exact and on each hemisphere we have

Tri" ™ = dQan11

and using Gaul}’ theorem, the integral gives in terms of the Chern-Simons
form

1 e
/ Tr fm_l_ — / Q2n+1(a+,f+)‘ — / Q2n—|—1(Cl 7f )
G92n y G2 G2n w §1 t=1 G2n w §1 s=1
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| 1 ; n—+1 -
ind Dy, .5 = r 1) (27T> [/s%><51 Q2n—|—1(a+7f—|—)‘t: _/S%xsl Qony1(a™, )

-
¥ o=

| 1 i\"" Lo -
1ndlD2n+2 - (TL —+ 1)' (27‘(’) [/S2n><51 QQn—H(a 7f )‘tzl B /SZn % S1 an—i_l(g/’f)]

We should recall that

1 27T 8 .
% ; d@@ﬂ](@,ﬂ%) = lndLDQn—l—Q

so we are only interested in those terms proportional to df. Taking into
account that

ot =% + g7 dyg= %+ i (o +0) = (%) = #°

“Russian” formula

~-

. 1 i\ A
1ndlp2n+2 — (n—l— 1)' (27_‘_> /g QQn—I—l(‘Q{Q _I_vage)
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1 27 a .
% . d@@ﬂ]((g,ﬁ{) zlndlp2n+2

1 i\
ind ) = (2 + 1, F
ind (n+1)! (%) /Sznxsl Qont1 (&7 +70,77)

From here we conclude

,L'n—|—2

- _ 1 0 |~ gt
Zdew(eﬂgf) — (27()”(%"‘ 1)' gan QZn—l—l(‘QZ _I_/U7j )

where Q3,,. (% +7, 7) is the part of the Chern-Simons form linear in ¥
At the end of the calculation we can set # = 0 and ¢(0,x) =1,

Thus, the gauge anomaly in D=2n can be recast as the axial anomaly
for a Dirac operator in D=2n+2
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We have reached the end of the course...

There are a number of things we did not have time to discuss. For
example:

e Covariant vs. consistent anomalies.

e Wess=-Zumino terms.

e Gravitational anomalies in D=2, 6,and 10.

~-

Green-Schwarz cancellation mechanism

* Other advanced topics (parity anomaly, anomalies on the lattice,
anomaly inflow, etc.)
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Thank you
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