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Leaving diagrams behind: Anomalies 
through functional methods
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Classically, continuous symmetries lead to conserved currents 
through Noether’s theorem. 

Emmy Noether
(1882-1935)

Anomalies and Jacobians

Take a theory with action   invariant under global 
transformations   

S[�i]

The conserved current can be obtained using “Noether’s trick”. Taking
to depend on the position

⇠i(x)

4 Functional methods

4.1 Symmetries in quantum field theory

In classical mechanics and field theory, continuous symmetries of the action are linked to con-
servations laws through Noether’s theorem. In QFT, on the other hand, the counterpart of the
classical conservation equations are the Ward identities satisfied by the time-ordered correla-
tions functions of the fields. As we will see, anomalies appear as extra terms in these Ward
identities.

The derivation of the Ward identities for a general theory is straightforward in the function
integral formalism. If a classical theory characterized by the action S[�i] is invariant under
global infinitesimal transformations with parameters ⇠i

�⇠�i(x) =
X

j

⇠jFij(�k), (4.1)

the conserved currents jµi (x) can be obtained using Noether’s trick. Assuming that the param-
eter ⇠i depends on the coordinates, we find

S[�i + �⇠�i] = S[�i] +
X

i

Z

d4x @µ⇠i(x)j
µ
i (x). (4.2)

This identity will be useful in obtaining the Ward identities of the quantum theory. A
general correlation function for a string of operators is given by
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where the operators Oa(x) depend of the fields and Z is the vacuum-to-vacuum amplitude.
Next, we carry out a change of variables in the functional integral

�0
i(x) = �i(x) + �⇠�i(x), (4.4)

and assume ⇠ to depend on xµ. Since the operators depend on the fields, they also change to

O0
a(x) = Oa(x) + �⇠Oa(x), (4.5)

where �⇠Oa(x) is linear in ⇠. This change of variables, of course, does not a↵ect the value of
the integral in (4.3). Plugging Eqs. (4.2) and (4.5) in (4.3), and expanding to linear order in
the variations, we arrive at the Ward identity
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If the fields are on-shell, the action is invariant under any variation ⇠i(x)
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Let us move to the quantum theory. We look at a generic correlation 
function

We apply now a change of variables inside the integral

4 Functional methods

4.1 Symmetries in quantum field theory

In classical mechanics and field theory, continuous symmetries of the action are linked to con-
servations laws through Noether’s theorem. In QFT, on the other hand, the counterpart of the
classical conservation equations are the Ward identities satisfied by the time-ordered correla-
tions functions of the fields. As we will see, anomalies appear as extra terms in these Ward
identities.

The derivation of the Ward identities for a general theory is straightforward in the function
integral formalism. If a classical theory characterized by the action S[�i] is invariant under
global infinitesimal transformations with parameters ⇠i

�⇠�i(x) =
X

j

⇠jFij(�k), (4.1)

the conserved currents jµi (x) can be obtained using Noether’s trick. Assuming that the param-
eter ⇠i depends on the coordinates, we find
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that does not change its value

where          is the transformation of the operator          . At first orderO 0
i(x) Oi(x)

O 0
i(x) = Oi(x) + �⇠Oi(x)
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O 0
i(x) = Oi(x) + �⇠Oi(x)

Combining these identities and expanding to linear order in ξi
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Now we make a further assumption
Y
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However, we can also have a nontrivial Jacobian in the functional integral
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However, we can also have a nontrivial Jacobian in the functional integral
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This gives the anomalous Ward identity.

For the particular case in which Oi(x) ⌘ I
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The anomaly is given by the functional Jacobian!
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The fermion effective action
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Foreword: Euclidean fermion fields

In Minkowski space, the Dirac matrices satisfy  [                                       ]

�µ† = �0�µ�0 �0† = �0

�i† = ��i

n
⌘µ⌫ = diag(1,�1,�1,�1)

Dirac fermions are defined as objects transforming under the Lorentz group 
as

The gauge action then transforms as

S
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= � 1

2gYM

Z

d4xTr
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Fµ⌫F
µ⌫

⌘

�! iS
E

=
i

2gYM

Z

d4xTr
⇣

Fµ⌫F
µ⌫

⌘

(B.10)

The Euclidean action is positive definite and therefore the functional integration is well defined

eiSYM �! e�SE (B.11)

Upon Wick rotation, the covariant derivatives transforms as

D
0

= @
0

� iA
0

= i@
4

+ A
4

⌘ iD̂
4

, Di = @k � iAk ⌘ D̂i, (B.12)

where the hat indicates the Euclidean quantities. Their commutator still satisfies Eq. (B.4).

Fermions. The previous transformation of the Dirac operator under the Wick rotation leads
to the following one for the Dirac operator

iD/ = i�µDµ = ��0D̂
4

+ i�kD̂k. (B.13)

This suggests to define a set of Euclidean Dirac matrices �̂µ given by

�̂4 = ��0, �̂k = i�k, (B.14)

that satisfy the algebra

{�̂µ, �̂⌫} = 2�µ⌫ . (B.15)

and are Hermitian

�̂µ† = �̂µ. (B.16)

For the chirality matrix we have

�
5

= �i�0�1�2�3 = ��̂0�̂1�̂2�̂3 = �̂1�̂2�̂3�̂4 ⌘ �̂
5

. (B.17)

It satisfies �̂2

5

= 1, �̂†
5

= �̂
5

, and {�̂µ, �̂
5

} = 0.
In Minkowski spacetime, a Dirac fermion is defined as a four-component object  ↵ trans-

forming under the Lorentz group as

 0 = e�
i
2#µ⌫�µ⌫

 ⌘ U(#) , (B.18)

where

�µ⌫ = � i

4
[�µ, �⌫ ]. (B.19)
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In Minkowski spacetime, a Dirac fermion is defined as a four-component object  ↵ trans-

forming under the Lorentz group as

 0 = e�
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where
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These generators are not Hermitian. Indeed, using that �0 is Hermitian and �k anti-Hermitian
we find that

�0i† = ��0i, �ij† = �ij. (B.20)

Thus, the Hermitian conjugate spinor transforms

 †0 =  †e
i
2#µ⌫�µ⌫† ⌘  †U(#)† 6=  †U(#)�1. (B.21)

We need to construct objects transforming with U(#)�1 in terms of which invariants can be
constructed. We notice that from

�µ† = �0�µ�0 (B.22)

it follows

�µ⌫† = �0�µ⌫�0 =) �0U(#)†�0 = U(#)�1. (B.23)

This identity shows that the conjugate spinor defined by

 =  †�0 (B.24)

actually transforms contravariantly,

 0 =  †0�0 =  †U(#)†�0 =  †�0U(#)�1 =  U(#)�1. (B.25)

Similarly to the Minkowskian case, Dirac fermions are defined in Euclidean space as four-
component objects transforming under SO(4) as

 0 = e�
i
2#µ⌫ �̂µ⌫

 ⌘ Û(#) , (B.26)

where

�̂µ⌫ = � i

4
[�̂µ, �̂⌫ ]. (B.27)

Now, however, all �-matrices are Hermitian and this implies that the generators of SO(4) are
Hermitian as well,

�̂µ⌫† =
i

4
[�̂⌫†, �̂µ†] = � i

4
[�̂µ, �̂⌫ ] = �̂µ⌫ . (B.28)

This impliest that Û(#)† = Û(#)�1 and the Hermitian conjugate spinor  † actually transforms
contravariantly

 †0 =  †U(#)† =  †U(#)�1. (B.29)
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We need to construct objects transforming with U(#)�1 in terms of which invariants can be
constructed. We notice that from

�µ† = �0�µ�0 (B.22)

it follows

�µ⌫† = �0�µ⌫�0 =) �0U(#)†�0 = U(#)�1. (B.23)

This identity shows that the conjugate spinor defined by

 =  †�0 (B.24)

actually transforms contravariantly,

 0 =  †0�0 =  †U(#)†�0 =  †�0U(#)�1 =  U(#)�1. (B.25)

Similarly to the Minkowskian case, Dirac fermions are defined in Euclidean space as four-
component objects transforming under SO(4) as

 0 = e�
i
2#µ⌫ �̂µ⌫

 ⌘ Û(#) , (B.26)

where

�̂µ⌫ = � i

4
[�̂µ, �̂⌫ ]. (B.27)

Now, however, all �-matrices are Hermitian and this implies that the generators of SO(4) are
Hermitian as well,

�̂µ⌫† =
i

4
[�̂⌫†, �̂µ†] = � i

4
[�̂µ, �̂⌫ ] = �̂µ⌫ . (B.28)

This impliest that Û(#)† = Û(#)�1 and the Hermitian conjugate spinor  † actually transforms
contravariantly

 †0 =  †U(#)† =  †U(#)�1. (B.29)
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�0i† = ��0i, �ij† = �ij. (B.20)

Thus, the Hermitian conjugate spinor transforms

 †0 =  †e
i
2#µ⌫�µ⌫† ⌘  †U(#)† 6=  †U(#)�1. (B.21)

We need to construct objects transforming with U(#)�1 in terms of which invariants can be
constructed. We notice that from

�µ† = �0�µ�0 (B.22)

it follows

�µ⌫† = �0�µ⌫�0 =) �0U(#)†�0 = U(#)�1. (B.23)

This identity shows that the conjugate spinor defined by

 =  †�0 (B.24)

actually transforms contravariantly,

 0 =  †0�0 =  †U(#)†�0 =  †�0U(#)�1 =  U(#)�1. (B.25)

Similarly to the Minkowskian case, Dirac fermions are defined in Euclidean space as four-
component objects transforming under SO(4) as

 0 = e�
i
2#µ⌫ �̂µ⌫

 ⌘ Û(#) , (B.26)

where

�̂µ⌫ = � i

4
[�̂µ, �̂⌫ ]. (B.27)

Now, however, all �-matrices are Hermitian and this implies that the generators of SO(4) are
Hermitian as well,

�̂µ⌫† =
i

4
[�̂⌫†, �̂µ†] = � i

4
[�̂µ, �̂⌫ ] = �̂µ⌫ . (B.28)

This impliest that Û(#)† = Û(#)�1 and the Hermitian conjugate spinor  † actually transforms
contravariantly

 †0 =  †U(#)† =  †U(#)�1. (B.29)
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Euclidean space can be obtained by Wick rotation from Minkowski signature

B Mathematical Appendix II: Euclidean field theory

Gauge fields. Since most of the analysis that we are going to carry out will be done in
Euclidean space, we begin by setting the main expressions that will be used in what follows.
In Lorentzian signature (+,�,�,�) we consider the gauge action

S
YM

= � 1

2g2

YM

Z

d4xTr
⇣

Fµ⌫F
µ⌫

⌘

, (B.1)

where

Fµ⌫ ⌘ FA
µ⌫T

A = @µA⌫ � @⌫Aµ � i[Aµ, A⌫ ]. (B.2)

The covariant derivative is given by

Dµ = @µ � iAµ (B.3)

and satisfies

[Dµ, D⌫ ] = �iFµ⌫ . (B.4)

These are the conventions of [12] with the replacement

Aµ �! 1

gYM

Aµ (B.5)

that removes the coupling constant from the field strengths and the covariant derivatives and
places it in front of the gauge action.

To go to Euclidean space we perform the Wick rotation

x0 = �ix4, A
0

= iA
4

, (B.6)

while the other gauge field components are not changed. This implies the rotation

F
0i = iF

4i, Fij �! Fij (B.7)

With this we find

Fµ⌫F
µ⌫ = 2F

0iF
0i + FijF

ij = �2F
0iF0i + FijFij

= 2F
4iF4i + FijFij = Fµ⌫F

µ⌫ . (B.8)

where in the second line the indices are lowered and raised using the Euclidean metric

�µ⌫ = diag (1, 1, 1, 1). (B.9)

53

⌘µ⌫ �! ��µ⌫

while the new Dirac matrices are defined as

b�i = �i

nn {b�µ, b�⌫} = �2�µ⌫I

b�µ† = �b�µ

Euclidean Dirac fermions are objects transforming under SO(4) as

b�µ⌫ =
i

4
[b�µ, b�⌫ ]

n
b�µ⌫† = b�µ⌫

 0 = e�
i
2!µ⌫b�µ⌫

 ⌘ O(!) 

Now, Hermitian conjugate objects are contravariant

 0† =  †e
i
2!µ⌫b�µ⌫†

⌘  †O(!)† =  †O(!)�1

b�4 = i�0
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In Euclidean space, the chirality matrix is defined as

b�5 = �b�1b�2b�3b�4

satisfying

b�†
5 = b�5

A particularly important identity in the computation of anomalies is

Tr
⇣
b�5b�µb�⌫b�↵b��

⌘
= �4✏µ⌫↵� where ✏1234 = 1

Comparing with its Minkowskian counterpart

Tr
⇣
�5�

µ�⌫�↵��
⌘
= �4i✏µ⌫↵� with ✏0123 = 1

we see how Euclidean chiral anomalies will have an addition factor of i.
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Then, the Euclidean action for a Dirac fermion is

SE =

Z
d

4
x 

†
⇣
ib�µ@µ �m

⌘
 

which leads to the propagator

This equation, however, is not homogeneous under Hermitian conjugation!

The way out to this problem is to take the Euclidean Dirac action

SE =

Z
d

4
x 

⇣
ib�µ@µ �m

⌘
 

with           and           as independent fields. (x)
 (x)

Thus, in Euclidean space          transforms contravariantly and  (x)

 (x) 6=  (x)b�0 (despite the misleading notation)

h0|T
h
 

↵

(x) †
�

(y)
i
|0i =

Z
d

4
p

(2⇡)4

✓
1

p

µ

b�µ �m

◆

↵�

e

�ip·(x�y)
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Remember also that the representations of the Lorentz group SO(1,3) can 
be written as the product of two copies of SU(2)

J±
k =

1

2
(Jk ± iKk)

J†
k = Jk

K†
k = Kk

rotations

boosts

n

These generators satisfy

[J±
k ,J±

` ] = i✏k`jJ±
j [J±

k ,J⌥
` ] = 0

Thus, any representation of the Lorentz group can be written as a 
representation of SU(2) × SU(2) labelled by

(s+, s�)

Since                    Hermitian conjugation interchanges the labels. In particularJ±†
k = J⌥

k

(
1

2
,0) �! (0,

1

2
)
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In the case of SO(4), its representations can also be written in terms of 
those of SU(2) × SU(2) using the ’t Hooft symbols:

⌘aµ⌫ = "aµ⌫ + �aµ�⌫4 � �a⌫�µ4

⌘aµ⌫ = "aµ⌫ � �aµ�⌫4 + �a⌫�µ4

where εaµν is the 3D antisymmetric symbol with εaµν = 0 whenever µ or ν 
take the value 4

The generators

Na = ⌘aµ⌫J
µ⌫

N
a
= ⌘aµ⌫J

µ⌫

satisfy the SU(2) × SU(2) algebra 

[Na, N b] = i"abcN c [N
a
, N

b
] = i"abcN

c
[Na, N

b
] = 0

while       and        are not related by Hermitian conjugation.Na N
a
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Notation WARNING

From now on, Euclidean gamma matrices will be “hatless”
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In the computation of anomalies, it is convenient to work with the one-
loop fermion effective action. In the case of QED, this is

e��[A ]
=

Z
D D exp


�
Z

d4y  
⇣
i@/ + eA/

⌘
 

�

This effective action is a nonlocal functional.

we are integrating out a massless fermion

Expanding the integrand in powers of the electric charge e, the effective 
action can be written as the sum of one-loop diagrams:

�[A ] =

2.5 Functional Evaluation of the Axial Anomaly 35

and arrive at the final expression for each term in the expansion (2.76)

Tr
1
i

A
n

d4x1 . . .d4xn tr S xn,x1 g

µ1 . . .S xn 1,xn g

µn

A
µ1 x1 . . .A

µn xn .

The integration over xi symmetrizes the external gauge fields and the factor 1 n
in the sum (2.76) eliminates the contribution of cyclic permutations. This analysis
shows that the fermion effective action admits the following diagrammatic expan-
sion

G A
µ

. . . (2.81)

All diagrams from the second on are calculated using the Euclidean vertex g

µ ,
and there is a global minus sign associated with the fermion loop. Applying Furry’s
theorem we see that the only terms contributing to G A

µ

are those with an even
number of gauge fields.

2.5 Functional Evaluation of the Axial Anomaly

Let us reanalyze now the axial anomaly to the light of the functional methods intro-
duced above. We go back to the action of a massless Dirac fermion (2.59) coupled
to a U(1) external gauge field A

µ

. In addition to gauge invariance

y x eie x
y x ,

y x e ie x
y x (2.82)

A x A x
µ

e x ,

the classical theory is also invariant under global axial transformations

y x eiag5
y x ,

y x y x eiag5 (2.83)

A x A x ,

where a is constant. The classical theory has therefore two conserved currents,
(2.14) and (2.15) associated with global vector and axial-vector transformations.

The fermion effective action

From now on we work in Euclidean space.
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Consider a massless Dirac fermion coupled to external axial and vector 
Abelian gauge fields

S =

Z
d

4
x 

⇣
i@/ + V/ +A/ �5

⌘
 

This theory has two types of local invariances:

 (x) �! e

i↵(x)
 (x)

 (x) �!  (x)e�i↵(x)

Vµ(x) �! Vµ(x) + @µ↵(x)

Aµ(x) �! Aµ(x)

Vector

 (x) �! e

i�(x)�5
 (x)

 (x) �!  (x)ei�(x)�5

Vµ(x) �! Vµ(x)

Aµ(x) �! Aµ(x) + @µ�(x)

Axial-vector

Jµ
V =  �µ Jµ

A =  �µ�5 
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For this theory, the fermion effective action is defined as

To find why this definition is useful, let us take the functional derivative

while the left-hand side can be written as

�

�Aµ(x)
�[V,A] = �e

�[V,A] �

�Aµ(x)
e

��[V,A]

�

�Aµ(x)
e

��[V,A] = �e

��[V,A] �

�Aµ(x)
�[V,A]

�

�Aµ(x)
e

��[V,A]
= �

Z
D D  (x)�µ�5 (x) exp


�
Z

d

4
y  

⇣
i@/ + V/ +A/ �5

⌘
 

�

= �
Z

D D J

µ
A(x) exp


�
Z

d

4
y  

⇣
i@/ + V/ +A/ �5

⌘
 

�

e��[V,A]
=

Z
D D exp


�
Z

d4y  
⇣
i@/ + V/ +A/ �5

⌘
 

�
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Combining these two identities, we arrive at

�

�Aµ(x)
�[V,A] = hJµ

A(x)iV,A

�

�Aµ(x)
e

��[V,A]
= �

Z
D D J

µ
A(x) exp


�
Z

d

4
x 

⇣
i@/ + V/ +A/ �5

⌘
 

�

�

�Aµ(x)
�[V,A] = �e

�[V,A] �

�Aµ(x)
e

��[V,A]

Moreover, the variation of the effective axion under axial-vector 
transformations are

���[V,A] =

Z
d

4
x ��Aµ(x)

�

�Aµ(x)
�[V,A] =

Z
d

4
x @µ�(x)

�

�Aµ(x)
�[V,A]

and integrating by parts

���[V,A] = �
Z

d

4
x�(x)@µ

�

�Aµ(x)
�[V,A] = �

Z
d

4
x�(x)@µhJµ

A(x)iV,A
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Thus, the (integrated) anomaly of the axial current is given by the 
variation of the effective action under axial-vector transformations

���[V,A] = �
Z

d

4
x�(x)@µhJµ

A(x)iV,A

Similarly, we can compute the variation of the effective action under vector 
gauge transformations

Proceeding as with the axial-vector current, we arrive at

�

�Vµ(x)
e

��[V,A]
= �

Z
D D J

µ
V(x) exp


�
Z

d

4
y  

⇣
i@/ + V/ +A/ �5

⌘
 

�

�↵�[V,A] = �
Z

d

4
x↵(x)@µhJµ

V(x)iV,A

Thus, the anomaly of the vector current is given by the variation of 
the fermion effective action under vector gauge transformations.
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This expression of the anomaly can be connected with the existence of a 
nontrivial Jacobian. (Fujikawa’s method)

Let us consider, for example, an axial-vector gauge transformation

The transformed effective action is

e

��[V,A0]
=

Z
D D exp

Z
d

4
x 

⇣
i@/ + V/ +A/ 0

�5

⌘
 

�

V 0
µ(x) = Vµ(x) A0

µ(x) = Aµ(x) + @µ�(x)

However, this change in the action can be “undone” by a change of variables 
in the functional integral

 

0(x) = e

�i�(x)�5
 (x)

such that

 

0
(x) =  (x)e�i�(x)�5

Z
d

4
x 

⇣
i@/ + V/ +A/ 0

�5

⌘
 =

Z
d

4
x 

0⇣
i@/ + V/ +A/ �5

⌘
 

0
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The problem arises because of the existence of a Jacobian

e

��[V,A0]
=

Z
D D exp

Z
d

4
x 

⇣
i@/ + V/ +A/ 0

�5

⌘
 

�

=

Z
D 

0
D 0 J [�] exp

Z
d

4
x 

0⇣
i@/ + V/ +A/ �5

⌘
 

0
�

Now, the Jacobian is a field-independent c-number that can be taken outside 
the integral

e��[V,A0] = J [�]e��[V,A]
�[V,A0

]� �[V,A] = � logJ [�]

Considering now infinitesimal axial-vector gauge transformations

���[V,A] = �
Z

d

4
x�(x)

✓
1

J [�]

�J [�]

��(x)

◆����
�=0

J [0] = 1

@µhJµ
A(x)iV,A =

�J [�]

��(x)

����
�=0

Kazuo Fujikawa
(b. 1942)
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The problem arises because of the existence of a Jacobian

e

��[V,A0]
=

Z
D D exp

Z
d

4
x 

⇣
i@/ + V/ +A/ 0

�5

⌘
 

�

=

Z
D 

0
D 0 J [�] exp

Z
d

4
x 

0⇣
i@/ + V/ +A/ �5

⌘
 

0
�

Now, the Jacobian is a field-independent c-number that can be taken outside 
the integral

e��[V,A0] = J [�]e��[V,A]
�[V,A0

]� �[V,A] = � logJ [�]

Considering now infinitesimal axial-vector gauge transformations

���[V,A] = �
Z

d

4
x�(x)

✓
1

J [�]

�J [�]

��(x)

◆����
�=0

J [0] = 1

@µhJµ
A(x)iV,A =

�J [�]

��(x)

����
�=0

Kazuo Fujikawa
(b. 1942)

���[V,A] = �
Z

d

4
x�(x)@µhJµ

A(x)iV,A
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Using the usual identity for Gaussian functional integrals with Grassmann 
fields Z

D D e�
R
d4y O = detO

the fermion effective action can be written as a functional 
determinant:

e

��[V,A]
=

Z
D D exp


�
Z

d

4
x 

⇣
i@/ + V/ +A/ �5

⌘
 

�

= det
⇣
i@/ + V/ +A/ �5

⌘

and therefore

where we have written

�[V,A] = � log det

h
iD/ (V) +A/ �5

i

iD/ (V) = i@/ + V/

We will implement now Fujikawa’s method to compute the anomaly…
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How to compute a functional 
determinant (in three slides)
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Let us focus on a positive definite differential operator    satisfying the 
eigenvalue equation (n = 1,2,…)

O

Own(x) = �nwn(x) �n > 0

Its determinant is formally defined as

detO =
1Y

n=1

�n

In our case, we are in fact interested in computing 

log detO =

1X

n=1

log �n

Thus, we need to find a useful representation of the logarithm…



M.Á. Vázquez-Mozo                                                              Introduction to Anomalies in QFT                                                PhD Course, Universidad Autónoma de Madrid

Let us look at the definition of the exponential integral

E1(z) =

Z 1

z

dt

t
e�t

which around z = 0 this function admits the expansion

E1(z) = �� � log z �
1X

`=1

(�z)`

``!

Now, computing 
Z 1

✏

dt

t

e

�xt = E1(✏x)

= � log x� � � log ✏�
1X

`=1

(�✏x)

`

``!

we arrive at

lim

✏!0

Z 1

✏

dt

t

e

�xt

= � log x+ x-independent divergent constant
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Eventually, we will be interested in gauge variations of the determinant (this 
eliminates the divergent constant). Thus, we can use the following 
“definition” of the logarithm

log x = �
Z 1

✏

dt

t

e

�xt

With this we can write

✏ �! 0+

= �
Z 1

✏

dt

t

1X

n=1

e�t�n

log detO =

1X

n=1

log �n

that is,

log detO = �
Z 1

✏

dt

t
Tr e�tO
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Back to the fermion effective action
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�[V,A] = � log det

h
iD/ (V) +A/ �5

i
Remember that we wanted to compute

To make the operator positive definite, we compute instead

�[V,A] = �1

2

log det

h
iD/ (V) +A/ �5

i2

=
1

2

Z 1

✏

dt

t
Tr e�t[iD/ (V)+A/ �5]

2

Since the anomaly of the axial current is given by

���[V,A] = �
Z

d

4
x�(x)@µhJµ

A(x)iV,A

we are left with
Z

d

4
x�(x)@µhJµ

A(x)iV,A = �1

2

Z 1

✏

dt

t

��Tr e
�t[iD/ (V)+A/ �5]

2

log detO = �
Z 1

✏

dt

t
Tr e�tO

Trace in the “Dirac” 
and “functional” sense!
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Z
d

4
x�(x)@µhJµ

A(x)iV,A = �1

2

Z 1

✏

dt

t

��Tr e
�t[iD/ (V)+A/ �5]

2

We compute then the variation of the trace

�1

2

Z 1

✏

dt

t
��Tr e

�t[iD/ (V)+A/ �5]
2

The interesting thing is that the integrand can be written now as a total 
derivative

�1

2

Z 1

✏

dt

t
��Tr e

�t[iD/ (V)+A/ �5]
2

=

Z 1

✏
dtTr

n

��
h

iD/ (V) +A/ �5
ih

iD/ (V) +A/ �5
i

e�t[iD/ (V)+A/ �5]
2
o

= �
Z 1

✏
dt

d

dt
Tr

8
<

:
��
h
iD/ (V) +A/ �5

i

h
iD/ (V) +A/ �5

i e�t[iD/ (V)+A/ �5]
2

9
=

;
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We are left with the evaluation of the variation of the operator. Recalling 

iD/ (V) +A/ �5 �! e�i�(x)�5

h
iD/ (V) +A/ �5

i
e�i�(x)�5

and infinitesimally, 

��
h
iD/ (V) +A/ �5

i
= {�i��5, iD/ (V)}

�1

2

Z 1

✏

dt

t
��Tr e

�t[iD/ (V)+A/ �5]
2

= Tr

8
<

:
��
h
iD/ (V) +A/ �5

i

h
iD/ (V) +A/ �5

i e�✏[iD/ (V)+A/ �5]
2

9
=

;

Z
d

4
x�(x)@µhJµ

A(x)iV,A = Tr

8
<

:
{�i��5, iD/ (V)}h
iD/ (V) +A/ �5

i
e

�✏[iD/ (V)+A/ �5]
2

9
=

;
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The introduction of the axial-vector gauge field was a computational 
trick. To recover our result for the axial anomaly we set

Aµ = 0Vµ = eAµ

The integrated Euclidean axial anomaly is then given by

Z
d

4
x�(x)@µhJµ

A(x)iV,A = Tr

8
<

:
{�i��5, iD/ (V)}h
iD/ (V) +A/ �5

i
e

�✏[iD/ (V)+A/ �5]
2

9
=

;

Z
d

4
x�(x)@µhJµ

A(x)iA = Tr

⇢
{�i��5, iD/ (A )}

iD/ (A )
e

�✏[iD/ (A )]2
�

= �2iTr
n

��5e
�✏[iD/ (A )]2

o
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Z

d

4
x�(x)@µhJµ

A(x)iA = �2iTr
n

��5e
�✏[iD/ (A )]2

o

To compute the trace, we introduce a basis        in the space of functions|�ki

Using locality, we write

�2iTr
n

��5e
�✏[iD/ (A )]2

o

= �2i

Z

d4kh�k|� Tr
n

�5e
�✏[iD/ (A )]2

o

|�ki

= �2i

Z

d

4
x

Z

d

4
x

0
Z

d

4
k h�k|xi hx|�Tr

n

�5e
�✏[iD/ (A )]2

o

|x0i hx0|�ki

�2iTr
n

��5e
�✏[iD/ (A )]2

o

= �2i

Z

d

4
x�(x)

Z

d

4
k �k(x)

⇤Tr
n

�5e
�✏[iD/ (A )]2

o

�k(x)

hx|��5e�✏[iD/ (A )]2 |x0i = �

(4)(x� x

0)�(x)Tr
n

�5e
�✏[iD/ (A )]2

o

Dirac trace
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�2iTr
n

��5e
�✏[iD/ (A )]2

o

= �2i

Z

d

4
x�(x)

Z

d

4
k �k(x)

⇤Tr
n

�5e
�✏[iD/ (A )]2

o

�k(x)

Since we can use any complete set of functions, we choose a set of plane 
waves

�

k

(x) =
1

(2⇡)2
e

ik·x

�2iTr
n

��5e
�✏[iD/ (A )]2

o

= �2i

Z

d

4
x�(x)

Z

d

4
k

(2⇡)4
e

�ik·xTr
n

�5e
�✏[iD/ (A )]2

o

e

ik·x

Now we have to compute the trace over the Dirac indices:

Tr
n

�5e
�✏[iD/ (A )]2

o
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= �1

2
{�µ, �⌫}Dµ(A )D⌫(A )� 1

2
�µ�⌫ [Dµ(A ), D⌫(A )]

Using the Euclidean Dirac algebra {�µ, �⌫} = �2�µ⌫

[iD/ (A )]2 = ��µ�⌫Dµ(A )D⌫(A )

[iD/ (A )]2 = D(A )2 � 1

2
�µ�⌫ [Dµ(A ), D⌫(A )]

while the second term gives the background field strength 

[Dµ(A ), D⌫(A )] = �ieFµ⌫

[D/ (A )]2 = D(A )2 +
ie

2
�µ�⌫Fµ⌫
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Tr
n

�5e
�✏[iD/ (A )]2

o

= Tr
n

�5e
�✏[D(A )2+ i

2�
µ�⌫Fµ⌫ ]

o

�2iTr
n

��5e
�✏[iD/ (A )]2

o

= �2i

Z

d

4
x�(x)

Z

d

4
k

(2⇡)4
e

�ik·xTr
n

�5e
�✏[iD/ (A )]2

o

e

ik·x

To further simplify, we use

[D
µ

(A ), eik·x] = ik
µ

eik·x D
µ

(A )eik·x = eik·x[D
µ

(A ) + ik
µ

]

and this leads to:

kµ ! 1p
✏
kµ

�2iTr
n

��5e
�✏[iD/ (A )]2

o

= �2i

✏

2

Z

d

4
x�(x)

Z

d

4
k

(2⇡)4
Tr

⇣

�5e
�{[

p
✏D(A )+ik]2+ ie

2 ✏�µ�⌫Fµ⌫}
⌘

�2iTr
n

��5e
�✏[iD/ (A )]2

o

= �2i

Z

d

4
x�(x)

Z

d

4
k

(2⇡)4
Tr

⇣

�5e
�✏{[D(A )+ik]2+ ie

2 �µ�⌫Fµ⌫}
⌘

�2iTr
n

��5e
�✏[iD/ (A )]2

o

= �2i

Z

d

4
x�(x)

Z

d

4
k

(2⇡)4
e

�ik·xTr
n

�5e
�✏[D(A )2+ ie

2 �

µ
�

⌫Fµ⌫ ]
o

e

ik·x
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Tr
n

�5e
�✏[iD/ (A )]2

o

= Tr
n

�5e
�✏[D(A )2+ i

2�
µ�⌫Fµ⌫ ]

o

�2iTr
n

��5e
�✏[iD/ (A )]2

o

= �2i

Z

d

4
x�(x)

Z

d

4
k

(2⇡)4
e

�ik·xTr
n

�5e
�✏[iD/ (A )]2

o

e

ik·x

To further simplify, we use

[D
µ

(A ), eik·x] = ik
µ

eik·x D
µ

(A )eik·x = eik·x[D
µ

(A ) + ik
µ

]

and this leads to:

kµ ! 1p
✏
kµ

�2iTr
n

��5e
�✏[iD/ (A )]2

o

= �2i

✏

2

Z

d

4
x�(x)

Z

d

4
k

(2⇡)4
Tr

⇣

�5e
�{[

p
✏D(A )+ik]2+ ie

2 ✏�µ�⌫Fµ⌫}
⌘

�2iTr
n

��5e
�✏[iD/ (A )]2

o

= �2i

Z

d

4
x�(x)

Z

d

4
k

(2⇡)4
Tr

⇣

�5e
�✏{[D(A )+ik]2+ ie

2 �µ�⌫Fµ⌫}
⌘

�2iTr
n

��5e
�✏[iD/ (A )]2

o

= �2i

Z

d

4
x�(x)

Z

d

4
k

(2⇡)4
e

�ik·xTr
n

�5e
�✏[D(A )2+ ie

2 �

µ
�

⌫Fµ⌫ ]
o

e

ik·x
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Now we take the limit               remembering that 

Tr �5 = 0, Tr
⇣
�5�

µ�⌫
⌘
= 0, Tr

⇣
�5�

µ�⌫�↵��
⌘
= �4✏µ⌫↵� .

✏ �! 0

Thus, the first term contributing in the   -expansion is the one with four     ‘s

+ O(✏4)

#

✏

�2iTr
n

��5e
�✏[iD/ (A )]2

o

=
ie

2

16⇡2

Z

d

4
x�(x)✏µ⌫↵�Fµ⌫(x)F↵�(x)

�2iTr
n

��5e
�✏[iD/ (A )]2

o

= �2i

✏

2

"

1

2

✓

ie✏

2

◆2 Z

d

4
x�(x)Tr

⇣

�5�
µ
�

⌫
�

↵
�

�
⌘

Fµ⌫F↵�

Z

d

4
k

(2⇡)4
e

k2

�2iTr
n

��5e
�✏[iD/ (A )]2

o

= �2i

✏

2

Z

d

4
x�(x)

Z

d

4
k

(2⇡)4
Tr

⇣

�5e
�{[

p
✏D(A )+ik]2+ ie

2 ✏�µ�⌫Fµ⌫}
⌘

✏ �! 0

�µ
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Now we take the limit               remembering that 

Tr �5 = 0, Tr
⇣
�5�

µ�⌫
⌘
= 0, Tr

⇣
�5�

µ�⌫�↵��
⌘
= �4✏µ⌫↵� .

✏ �! 0

Thus, the first term contributing in the   -expansion is the one with four     ‘s

k2 = ��µ⌫k
µk⌫

+ O(✏4)

#

✏

�2iTr
n

��5e
�✏[iD/ (A )]2

o

=
ie

2

16⇡2

Z

d

4
x�(x)✏µ⌫↵�Fµ⌫(x)F↵�(x)

�2iTr
n

��5e
�✏[iD/ (A )]2

o

= �2i

✏

2

"

1

2

✓

ie✏

2

◆2 Z

d

4
x�(x)Tr

⇣

�5�
µ
�

⌫
�

↵
�

�
⌘

Fµ⌫F↵�

Z

d

4
k

(2⇡)4
e

k2

�2iTr
n

��5e
�✏[iD/ (A )]2

o

= �2i

✏

2

Z

d

4
x�(x)

Z

d

4
k

(2⇡)4
Tr

⇣

�5e
�{[

p
✏D(A )+ik]2+ ie

2 ✏�µ�⌫Fµ⌫}
⌘

✏ �! 0

�µ
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Since the anomaly is given by

Z
d

4
x�(x)@µhJµ

A(x)iA =
ie

2

16⇡2

Z
d

4
x�(x)✏µ⌫↵�Fµ⌫(x)F↵�(x)

Z

d

4
x�(x)@µhJµ

A(x)iA = �2iTr
n

��5e
�✏[iD/ (A )]2

o

we arrive at the known Adler-Bell-Jackiw anomaly in Euclidean space

�2iTr
n

��5e
�✏[iD/ (A )]2

o

=
ie

2

16⇡2

Z

d

4
x�(x)✏µ⌫↵�Fµ⌫(x)F↵�(x)

@µhJµ
A(x)iA =

ie

2

16⇡2
✏

µ⌫↵�Fµ⌫(x)F↵�(x) mind the i !
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@µhJµ
A(x)iA =

ie

2

16⇡2
✏

µ⌫↵�Fµ⌫(x)F↵�(x)

With just a few changes, this calculation is easily generalized to the case of the 
singlet anomaly

• Take the vector gauge field           to be non-Abelian, while keeping
          Abelian

Vµ(x)
Aµ(x)

• Add group theory traces in all expressions

@µhJµ
A(x)iA =

ig

2

16⇡2
✏

µ⌫↵�Tr
h
Fµ⌫(x)F↵�(x)

i

• Set at the end                            and Vµ(x) = gAµ(x) Aµ(x) = 0

mind the i !
(again)
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The connection with topology
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From our previous discussion, we know that the axial anomaly is given by 
(taking β(x) = constant)

Instead of a basis of plane waves, to compute the right-hand side we can use a 
basis of eigenfunctions of the Dirac operator

iD/ (A ) n(x) = �n n(x)

But the Dirac operator anticommutes with the chirality matrix γ5

iD/ (A )�5 = ��5iD/ (A )

iD/ (A )�5 n(x) = ��5iD/ (A ) n(x) = ��n�5 n(x)

Z

d

4
x @µhJµ

A(x)iA = �2i lim
✏!0

Tr
n

�5e
�✏[iD/ (A )]2

o
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iD/ (A ) n(x) = �n n(x) iD/ (A )�5 n(x) = ��n�5 n(x)

For each eigenstate with λn > 0 there is another eigenstate of opposite 
eigenvalue −λn < 0

All nonzero eigenvectors of the Dirac operators are paired!

Moreover, since they have different (nonzero) eigenvalues,             and 
are orthogonal (the Dirac operator is self-adjoint)

 n(x) �5 n(x)

Z
d

4
x n(x)�5 n(x) = 0 (�n 6= 0)
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�2iTr
n

�5e
�✏[iD/ (A )]2

o

= �2i
X

�n 6=0

Z

d

4
x e

�✏�2
n
 n(x)�5 n(x)

In the limit                 the sum over nonzero eigenvalues tends to zero (due to 
orthogonality)

�2i
X

�n=0

Z
d

4
x n(x)�5 n(x)

✏ �! 0

Thus, the anomaly is only determined by the zero modes of the Dirac 
operator

Z
d

4
x @µhJµ

A(x)iA = �2i
X

�n=0

Z
d

4
x n(x)�5 n(x)

Z
d

4
x n(x)�5 n(x) = 0 (�n 6= 0)
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Z
d

4
x @µhJµ

A(x)iA = �2i
X

�n=0

Z
d

4
x n(x)�5 n(x)

The zero modes of the Dirac operator can be classified into positive and 
negative chirality:

�5 
(±)
n (x) = ± (±)

n (x) (�n = 0)

Then, the sum over zero modes can be written as

X

�n=0

Z
d

4
x n(x)�5 n(x) =

X

�n=0,+

Z
d

4
x 

(+)
n (x) (+)

n (x)�
X

�n=0,�

Z
d

4
x 

(�)
n (x) (�)

n (x)

and since the states are normalized

X

�n=0

Z
d

4
x n(x)�5 n(x)

= (# of +’ve chirality zero modes)� (# of �’ve chirality zero modes)
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Z
d

4
x @µhJµ

A(x)iA = �2i
X

�n=0

Z
d

4
x n(x)�5 n(x)

The zero modes of the Dirac operator can be classified into positive and 
negative chirality:

�5 
(±)
n (x) = ± (±)

n (x) (�n = 0)

Then, the sum over zero modes can be written as

X

�n=0

Z
d

4
x n(x)�5 n(x) =

X

�n=0,+

Z
d

4
x 

(+)
n (x) (+)

n (x)�
X

�n=0,�

Z
d

4
x 

(�)
n (x) (�)

n (x)

and since the states are normalized

= 1= 1

X

�n=0

Z
d

4
x n(x)�5 n(x)

= (# of +’ve chirality zero modes)� (# of �’ve chirality zero modes)
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Thus, the integrated axial anomaly is given by the difference between the 
number of zero modes of the Dirac operator with positive and negative 
chirality:

Z
d

4
x @µhJµ

A(x)iA = �2i
⇣
n+ � n�

⌘

In fact, we can define the operators

D± ⌘ iD/ (A )P± where P± =
1

2

⇣
I± �5

⌘

Using                                       and self-adjointness of the Dirac operator,iD/ (A )P± = P⌥iD/ (A )

we can write

n+ = dimkerD+ n� = dimkerD�

D� = D†
+ n� = dimkerD†

+
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With all this we have arrived at the result

Z
d

4
x @µhJµ

A(x)iA = �2i
⇣
dimkerD+ � dimkerD†

+)

The term inside the bracket on the right-hand side is known in Mathematics as 
the index of the operator D+

Z
d

4
x @µhJµ

A(x)iA = �2i (indD+)

D± ⌘ iD/ (A )P±
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This index only depends on topological properties of the manifold and 
the external gauge field Aµ(x)

In fact, the analysis is valid not on in D = 4 but for any dimension D = 2n

Z
d

2n
x @µhJµ

A(x)iA = �2i (indD+)
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A short (and non-sophisticated) 
excursion into Mathematics
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Let us consider a nonabelian gauge theory defined on a Euclidean closed 
even-dimensional manifold M.

The gauge connection defines a one-form field taking values in the Lie 
algebra

A = Aµdx
µ

The field strength is a two-form given by

F = dA + A ^ A F =
1

2
Fµ⌫dx

µ ^ dx

⌫with

Aµ = A a
µ T awhere

we should keep in mind that

A ^ A = T aT bA a ^ A b =
1

2
[T a, T b]A a ^ A b =

i

2
fabcA a ^ A bT c

[T a, T b] = ifabcT c

F a
µ⌫ = @µA a

⌫ � @⌫A
a
µ + ifabcA bA c
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Finally, from  

dF = dA ^ A � A ^ dA
dA = F � A ^ A dF = F ^ A � A ^ A ^ A

�A ^ F + A ^ A ^ A

we get the Bianchi identity

dF � F ^ A + A ^ F = 0

Under gauge transformations, the connection transforms as

A �! g�1dg + g�1A g

while the field strength two-form transforms in the adjoint representation of 
the gauge group

F �! g�1Fg

F = dA + A ^ A
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We want to investigate the properties of invariant polynomials of the 
form (                    )

• The polynomial is gauge invariant:

TrFn �! Tr
⇣
gFng�1

⌘
= TrFn

Fn ⌘ F^ n. . . ^F

• It is closed:

P (gFg�1) = P (F )

using the Bianchi identity dF � F ^ A + A ^ F = 0

dP (F ) = 0

dTrFn = nTr
⇣
FA Fn�1

⌘
� nTr

⇣
A Fn

⌘
= 0

dTrFn = Tr
⇣
dF ^ . . . ^ F

⌘
+ . . .+Tr

⇣
F ^ . . . ^ dF

⌘
= nTr

⇣
dFFn�1

⌘

dimM = 2m

cn,j 2 C
P (F ) =

X

n+jm

cn,j
⇣
TrFn

⌘j
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•                     is invariant under deformations of the connection

Let us consider a continuous family of connections joining       and       A1 A2

At = (1� t)A1 + tA2 (0  t  1)

At �! g�1dg + g�1Atg

Defining                                    we computeFt = dAt + At ^ At

Now we can use                                                      to write

@

@t
TrFn

t = nTr
⇣
ḞtF

n�1
t

⌘

Ḟt = d ˙At + ˙At ^ At + At ^ ˙At

Z

M2n

TrFn

A1

A2

t = 0

t = 1

@

@t
TrFn

t = nTr
⇣
d ˙AtF

n�1
t

⌘
+ nTr

⇣
˙AtAtF

n�1
t

⌘
+ nTr

⇣
At

˙AtF
n�1
t

⌘

= nTr
⇣
d ˙AtF

n�1
t

⌘
+ nTr

⇣
˙AtAtF

n�1
t

⌘
� nTr

⇣
˙AtF

n�1
t At

⌘
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•                     is invariant under deformations of the submanifold
Z
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We have seen how using invariant polynomials we can construct 
topological invariants both with respect to deformation of the gauge 
field and of the manifold.

We introduce two examples:

• Chern classes: given a U(n) gauge bundle, the total Chern class is 
defined as

c(F ) = det

✓
1 +

i

2⇡
F

◆

to write it in terms of invariant polynomials, we notice that since   is 
Hermitian [it lives in the algebra of U(n)], we can diagonalize it

F

i

2⇡
F =

0

B@
x1

. . .
xn

1

CA
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The total Chern class is written then as
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• Chern character: given again a U(n) gauge bundle, we define

ch(F ) = Tr exp

✓
i
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Formally expanding the exponential, we find the i-th Chern character
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Isadore Singer
(b. 1924)

Sir Michael Atiyah
(b. 1929)

Atiyah-Singer index theorem

Let be a vector bundle defined on an even-
dimensional flat manifold without 
boundary M.

The index of the Weyl operator                         is given by D± ⌘ iD/ (A )P±

indD
+

=
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M
[ch(F )]

vol

ch(F ) = Tr exp
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where

In particular, if             dimM = 2m
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M
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M
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(first version)
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Using the Atiyah-Singer index theorem, the axial anomaly in D = 2n is given by
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The axial anomaly in D = 2n has the following properties:
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• It is determined by the one-loop, (n +1)-gon diagram with one axial-
vector current and n vector currents

44 2 The Axial Anomaly

The right-hand side of this anomaly equation is in fact a total derivative, that can
be written as

µ

Jµ

A x A
1

4p

2 e

µnsl

µ

A
n s

A
l

2
3
A

n

A
s

A
l

. (2.133)

The term inside the bracket is the Chern-Simons form. The important thing is that
we see that the right-hand side contains terms with two and three gauge fields. This
means that, diagrammatically, the computation of the anomalous divergences of the
single axial-vector current requires not only the evaluation of the triangle diagram
(associated with the term with two gauge fields), but also the square diagram with
one axial-vector and three vector current insertions

permutations (2.134)

In fact, if we want to compute the anomaly using Feynman diagrams, the introduc-
tion of the square diagram does not mean much extra work. Its contribution is fixed
by the triangle diagram since the coefficient of the cubic term in the Chern-Simons
form is fully determined by gauge invariance.
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44 2 The Axial Anomaly

The right-hand side of this anomaly equation is in fact a total derivative, that can
be written as

µ

Jµ

A x A
1

4p

2 e

µnsl

µ

A
n s

A
l

2
3
A

n

A
s

A
l

. (2.133)

The term inside the bracket is the Chern-Simons form. The important thing is that
we see that the right-hand side contains terms with two and three gauge fields. This
means that, diagrammatically, the computation of the anomalous divergences of the
single axial-vector current requires not only the evaluation of the triangle diagram
(associated with the term with two gauge fields), but also the square diagram with
one axial-vector and three vector current insertions

permutations (2.134)

In fact, if we want to compute the anomaly using Feynman diagrams, the introduc-
tion of the square diagram does not mean much extra work. Its contribution is fixed
by the triangle diagram since the coefficient of the cubic term in the Chern-Simons
form is fully determined by gauge invariance.
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Á
lv

ar
ez

-G
au

m
é
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é
an

d
M

.
Á.
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The
term

inside
the

bracketisthe
Chern-Sim

onsform
.The

im
portantthing

isthat

weseethattheright-hand
sidecontainsterm

swith
two

and
threegaugefields.This

m
eansthat,diagram

m
atically,thecom

putation
oftheanom

alousdivergencesofthe

single
axial-vectorcurrentrequiresnotonly

the
evaluation

ofthe
triangle

diagram

(associated
with

the
term

with
two

gauge
fields),butalso

the
square

diagram
with

oneaxial-vectorand
threevectorcurrentinsertions

perm
utations

(2.134)

In
fact,ifwewantto

com
putetheanom

aly
using

Feynm
an

diagram
s,theintroduc-

tion
ofthesquarediagram

doesnotm
ean

m
uch

extrawork.Itscontribution
isfixed

by
thetrianglediagram

sincethecoefficientofthecubicterm
in

theChern-Sim
ons

form
isfully

determ
ined

by
gaugeinvariance.
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44 2 The Axial Anomaly

The right-hand side of this anomaly equation is in fact a total derivative, that can
be written as

µ

Jµ

A x A
1

4p

2 e

µnsl

µ

A
n s

A
l

2
3
A

n

A
s

A
l

. (2.133)

The term inside the bracket is the Chern-Simons form. The important thing is that
we see that the right-hand side contains terms with two and three gauge fields. This
means that, diagrammatically, the computation of the anomalous divergences of the
single axial-vector current requires not only the evaluation of the triangle diagram
(associated with the term with two gauge fields), but also the square diagram with
one axial-vector and three vector current insertions

permutations (2.134)

In fact, if we want to compute the anomaly using Feynman diagrams, the introduc-
tion of the square diagram does not mean much extra work. Its contribution is fixed
by the triangle diagram since the coefficient of the cubic term in the Chern-Simons
form is fully determined by gauge invariance.
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• The anomaly is exact at one loop.
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But remember that gravity also contributes to the axial anomaly…

On the 2n-dimensional Euclidean manifold, we 
have the freedom to choose an orthonormal 
basis of the tangent (and cotangent) space at 
each point independently

ea · eb = �abTM
x

:

TM⇤
x

: ✓a(eb) = �ab

These relations are left invariant by SO(2n) rotations of the frame. It is with 
respect to these transformations that Dirac spinors are defined:

{�a, �b} = �2�abI �a† = ��a

�ab =
i

4
[�a, �b]

 

0(x) = e

� i
2 ⇠ab(x)�

ab

 (x)
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General relativity can be seen as a SO(2n) gauge theory for the choice of 
local frames [⇒ SO(1,2n −1) in Lorentzian signature]

To define the notion of parallel transport along a curve γ(t) we introduce 
the one-form spin connection

rv = d (v) +
1

2
!ab(v)�

ab 

!ab

For a general field    transforming in some 
representation        of the local SO(2n) group, ⌃ab

�(x)

rv� = d�(v) +
1

2
!ab(v)⌃

ab�

In the case of a spinor, the representation is                                    and⌃ab ⌘ �ab =
i

4
[�a, �b]

rv� = 0
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In terms of the spin connection, the curvature two-form is defined by

Taking the exterior derivative

and using 

we arrive at the Bianchi identity

F = dA + A ^ A

dF � F ^ A + A ^ F = 0

Gauge theories Gravity

dRa
b � Ra

c ^ !c
b + !a

c ^ Rc
b = 0

dRa
b � Ra

c ^ !c
b + !a

c ^ Rc
b = 0

Ra
b = d!a

b + !a
c ^ !c

b

Ra
b = d!a

b + !a
c ^ !c

b

dRa
b = d!a

c ^ !c
b � !a

c ^ d!c
b

d!a
b = Ra

b � !a
c ^ !c

b
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The curvature two-form can be expressed in the basis of differentials

Ra
b =

1

2
Ra

b,µ⌫dx
µ ^ dx

⌫

Lorentz indices can be turned into Einstein ones by using the vielbein

which satisfy

�ab = e

µ
a (x)e ⌫

b (x)gµ⌫(x)

ea = e

µ
a (x)@µ @µ = e

a
µ (x)ea

In terms of the vielbein, the Einstein components of the curvature tensor are

Rµ
⌫,↵� = e µ

a e b
⌫ Ra

b,↵�

gµ⌫(x) = e

a
µ (x)e b

⌫ (x)⌘ab
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We can define invariant polynomials as we did with gauge theories

an,j 2 R

where the trace is over SO(2n) indices.

Given the transformation properties of         and 

! �! U�1dU + U�1!U R �! U�1R U

(Rn)ab = Ra
c1 ^ Rc1

c2 ^ . . . ^ Rcn�1

b

P (R) =
X

n+jm

an,j
⇣
TrRn

⌘j

!a
b Ra

b

• They are closed:

dP (R) = 0

• The integrals                    are topological invariants.
Z

M2m

TrRm

• The polynomials are invariant under SO(2n) transformations:

P (R) = P (U�1RU)
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The curvature two-form takes values in the Lie algebra of SO(2n), i.e. it is an 
antisymmetric matrix. To diagonalize it requires a complex transformation.

However, there exist real similarity transformations bringing the curvature to 
the form

• The first invariant polynomial we define is the Pontrjagin index

p(R) = det

✓
1 +

1

2⇡
R

◆

1

2⇡
R =

0

BBBBB@

0 x1

�x1 0
0 x2

�x2 0
. . .

1

CCCCCA
xi 2 R

then

p(R) =
nY

i=1

(1 + x

2
i ) = 1 +

nX

i=1

x

2
i +

nX

i<j

x

2
ix

2
j + . . .+

nY

i=1

x

2
i
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1

2⇡
R =

0

BBBBB@

0 x1

�x1 0
0 x2

�x2 0
. . .

1

CCCCCA

To write the Pontrjagin index in a more 
useful form, we notice

Tr

✓
1

2⇡
R

◆2k

= 2(�1)k
nX

i=1

x

2k
i

writing

p(R) = 1 + p1(R) + p2(R) + . . .+ pn(R)

with

p1(R) =
nX

i=1

x

2
i = � 1

8⇡2
TrR2

p2(R) =
nX

i<j

x

2
ix

2
j =

1

2

2

4
 

nX

i=1

x

2
i

!2

�
nX

i=1

x

4
i

3

5 =
1

128⇡4

h
(TrR2)2 � 2TrR4

i

…

pn(R) =
nY

i=1

x

2
i =

✓
1

2⇡

◆n

detR
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• The Â-genus (A-roof) is defined as

or using again Tr

✓
1

2⇡
R

◆2k

= 2(�1)k
nX

i=1

x

2k
i

b
A(M) =

nY

i=1

xi/2

sinh(xi/2)
= 1� 1

24

nY

i=1

x

2
i +

7

5760

nY

i=1

x

4
i + . . .

bA(M) = 1 +
1

(4⇡)2
1

12
TrR2 +

1

(4⇡)4


1

288
(TrR2)2 +

1

360
TrR4

�
+ . . .

• Euler class

e(M) =
nY

i=1

xi

E.g., in a four-dimensional manifold, this is the “square root” of p2(R)

p2(R) = e(M) ^ e(M)
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Isadore Singer
(b. 1924)

Sir Michael Atiyah
(b. 1929)

Atiyah-Singer index theorem

Let be a vector bundle defined on an even-
dimensional curved manifold without 
boundary M.

The index of the Weyl operator                         is given now in terms of the 
Chern class and the Â-genus as

D± ⌘ iD/ (A )P±

In four dimensions, the index has two contributions

(second version)

indD
+

=

Z

M
[ bA(M)ch(F )]

vol

indD+ = � 1

8⇡2

Z

M

⇣
TrF 2 +

r

12
TrR2

⌘
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Global anomalies
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So far, we have considered anomalies with respect to infinitesimal 
gauge transformations…

In compactified four-dimensional Euclidean space, gauge 
transformations are maps

g(x) : S4 �! G

Then, the topology of gauge transformations is classified by the fourth 
homotopy group of the gauge group, ⇡4(G )

For some “popular groups”, we have

⇡4[SU(2)] = Z2

⇡4[SU(3)] = 0

⇡4[U(1)] = 0

Thus, in the standard model, we can have transformations of SU(2) which 
are not contractible to the identity (they wrap once around the gauge 
group).
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“Large” gauge transformations are important. They are not taken care of 
by the Fadeev-Popov trick in the functional integral. E.g., for SU(2)

overcount by a factor of 2

Since the space of connections is contractible:

In the absence of chiral fermions this is harmless, since the factor cancel 
out in expectation values.

In the case of a Dirac fermion

No problem: the determinant of the Dirac operator can be defined 
unambiguously and the result is gauge invariant. 

Z =

Z
DA

µ

Z
D D e�

R
d

4
x( 1

4TrFµ⌫Fµ⌫+ iD/ )

Z
DA

µ

e�
1
4

R
d

4
xTrFµ⌫Fµ⌫

=

Z
DA

µ

det[iD/ (A )]e�
1
4

R
d

4
xTrFµ⌫Fµ⌫
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What about a SU(2) gauge theory with fundamental chiral fermions?
(Witten, 1982)

Let us decompose the Dirac fermion into two Weyl spinors

 =  + +  �

and write       in terms of a charge-conjugated spinor �

 =  + + (�+)
c

The Dirac action is now
Z

d

4
x iD/ =

Z
d

4
x

h
 +iD/ + + (�+)ciD/ (�+)

c
i

But since the fundamental representation of SU(2) is real we can drop 
the charge conjugation symbol

Z
d

4
x iD/ =

Z
d

4
x

⇣
 +iD/ + + �+iD/�+

⌘

Edward Witten,
(b. 1951)
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Z
d

4
x iD/ =

Z
d

4
x

⇣
 +iD/ + + �+iD/�+

⌘

Then, a Dirac fermion in the fundamental of SU(2) is equivalent to two 
positive chirality Weyl fermions.

As a consequence,

det(iD/ ) =

Z
D +D +

Z
D�+D�+ e

�
R
d

4
x

⇣
 +iD/ ++�+iD/�+

⌘

=

Z
D +D +e

�
R
d

4
x +iD/ +

Z
D�+D�+ e�

R
d

4
x�+iD/�+

and we arrive at
Z

D +D +e
�

R
d

4
x +iD/ + = ±[det iD/ ]

1
2
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There is an ambiguity in the sign of the square root but, can we fix it 
once and for all?

Let us take a gauge field for which the Dirac operator has no zero modes 
[in other words,                     ]. Then, the square root can be defined asdet(iD/ ) 6= 0

[det(iD/ )]
1
2 =

Y

�n>0

�n

�1

�2

��2

��1

��3

��4

�3

�4

Z
D +D +e

�
R
d

4
x +iD/ + = ±[det(iD/ )]

1
2

Remember: the eigenvalues of the Dirac operator are 
paired (λn,−λn)

Now we consider a family of connections 

A t
µ = (1� t)Aµ + tA U

µ
0  t  1

where      is a topologically nontrivial gauge transformation.U

How do the positive eigenvalues “move” with t?
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A t
µ = (1� t)Aµ + tA U

µ 0  t  1

Varying t induces a spectral flow of eigenvalues in which some may change 
sign:

t = 0 t = 1

If an odd number of positive eigenvalues change sign, then 

[det iD/ (A U )]
1
2 = �[det iD/ (A )]

1
2

[det iD/ (A U )]
1
2 =

Y

�n>0

�U
n[det iD/ (A )]

1
2 =

Y

�n>0

�n
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[det iD/ (A U )]
1
2 = �[det iD/ (A )]

1
2

This would be a disaster, since after integrating over all gauge fields, the 
correlation functions of any gauge invariant operators vanish!

and the theory become “empty”.

Z
DA

µ

det[iD/ (A )]
1
2 O1 . . .On

e�
1
4

R
d

4
xTrFµ⌫Fµ⌫

= 0

If the theory contains n SU(2) doublets, then the result of the fermionic 
integration is

det[iD/ (A )]
n
2

and the conclusion is avoided if n is even.
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But, is there really a global SU(2) anomaly?

⌧

Aµ

A U
µ

We study a five-dimensional problem on 
the cylinder       with an instanton-like 
configuration… S4

S4

S4 ⇥ R

… and define the Dirac operator

D/ (5) = �⌧ @

@⌧
+D/

The zero-mode equation is

D/ (5) = 0
@ 

@⌧
= ��⌧D/ 

The operators      and         have the same spectrum:�⌧D/D/

D/ n = �n n

where                      and {�⌧ , �µ} = 0

�⌧D/ (I� �⌧ ) n = ��n(I� �⌧ ) n

(�⌧ )2 = �I
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Now, we assume that gauge field               varies adiabatically with respect 
to ⌧

Aµ(x, ⌧)

 (x, ⌧) = F (⌧) ⌧ (x) where �

⌧
D/ ⌧ (x) = �(⌧) ⌧ (x)

@ 

@⌧
= ��⌧D/ 

@ 

@⌧
= ��⌧D/ 

In the adiabatic approximation, the zero-mode equation                 readsD/ (5) = 0

F 0(⌧) = ��(⌧)F (⌧)

and the zero-modes of the five-dimensional Dirac operator are

 (x, ⌧) = F (0) ⌧ (x) exp


�
Z ⌧

0
dt

0
�(t

0
)

�

F (⌧) = F (0) exp


�
Z ⌧

0
dt0�(t0)

�
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This mode is normalizable only if:

 (x, ⌧) = F (0) ⌧ (x) exp


�
Z ⌧

0
dt

0
�(t

0
)

�

�(⌧) > 0

�(⌧) < 0

for

for

⌧ �! 1

⌧ �! �1

With this adiabatic argument, we have shown that:

• The normalizable zero-modes of   are in one-to-one 
correspondence with the eigenvectors of            changing sign 
with the spectral flow.                          

D/ (5)

D/ (A )

The question now is:

How many zero-modes does           have?D/ (5)

mod 2 Atiyah-Singer index theorem
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×

The operator         is real and antisymmetric. Its eigenvalues are either zero 
or purely imaginary and come in complex conjugate pairs.

D/ (5)

×

×

×

×

×

×

×

Re�
Re�

Im�Im�

varying Aµ

The number or zero-modes changes with a pair of complex conjugate 
eigenvalues moves towards or away the real axis.

The number of zero-modes of         mod 2 is a topological invariant.D/ (5)
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The number (mod 2 ) of zero-modes of         can be computed using the 
mod 2 Atiyah-Singer index theorem for the gauge instanton-like
configuration:

D/ (5)

# of zero-modes of           = 1 (mod 2)D/ (5)

Thus, there is an odd number of eigenvalues of            changing sign as we
deform the connection from       to 

D/ (A )
Aµ A U

µ

[det iD/ (A U )]
1
2 = �[det iD/ (A )]

1
2

A theory with an odd number of chiral fermions transforming as 
doublets of SU(2) is anomalous!
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Fortunately, the standard model is safe!

✓
e
⌫e

◆

L

✓
µ
⌫µ

◆

L

✓
⌧
⌫⌧

◆

L

✓
u
d

◆

L

✓
t
b

◆

L

✓
c
s

◆

L

)
6 SU(2)L doublets

Both leptons and quarks are required to cancel the anomaly!

The MSSM is also safe due to the second Higgsino doublet 
 
eh0
1
eh�
1

!

L

)
 
eh+
2

eh0
2

!

L

+ 2 SU(2)L doublets
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An index theorem computation 
of the gauge anomaly
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We have managed to reformulate the problem of computing the axial anomaly 
into the calculation of the index of the Dirac-Weyl operator 

Let us try to do the same for the gauge anomaly in the simplest case of a 
chiral theory with a single right-handed Weyl spinor with gauge group G

We begin by computing the one-loop fermionic effective action in Euclidean 
space

e

��[A ]
=

Z
D D exp


�
Z

d

4
x iD/ (A )P+ 

�

D+ ⌘ D/ (A )P+

The gauge anomaly is given by the gauge variation of the effective action

�↵�[A ] = �
Z

d

4
x↵(x)DµhJµ

R(x)iA
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To find the origin of the anomaly, let us consider the fermion in a complex 
representation     of the gauge group. R

This theory is anomalous

�↵�R[A ] 6= 0

The same happens if the fermion is in the complex conjugate representation R

�R[A ] = �R[A ]⇤ �↵�R[A ] 6= 0

The theory with two fermions in the representations   and   is, however, 
anomaly free 

R R

�↵�R�R[A ] = 0�R�R[A ] = �R[A ] + �R[A ]

Thus, only the imaginary part of the effective action is anomalous

�↵
⇣
Re�R[A ]

⌘
= 0 �↵

⇣
Im�R[A ]

⌘
6= 0
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Being naive, we would just write

�[A ] = log detD+

e

��[A ]
=

Z
D D exp


�
Z

d

4
x iD/ (A )P+ 

�

The problem is that this determinant does not exist…

The identity

�5D+ ⌘ �5D/ (A )P+ = �D/ (A )�5P+ = �D/ (A )P+ = �D+

shows that       maps positive chirality into negative chirality spinorsD+

D+ : S+ ⌦ E �! S� ⌦ E E = gauge bundle

Since it is not an endomorphism, there is no eigenvalue problem and the 
determinant cannot be defined.

D+ = D/P+(                 )
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@/� ⌘ @/P�(                   )

Instead, we work with a different operator 

bD :
⇣
S+ � S�

⌘
⌦ E �!

⇣
S+ � S�

⌘
⌦ E

where

bD =

✓
0 @/�
D+ 0

◆

This operator has a well-defined eigenvalue problem and the 
determinant can be computed.

This modification of the Weyl operator does not affect the anomaly, since 
does not couple to the gauge field

Its modulus is gauge invariant

| det bD|2 = det bD det bD† = det
⇣
@/+@/�

⌘
det

⇣
D+D�

⌘
= det

⇣
@/+@/�

⌘
detD/

�[A ] = � log det

bD(A )

Re�[A ] = � log | det bD(A )|

D/ =

✓
0 D�
D+ 0

◆
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Let us compactify our 2n-dimensional Euclidean space

R2n [ {1} �! S2n

and consider a one-parameter family of gauge 
transformations

Towards a topological interpretation of the gauge anomaly

g(x, ✓) 2 G g(x, 0) = g(x, 2⇡) = I

This defines a family of gauge transformations

A ✓ = g(x, ✓)�1(d+ A )g(x, ✓)

The transformation of                  is 

| det bD(A ✓)| = | det bD(A )|

det bD(A )

where       is a reference connection such that            has no zero modes.A D/ (A )

det bD(A ✓) = | det bD(A )|eiw(✓,A ) =
p
detD/ (A ) eiw(✓,A )

(Álvarez-Gaumé & Ginsparg 1984)

Luis Álvarez-Gaumé
(b. 1955)

Paul Ginsparg
(b. 1955)
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The phase of the determinant defines a map

eiw(✓,A ) : S1 �! S1

classified by its winding number

det bD(A ✓) =
p

detD/ (A ) eiw(✓,A )

The anomaly is then given by the variation of the phase

�↵�[A ] = �i�✓
@

@✓
w(✓,A )

Thus, the anomaly is given by the winding number density!

The gauge anomaly admits a topological interpretation.

m =
1

2⇡

Z 2⇡

0
d✓

@

@✓
w(✓,A ) 2 Z

�[A ] = � log det

bD(A )
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×

A
✓

t

Is the winding number related with some kind of index theorem?

Let us consider the following connection defined 
on the manifold S2n ⇥D

D
A t,✓(x) = tA ✓(x) = g(x, ✓)�1[d+ A (x)]g(x, ✓)

with               .t 2 [0, 1]

By hypothesis,                 does not vanish at          . 
However, it may vanish at various points in the 
interior of     

det bD(A ) t = 1

D

A t,✓(x) = tA ✓(x)
�

��

t = 0 t = 1

The vanishing of                 occurs when a pair
of eigenvalues of the Dirac operator crosses zero.

det bD(A )

×

is not a gauge transformation!
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We can define an extension of the Dirac operator to the interior of the disk. 
Introducing the (D+2)-dimensional gauge field

aC(x, ✓, t) = (A ✓,t
µ , 0, 0)

the new Dirac operator takes the form

D/ (a) =
2n+2X

C=1

�C(@C + aC)

where

�µ = �1 ⌦ �µ

�2n+1 = �2 ⌦ �µ

�2n+2 = �1 ⌦ �5

and

�5 = �3 ⌦ I

C = 1, . . . , D + 2
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The total winding number of the phase of             is the sum of the 
winding numbers of the vanishing eigenvalues.

m =
X

i

mi

It can be shown (long calculation) that the zero modes of                 are in
one-to-one correspondence with the zeroes of 

detD/ 2n(A
✓,t)

where 

mi = ±1

detD/ 2n(A
✓,t)

and moreover,      equals the chirality of the corresponding zero mode of the 
(2n+2)-dimensional Dirac operator 

mi

D/ 2n+2(a)

1

2⇡

Z 2⇡

0
d✓

@

@✓
w(✓,A ) = indD/ 2n+2(a)

D/ 2n+2(a)
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However, the Atiyah-Singer index theorem is not applicable because our 
manifold has a boundary!

We have two options:

• Use the Atiyah-Patodi-Singer index theorem (valid for manifold 
with boundary).

• Set the boundary conditions by gluing two 
disks together to define the Dirac operator on 
the closed manifold

[S2n ⇥D+] [ [S2n ⇥D�] �! S2n ⇥ S2

nontrivial transition
functions on S2n ⇥ S1

D+

D�

1

2⇡

Z 2⇡

0
d✓

@

@✓
w(✓,A ) = indD/ 2n+2(a)

a+

a�
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D+

D�

Take the connection on the upper hemisphere 
to be (                 )

while in the lower hemisphere we have

At the hemisphere t = s = 1, both connections are related by a gauge 
transformation

The field strength is given by

d✓ ⌘ d✓@✓
a+

a�

a+(x, ✓, t) = tg(x, ✓)�1
d✓g(x, ✓) + A t,✓(x)

a�(x, ✓, s) = A (x)

a+(x, ✓, 1) = g(x, ✓)�1
d✓g(x, ✓) + g(x, ✓)�1

dg(x, ✓) + g(x, ✓)�1a�(x)g(x, ✓)

f+ = (d+ d✓ + dt)a
+ + a+ ^ a+

f� = (d+ d✓ + dt)a
� + a� ^ a�
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We can apply now the Atiyah-Singer index theorem to the Dirac operator in 
S2n ⇥ S2

The integral has to be computed as

Locally,               is exact and on each hemisphere we have

and using Gauß’ theorem, the integral gives in terms of the Chern-Simons 
form

indD/
2n+2

(a) =

Z

S2n⇥S2

[ch(f)]
vol

=
1

(n+ 1)!

✓
i

2⇡

◆n+1

Z

S2n⇥S2

Tr fn+1

Z

S2n⇥S2

Tr fm+1 =

Z

S2n⇥D+

Tr (f+)m+1 +

Z

S2n⇥D�

Tr (f�)m+1

Tr fn+1 = dQ2n+1

Tr fn+1

Z

S2n⇥S2

Tr fm+1 =

Z

S2n⇥S1

Q2n+1(a
+, f+)

���
t=1

�
Z

S2n⇥S1

Q2n+1(a
�, f�)

���
s=1
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We should recall that 

so we are only interested in those terms proportional to dθ. Taking into 
account that

1

2⇡

Z 2⇡

0
d✓

@

@✓
w(✓,A ) = indD/ 2n+2

“Russian” formula

a� = A

a+ = A ✓ + g�1d✓g ⌘ A ✓ + bv f+(A ✓ + bv) = f+(A ✓) ⌘ F ✓

indD/ 2n+2 =
1

(n+ 1)!

✓
i

2⇡

◆n+1 Z

S2n⇥S1

Q2n+1(A
✓ + bv,F ✓)

indD/ 2n+2 =
1

(n+ 1)!

✓
i

2⇡

◆n+1 Z

S2n⇥S1

Q2n+1(a
+, f+)

���
t=1

�
Z

S2n⇥S1

Q2n+1(A ,F )

�

indD/ 2n+2 =
1

(n+ 1)!

✓
i

2⇡

◆n+1 Z

S2n⇥S1

Q2n+1(a
+, f+)

���
t=1

�
Z

S2n⇥S1

Q2n+1(a
�, f�)

���
s=1

�
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indD/ =
1

(n+ 1)!

✓
i

2⇡

◆n+1 Z

S2n⇥S1

Q2n+1(A
✓ + bv,F ✓)

From here we conclude

1

2⇡

Z 2⇡

0
d✓

@

@✓
w(✓,A ) = indD/ 2n+2

id✓w(✓,A ) =
in+2

(2⇡)n(n+ 1)!

Z

S2n

Q1
2n+1(A

✓ + bv,F ✓)

where                               is the part of the Chern-Simons form linear in Q1
2n+1(A

✓ + bv,F ✓) bv

At the end of the calculation we can set            and                 .✓ = 0 g(0, x) = I

Thus, the gauge anomaly in D=2n can be recast as the axial anomaly 
for a Dirac operator in D=2n+2 
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We have reached the end of the course…

There are a number of things we did not have time to discuss. For 
example:

• Gravitational anomalies in D = 2, 6, and 10.

• Covariant vs. consistent anomalies.

• Wess-Zumino terms.

Green-Schwarz cancellation mechanism

• Other advanced topics (parity anomaly, anomalies on the lattice, 
anomaly inflow, etc.)
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Thank you


