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Plan of the course

* Anomalies: general aspects

* The axial anomaly: a case study.

* Gauge anomalies

* Gravitational anomalies

* Anomalies and phenomenology:
O Pion decay

O Anomaly cancellation and model building

O Nonperturbative physics from anomalies. Anomaly matching
* Functional methods
* Anomalies and topology

* Advanced topics (Green-Schwarz mechanism, anomaly inflow...)
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What is an anomaly?
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In certain situations, some symmetries/invariances of the classical theory can be
incompatible with the quantization procedure

-

In those cases we say the theory has an ANOMALY, or that the symmetry/
invariance is ANOMALOUS.

The obvious example is scale invariance. E.g.

— 4 1 p _14
S_/da;<2@¢a¢ 0 )

Is classically invariant under scale transformations
ot — Ext,

d(r) = & d(§ ).

The physics is the same at all scales.
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Upon quantization, however, we have divergences to deal with. For example,
P1 pP3  Pi p3  Pi1 P4
p2 ps D2 ps P2 p3

The regularization of the integrals introduces an energy scale that leads to a
running of the coupling:

Apo)

= 1 - 1637r3)\(ﬂo) log (ﬁ)

This quantum breaking of scale invariance is encoded in the beta function

3N’

BN = 1672
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Upon quantization, however, we have divergences to deal with. For example,
P1 pP3  Pi p3  Pi1 P4
p2 ps D2 ps P2 p3

The regularization of the integrals introduces an energy scale that leads to a
running of the coupling:

AHo)
L= 525 A (o) log (£)

Alp) =

This quantum breaking of scale invariance is encoded in the beta function
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Scale anomaly: a quantum
mechanical toy model
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We illustrate scale anomaly with a quantum mechanical example:

L et us take the Hamiltonian

p’
H=—+V
ong V)

where the potential is a homogeneous function of degree —2

V(r) = A2V (1)

The EOM
. OH . 0H
r = %, p = "
are invariant under
t — At
r — Ar,
p — M'p
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In particular we consider the 2D potential:

remember:
V(r) = a6®(r) 5 (wr) = 150 (1)
The Schrodinger equation reads
92 + @@ ()(0) = L yr) (12K = 2MFE)
2M 2M
that we solve in momentum space:
—(p? — k) (p) = —av(r = 0)
2M
1
w(i)(p) — (27)25(2)(1) Fk) — 2Ma¢(i)(r =0) p2 — k2 F je
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We transform back to position space

d2p e—ip-r/h
(2m)2 p? — k2 — e

Y (r) = e — 2May™®(0) /

To obtain the spectrum of the theory, we set r=0 to obtain the consistency
condition

d*p 1
(2m)2 p? — k2 — i€

W9(0) = 1~ 221au4(0) [

However, the integral is divergent. Using a hard momentum cutoff

/d2p 1 1 M pdp B ilo _A_2
2m)2p2—k2—ie 21 ), pP—kZ—ie  Am S\

we have

1

L+ 252 log (— 3375

pi(0) =
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With this we have a solution of the Schrodinger equation

Cen 1 d2p 6—ip~r/ﬁ
¢(+)(r) = e T/ 1 A2h2) / (

ﬁ + ;- log (_QME 2m)? p* — k? —ie

The integral can be solved in terms of Hankel functions as

/ d2p e—ip-r/h B EH(l) @
2r)2p2 —k2—ie 40 \h

Using its asymptotic expansion for large arguments

2 . XS
B () | Lot

mz

we have (as |r| — o)
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Let us now compare our result

. 1
b (1) ~ e/ j

() (p) ~ eikr/h el T 9
Y (r) T f(0)
WVe identify the scattering function as
1 1
f(@) - = 1

Two important features:

® |tis independent of the angle (only s-wave scattering).

¢ |t depends on the (unphysical) cutoff.
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To deal with the second problem, we notice that the scattering function

1 1

) = — 272
1o V 21k ﬁ T %log (_$MEE)

has a pole for negative energy

A2h? o [at this point, sending A — 00

by = — oy €0 S 0. requires o — 07 ]

Thus, the theory has a single bound state and we can trade the cutoff A by
the observable quantity E

27 1
HO) =17 o ,
log (2M|E |) — T

We have renormalized the theory!
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We define the scattering function in terms of the phase shifts

v o - ind
:—ZE e
/) V2ork

n=——oo

Using our result for f(0),

lkg(h%2)+i 27.2

The phase shift depends on the particle energy, hence...

-

Scale invariance is broken!
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What is going on here!

Classically, the spectrum is scale invariant:
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Quantum mechanically, scale invariance is broken by the presence of the
bound state:

E

A
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Quantum mechanically, scale invariance is broken by the presence of the
bound state:
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We have an energy scale that is quantum-mechanically generated. (e.g. as in
QCD)
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Quantum mechanically, scale invariance is broken by the presence of the
bound state:

E E
A A
..... E
................. 12 ; ﬁ this bound state is a quantum
.............................. mechanical affair!
............................................................... E A 27 O
e 0= — eMe < U.
e e 2M
.............. 4
g
e 0T Ey
.............................................................. >t 2
o

We have an energy scale that is quantum-mechanically generated. (e.g. as in
QCD)

M.A.Vazquez-Mozo Introduction to Anomalies in QFT PhD Course, Universidad Auténoma de Madrid



A second example is the 3D Hamiltonian

2

P 8%
H=->"— 4 —

oM

For the attractive case (0 <0) the potential overcomes the centrifugal barrier
for

1 2

and the spectrum becomes continuous and unbounded from below

-

The Hamiltonian is not self-adjoint!
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To define the theory we regularize the Hamiltonian near r=0, e.g.

(
% r| > a

V(r) =«

\OO rN<a

Renormalizing the parameters of the solution, leads in the @ = 0 again to a
bound state and the breaking of scale invariance.

[see e.g. Coon & Holstein,Am.]. Phys. 70 (2002) 513]

The physics of these toy models is similar to dimensional transmutation
in QCD

Ny
1 a a v ol
Sqcp = /d4x _ZFWF H +ZQ i Q7
f=1

' quantization

Aqcp
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Anomalies: the good and the bad
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Whether anomalies are bad or good depends on what symmetries/invariances
they affect:

® They are harmless and even useful when they affect
global (non gauge) symmetries

O Scale invariance ==l asymptotic freedom

O Chiral symmetry we——— ) —s 2y

Their presence can be also used to extract honpeturbative information
about the theory (anomaly matching)
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® They are potentially disastrous when they affect gauge
symmetries

O Gauge anomalies

O Gravitational anomalies

These types of anomalies should be cancelled at all cost, otherwise the
theory becomes sick (e.g. nonunitary)

The conditions for anomaly cancellations can be useful for phenomenology (e.g.
constraints on the spectrum)
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The axial anomaly
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The symmetries of QED: a reminder

The QED action

SqQED = /d% [_i W' + (i —m) — e Ay

is invariant under global U(|)v transformations of the fermion field
V(x) — e"P(x), ¥(x) — e YP(z), with a€eR
leading to the conservation equation
=" = 9,Jy=0

This symmetry can be promoted to U(l) gauge invariance

() — ey (), Au(@) — Au(z) +dua(z)
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We can also allow a second type of axial global transformations of the
fermion field:

b(x) — PBY(x),  Px) — P(x)eP>,  with 3R

where

V5 =~y Yy

This is not a symmetry of the action, due to the mass term. If we define the
axial-vector current

J K — @7“%@0
it satisfies

au Jﬁ = Qim@’yﬂb. (pseudovector-pseudoscalar equivalence)

Axial global symmetry is recovered in the massless limit m — 0
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At the level of the scattering amplitudes, conservations equations give rise to
Ward identities.

In the case of QED, a general amplitude in momentum space has the structure

APr P @15 Gm) = €u(P1) - €un(Pr)en (@) - €0, (Gm)”
W TRV (g
Invariance under gauge transformations
en(p) — €u(p) + Ay

leads to the gauge Ward identity

p’uir...m...m...l/m (pk§ QE) — () = qyirm...um...m...(pk; (]E)-

Or more generally, (0,J\;(y)O1(z1)...On(xy)) =0 with O;(z) gauge invariant
operators.
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What about the axial-vector current?

We study a Dirac fermion coupled to an external gauge field 7, ()

Sint = —e/d4x J(x).2),(x)

and compute

/D??DDE Jh (x)eifd%[(i"/’ —m)p—e o,

(Jy(2))er = — —
/prw ezfd‘lx[w(z@ —m)gb—e,]\/jg{u]

Expanding in perturbation theory in the coupling constant,

i)y = —ic / d'y (0T[4 (x).J2 ()] |0) a (v)

= 5 [t O K 00 R 10) el o) +
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We look at the first term

(O[T (0) T (y — 2)][0) = / (;ZWZ;4F“O‘(k)eik.(x—y)

and diagrammatically:

T (k) = ka

/ 0 i i
= € I
err " P mtie f—F—m i

Our aim is to compute its contribution to the axial-vector Ward identity

(O T(@)) o = 7 — i, T (k) = ?
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To compute the integral

(k) = /d% Tr (+* L i
! ) = ¢ e\ T e

we use some Diracology

Tr (157%9") = Tr (157%9"7%) = 0, Tr (357"7"y*") = —4iet”

to find

die (
T (k) = —diee"Pk s .
TR e ﬁ/ (2m)* (2 — m? +ie)[({ — k)2 — m2 + ic]

Due to the antisymmetry of ¢,.q.3 the amplitude satisfy both the vector
and axial-vector Ward identities

kT (k) =0 = kil (k).
Moreover, by Lorentz invariance :['"" =0
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To find any anomaly, we have to go to the hext order. Going to momentum
space

TR0 T Kla0) = [ G5 [ i g gpeern,

the conservation equation is

T @) = 5 [ 'yt (n)et* w2

d*p d*q . RTIPR
’ / (2@4/ 2m)i P + @)"iT s (p, q)e™ W) Hia v2ma),

The calculation involves now two triangle diagrams:

il pas(ps @) =(p + )" Y +{@+tq* 3

q° q°
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Applying the Feynman rules of QED, we have

iL s )—GQ/CHTr i / :
paoS P, q — (27T)4 g_m+26/yﬂf>/5‘¢_ﬁ_¢_m_|_2676¢_z§—m_l_lefya
p<q
" (&%ﬁ)'

so we only need to compute the integrals...
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Applying the Feynman rules of QED, we have

AL )—62/d4€T1” : : :
pafn 4 = Crt \I—mtic " —p—d—mtic J—p—mtic®
P4
i ( a > [ ) '
so we only need to compute the integrals...

) -

These integrals are linearly divergent!!
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Interlude: linearly divergent integrals
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Let us begin with the simplest one-dimensional case:

1= [ drff@+o- @)

— 00

If the function f{(x) is integrable on R we conclude that 7(£) =0.

Let us however assume that for large |x| has one of the two behaviors:

f(z) ~ 1 (logarithmically divergent integral)
T
f(z) ~ constant (linearly divergent integral)

expanding the integrand around x

1= [ de | P 5@+

we arrive at: [(§) = g/z dx f'(z) = f[f(oo) — f(—oo)]
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Thus, for linearly divergent integrals:

/Z dz|f(x +€) = f(2)] = f(o0) = f(=00) £ 0.

Shifting the integration variable changes the value of a linearly divergent
integral!

Something similar happens in four dimensions

1) = [ a1+ 9 - o)

To make sense of the integral, we perform a Wick
rotation into Euclidean space

1O =i [ g [+ 9 - )]
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If the integral is linearly divergent its asymptotic behavior is:

v
f”(ﬁE) ~ Ci_f as ME‘ — OO
E

Expanding the integrand

O =i [ [+ o) - it

(2m)*
[ dMg _ O f* 1 0og OfH _
— 1 @ + =& + ...
/ (2m)* : OlE e ¢ ¢ o000, o

Again, only the first term contributes. Applying Gaul3’ theorem

; ) iC o g
1) = fomi [ 0 l) = fogta [ A0
5o E
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The remaining integral can be done using asymptotic rotational
invariance

00 1 T
A0 E~E __ T Sho ] 3\ — Sk

With this, we got

/ (% e~ (0] = e

Very important: remember the origin of the constant C

7
f”(fE) ~ Cﬁ_f as ME‘ — OO
E

Thus, the ambiguity only depends on the large momentum behavior of
the integrand (i.e., it doesn’t depend on the masses of the particles running in
the loop!)
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Back to the axial anomaly...
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Remember that applying the Feynman rules of QED, we had obtained

d4€ . . .
iThap(p,q) = € / Tr s : —g e
(27)4 f—m + i€ f—p—qg—m-+ic "f—p—m+ie

p<q
L (20

What is the relevance of the previous discussion!?

{+p e ¢ e
Y! F Y({—p
t—q S~ t=p—q S~

The value of the triangle diagram depends on how we parametrize the
loop momentum!
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d4£ . . .
iFMaﬁ (p7 Q) — 62/ TI' : . /Y,ufy5 : . /YB : — Vo
(2m)4 {—m + ie f—p—qg—m-+iec "§—p—m-+ie

p<q
* ( o<+ 3 ) '
We start with the first term in the computation of (p + ¢)"il',o5(p, q) :

(

]wwm”*:T[¢1m+%@+¢”v b—d—m+ic J—p—m+ic |

To reduce the expression, we use the trivial identity

Ptd=(—m) = (¢ —p—d+m)+2m

and write

[—F—d-m T p—g-mric fomtic"
i .

—mtic f—p—q—m+ic

@+ 4)7s

f—m + i€

+ 2m
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The integrand takes the form

) )
]oz f, ’ — T . . o
560, ) ! r(W—yﬁ—q—mﬂew—;ﬁ—mﬂﬂ)

T 0 i
— 4Tr o .
%ﬂ—zzﬁ—m%—iev ﬂ—m%—ze%

(4 ( (4
2m'T a
oema (g—m+z‘ﬂ5¢—¢—gj—m+@'ew—¢—m+zﬂ )
and integrate the result over the loop momentum

. , [ di , [ di
(p+ @il uap(p, q) = € (27T)4la5(€,p, q) +e (2ﬂ)41,3a(€, q,p)-
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The integrand takes the form

) )
]oz f, ’ — T . . o
560, ) ! r(W—]ﬁ—q—mﬂew—ﬁ—mﬂﬂ>

T 0 i
— 4Tr o .
%ﬂ—gzﬁ—??z%—ieV ﬂ—m%—ze%

+@m+ie%ﬂﬁgm+i6%£¢n£b

and integrate the result over the loop momentum

. , [ di , [ di
(p+ @il yap(p,q) = e (2ﬂ)4laﬁ(€,p, q) +e (27_‘_)41504(67 q,p)-

The last term is the one-loop contribution to 2im(¢y57)

il (p,q) = ><v + % X = 2mys
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d*l 1 )
e _ . 9
(p—i_Q) ZFMaﬁ(p7Q) e /(27_‘_)4Tr (fyf)g_ﬁ_g_m_|_7/€f>/5‘¢_¢_m_|_zefya

i 7
_%ﬂ—ﬁ—mntiefyﬁﬂ—erie%‘)

,2/ v . i i
— e r o :
(2m)4 %ﬂ—yﬁ—eriefy ﬂ—m+ze,yﬁ
1 1
B —mtic f—f—mtic”

) + 2mila5(p, q)

and reducing the propagators:

’ui _ 62 d4€ eaﬁav(g — P — Q)U(€ o p)v
P+ @V iluospa) = 4 / (2m)" { (C—p—q)? —m?+id[({ — p)2 — m? + i€
B Eaﬁm/(g _ q)agv \>
(0 — q)? — m? + i€](£? — m? + i€) |

, d4¢ €apov (L — p)7L”
+ 4e / (21 { (0 — p)%2 — m? + ie| (2 — m? + ie)

€apor(l —p—q)° (L —q)" |
[ =p—q)? = m? +id[(f — q)* —m? + ic] } +2milas(p, q).
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N oy [ dY €agor({ —p —q)7 (L — p)”
P+ @) iluaspra) = de /(2@4{w—p—q)z—m2+zej[<z—p)2—m2+ie]

N\

€a5m/(€ - Q>a€V L
(0 — q)%2 — m? + i€] (2 — m? + ie) |

, [ dM €apov(l — )7L
e / (27) { (0 —p)? — m? + i€] (12 — m? + ie)

€apov(t =P —q)7(L —q)" |
(£ =p—q)* —m? +ie][({ — q)* —m? + ie] } + 2milas(p, )

The two integrals are linearly divergent and have the structure

d*l C
/ (2m)* {fﬂ(ﬂg) - fu(g)} BT
remember
with , "
T f(ts) ~ O
gu — q,u —

respectively.
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We find the result

P
. i€ . .
(p+ q)ilap(p,q) = 1z CapovP’q + 2mil o5(p, q).

The axial Ward identity is violated in the limit m — 0.

-

The axial-vector symmetry is anomalous!

But not so fast... what happens with the vector current!

d? 2 ? ?
o _ 2
D ZFuaﬂ(pacD — € /(27()4TI’ (g_m_|_l'€fy'ufy5¢_}é—g—m+ievﬁﬂ—}ﬁ—m—|—i€¢>

R e e e e e e e
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o 9 d*/ ? G i
plruaﬁ(pacﬁ = € /(QW)zLTr (g_m_kiefy’[%g_ﬁ—g—m{—iefyﬁﬂ—}é—m—l—ie;’b)

» [ i i i
e / 2m) (g—mﬂ'ﬂ”%/—;ﬁ—g—mﬂ'e@—g—mﬂe”ﬁ)
Using the identities

po= (f-—m)-(—-p-—m) po= —U—=p—g-m)+{§—¢d-—m)

we have

d*/ i ?
4T, — 4e? T
pt uB(PaQ) e /(277)4 L (%75¢_¢—q—m+ie%£—;é—m+ie

[ (}
- ”V“”V5¢—g—m+¢ew—m+z‘e>

— 2'62/ I Ir : :
2rd  \ M T T Tt de P —m e

1 1
B ’Ww—]zs—g—mﬂ‘ew—mﬂe)'
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o 9 d*/ ? G i
plruaﬁ(pacﬁ = € /(QW)zLTr (g_m_kiefy’[%g_ﬁ—g—m{—iefyﬁﬂ—}é—m—l—ie;’b)

* 62/(%4Tr (%—m+i67“75¢—¢—¢i—m+i€¢¢—¢—m“’e%)

Using the identities

po= (f-—m)-(—-p-—m) po= —U—=p—g-m)+{§—¢d-—m)

we have

d*/ i ?
4T, — 4e? T
pt uB(PaQ) e /(277)4 L (%75¢_¢—q—m+ie%£—;é—m+ie

1 7
B w%ﬂ—g—m—l—iewﬂ—m—l—ie>

R / a i
Y A E N ey {—m+ic
) i ) (no shift required)

ijffﬂ7¢:g_n%+k%7_n%+k
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The remaining integral
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has again the structure

[ o+ - o] = gen

with
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The computation shows that the gauge Ward identity is violated!

o 7:62 oV
P ZF,uozB(pv Q) — _@Euﬁm/p q
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The computation shows that the gauge Ward identity is violated!

o 7:62 oV
P ZF,uozB(pv Q) — _@Euﬁm/p q

But remember the ambiguity in parametrizing the loop momentum. It seems
we made the wrong choice...

Changing the parametrization
o — 0P+ apt + Bg"
introduces a change in the amplitude

iruaﬁ (p7 Q) — irﬂaﬁ (p7 q) + A/MXB (&7 6)

Can we select o and ff so the vector Ward identity is enforced?
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Luckily, we don’t have to redo the whole computation! Imposing:
® Parity
® Lorentz invariance

® Bose symmetry

and remembering that the ambiguity does not depend on masses, we
only have one possibility for the change in the amplitude

-2

(&

iLyas(P: @) — Lyas(P: @) + o5 a€uage (P — @)

o

where a = a(a, B)
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Using now our results for the triangle diagrams

2

P+ 0 Tpas0:0) = (1= @)easnp®a” +2miTas(p,0),
O L
Thus, the physically correct choice is to take a = —1 for which
p*iluas(p,q) = 0,
0+ 0 iTpas(0.0) = geasontd” + 2milas(p.0)

The axial-vector current is anomalous!

It is important that there is ho value of a for which both Ward identities are
satisfied simultaneously.
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In our calculation we did not commit to any particular regularization
method (in fact, we didn’t have to), only to the preservation of gauge

invariance.

The result for the axial anomaly can be obtained computing the triangle
diagram using any regularization method that preserves gauge invariance:

e.g.
® Pauli-Villars (see Bertlmann)
® Dimensional regularization, but beware of ys (see Peskin & Schroeder)
® Point-splitting (wait and see)

® Dispersion relations (see Bertlmann)
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Transforming the result back to position space,

Oul A () er

(
2

</

d*p
(2m)*

/ d*y1d ya o (y1) P (y2)

[

(2m)*

(p + @)"iT as(p, q)eP Wi—o)tia (=),

we arrive at the celebrated Adler-Bell-Jackiw anomaly

Jack Steinberger
(b. 1921)

Julian Schwinger
(1918-1994)
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Steven Adler
(b. 1939)

John S. Bell
(1928-1990)

Roman Jackiw
(b. 1939)
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