Shedding light on our calculation
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Why didn’t we have to commit to any particular regularization?

The amplitude I',,,3(p, q) should satisfy a number of condition:

® Parity: begin parity odd, it should contain an €,,,3 tensor

e Poincaré invariance: it should be a rank-three tensor depending
only on p and ¢

This forces the following general structure for the amplitude

Luas(,4) = [1€uapod” + fo€uaped” + f 3€ua0Apﬁpan
fi = fi(p,q)

—

+ f4€,ucm>\QBpaq>\ =+ f5€,u50)\pozpaq)\

o, A o, A\ o, A
- fGGMBJ)\QOzp q- T+ f7€aﬁa)\pup q- -+ fSEQBaAqu q
where f; are scalar functions of the momenta. Moreover, using
CaBoAWy + €8 W - CorpaWp - ExpapfWos + CuaBoW) — 07

we can absorb f7 and fg into the other f’s.
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iLpoap(Py @) = f1€u0p0D” + [2€0ap09" + fSGMQUApoUqA

+ f4€,uaa)\QBpaq>\ T f5€uﬁaxpap0QA T f6€u5m\q@pan
e Bose symmetry: it should satisfy il 050, ¢) = il,54(q,p)

This imposes the following conditions on the coefficients

fl(p7Q) — _fQ(QJp)7 f3(p7Q) — _fG(Q7p)7 f4(p7Q> — _f5(Q7p>°

Let’s do a bit of dimensional analysis:

1] = [fo] = E°
[iruaﬁ] — B R T
fil=...= fel = B2

By power counting, fi and /> are logarithmically divergent integrals while
f3,...,feare convergent integrals.
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irﬂaﬂ (p7 Q) — fleuozﬁapa - fQEALCVﬁUqU - f3€ua0>\pﬁpaq}\

- f4€,uoza)\QBpaq>\ -+ f5€,uﬁa)\pozp0q>\ - fGGMBU)\QapJq)\

All ambiguities in the amplitude are confined to the coefficients f; and f>.

Next we look at the contractions

pY il ap(pq) = (fz —p’fs—p- qfa)eugaaq“p",
¢"1Tas(p,q) = (f1 — ¢ fi—p- qfs)ewﬁaqﬁp?
(p + Q)Miruaﬁ(pa Q) — ( _ fl + f2> Eaﬁa)\qapA°

Imposing the vector (gauge) Ward identities

pair,uaﬁ (pa Q) = 0= qﬁir,uozﬁ (p7 Q)
completely fixes the ambiguous integrals in terms of finite ones

fip,q) = ¢ fa(p,q) — p- qf3(p,q)
fo(p,q) =0 f5(p,q0) — p- ¢ f6(p, q)
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Using these identities, the axial anomaly is given by
(p + Q)Mir,uozﬁ(pa Q) — [p2f5 — q2f4 + p - q(_f3 + fG)} Eozﬁa)\qapA

With these general considerations we learn a number of things:

e All ambiguities in the triangle diagram are codified in hominally
logarithmically divergent integrals.

® These are completely fixed by requiring the conservation of
the gauge current.

® Once this is done, the axial anomaly is given by finite integrals.
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Using these identities, the axial anomaly is given by
(p + Q)Mir,uozﬁ(pa Q) — [p2f5 — q2f4 + p - q(_f3 + fG)} Eozﬁa)\qap)\

With these general considerations we learn a number of things:

e All ambiguities in the triangle diagram are codified in hominally
logarithmically divergent integrals.

® These are comp why logarithmically divergent? of

the gauge curr Y d4 g p
fﬂ

Y u _
| aoilrero-ro]=e | 55 5 y

® Once this is done, \ / Q

NOQS) NO@)
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Using these identities, the axial anomaly is given by
(p + Q)Mir,uozﬁ(pa Q) — [p2f5 — q2f4 + p - q(_f3 + fG)} Eozﬁa)\qapA

With these general considerations we learn a number of things:

e All ambiguities in the triangle diagram are codified in hominally
logarithmically divergent integrals.

® These are completely fixed by requiring the conservation of
the gauge current.

® Once this is done, the axial anomaly is given by finite integrals.
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An alternative procedure
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The anomaly can be reobtained using a point-splitting regularization of the
axial-vector current composite operator

€

B c | x+e/2 )
Jp (T)reg = (x T 5) VY5 (w - 5) €Xp ZeCL/ p Yo (Y)

where ¢ € R and €* satisfies € > 0

Under a gauge transformation

Y (x — E) — eio‘(m_g)w (:1: — E)

2 2
P(e+5) = e (a4 5) T4 (@)reg — eVl )=o)l g (2),

qu(y) — %u(y) + éﬁﬂe(y)

The regularization is gauge invariant only for a = 1
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i x+e/2
_ € € . e
J7(T)reg = U (aj + 5) yH s (az — 5) exp zea/ Ay (y)
i xr—e/2
We compute now its divergence
o € p _. r+e/2 1
O (R Y ) e [ e
r—e/2
_ €\ o € B zte/2 7
+ 1 (:z: + 5) Y50, (:13 — 5) exp |iea /:B_e/2 dy, (y)
_ c € [ x+e/2 i
+ iet (:z: + —) Y51 (x — —) ad,, dyo T (y)
2 2 r—e/2
x+e€/2
X exp {iea/ dyagszfo‘(y)}
r—e/2

and use the fermion EOM

O = myp — e,y
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€

aﬁb’]K(x)reg — %m[E'%Mreg — ie@ (CU + %) Y51 (37 — 5)

ot (v §) -t (e g) -t [ wron

x+€/2
X exp z'ea/ Ay (y)

—e/2

Identifying J\ (2)e; and expanding to first order in € we have

0 T (2)reg = 20m[P75%]veg — 1T () rege® (aa% — au iy + .. )

and now compute its vacuum expectation value

Op (S (%)reg) or = 2im<[@75¢]reg>% — ie€™ (J (T)reg) o (804=qu — a0, Po + .. )

M.A.Vazquez-Mozo Introduction to Anomalies in QFT PhD Course, Universidad Autonoma de Madrid



€

aﬁb’]K(x)reg — %m[E'%Mreg — ie@ (CU + %) Y51 (37 — 5)

ot (v §) -t (e g) -t [ wron

x+€/2
X exp z'ea/ Ay (y)

—e/2

Identifying J\ (2)e; and expanding to first order in € we have

0y T (1) reg = 20m[0y5 W] reg — 1% (2)rege® (aa% —(@P, A + .. )

and now compute its vacuum expectation value

au<JK($)reg>~<zf — 2im<[@75¢]reg>% — i€€a<ﬁ]ﬁ($)reg>% (804=qu _WQ%O& + .. )
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Next, we evaluate (J (%)reg) o

— €

iahehr = (0 (a4 5) v (2 5))eww iea [ dynsro

e (T [ (24 5) e (2= 5)])

=1 {32 (T [0 (= §) T (24 5)]) )

€ €

-t (e ),

where the propagator can be computed diagrammatically as:

G, y)e = > + o
X

+ S + ...
X Yy T Yy XL

Y Y
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G(x,y)d — > + —<—> + >
X

+ S ...
T Y T Y XL

Y Y

We look at the term linear in the gauge field:

d*p / dq ( 0 i ) o
<> = 1€ fy/i e AT UD€ 7 q
e ;U_|_§ /(27‘(’)4 (27‘(‘)4 ﬁ_|_%¢_m Zj_%q_m ,U( )

2

With this we go back to

Op (T (T)reg) s = 2im<[@%¢]1‘eg>d — ie€* (JL(T)reg) o7 (aoz@%u — a0y Ao+ .. )

and

(Jy(x)) oy = —Tr [7“%(} (x — —, T+ —)d] exp |iea [Ex+€/2 Ay (y)

—e/2
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G(x,y)d — > + —<—> + >
X

+ S ...
T Y T Y XL

Y Y

We look at the term linear in the gauge field:

et Fey e e e e R R G

With this we go back to

6M<JK($)reg>d — 2im<[@%¢]1‘eg>£f - iﬁ(x)reg>d (aoz@%u — a0y o + .. )

and
€ € i x+€/2 1
(Jy(x)) ey = —Tx [w“%G (m — —,x+ —) ] exp iea/ dyo o *(y)
2 2/ o r—e/2
Furthermore, we use
eXeP € — _@'aﬂeip'e mmmm=  integration by parts
Pa
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_ T _ ¢ € _
Tr [e Y5 G (w 2,aj+ 2)3%]
d*q g / dp . 0O ( i )
_ 9T oy ipe_Z Ty 1/
[ e ) [ e gt (Mg v P

o0 P

. o/ TH — — i E) }:
lim € (J (T)reg) s = — lim Tr {6 7 75G( 27 2)

B 1€
1672

VT F, (1)

With this result we return to the regularized anomaly
Op (T (T)reg) s = 273m<@75¢]reg>d — ie€* (JL(T)reg) o7 (@xdu — a0y Ao+ .. )
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With this result we return to the regularized anomaly
Op (T (T)reg) s = 2im<[¥75¢]reg>d — ie€* (JL(T)reg) o7 (aadu — a0y Ao+ .. )
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Op (I (T)reg)er = 27;m<m75¢]reg>d — ie€* (S} (T)reg) o7 (aa@{u — a0y Ao = .. )

1€

lim € (J4 () reg) o " F ()

e—0 - 167’(’2

Using the simple identity

1
ehavo (aa% _ aau%) = (1 + a)e"¥Py.of, = g = eHove g

we arrive at the result

62

li_r)r(l) O (JN (X )reg) or = 2im li_r)rg)([@%w]reg}ﬂ | 393 (1 + a)euuaﬁgwgaﬁ
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2
] . . — € vo
lim 0, (J& (%)reg) oz = 2im 21_T>I(1)<W75¢]reg>d + 3972 (14 a)e Py, Fap

e—0

We can repeat the same calculation for the vector current

r+e/2

whose divergence is given by

1 0, ()t = =g (1 — ) 2, T
Thus, we have arrived at the result:
For a =1 For a = —1
We recover the AB] anomaly and The axial-vector current is conserved
the vector current is conserved but gauge invariance is broken.
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Quantum corrections
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What about higher loops!?

The AB] anomaly is a one-loop result. Is it corrected by higher loop diagrams!?

E.g.
V:S — <v — + ...

These diagrams contain five fermion propagator. The integration over the
fermion loop momentum

5

d*v
J 4H£—I—Al—|—zs

is convergent. The remaining loops can be handled using a gauge invariant
regulator; for example
1 A’

AS = 12 d4xFW FAY O —i— Guv(p) ~ —
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This heuristic argument can be made more precise.

P q

% %

Consider a generic topology contributing ( o )
to the divergence of the axial-vector
current:

L—-1

, d*0, v
K il s (D, Q)L-loop — /H (2W)4F&5)(T1, ey T2 D, Q)
a=1
u
d4€ 2n b—1 Z Y Y5
T —iey™
X /(271_)4; T{ E( 1e7y )¢+7(j_m:| ﬂ

o l . ?
X (—iey b)¢+7(b_m@kufyu75¢+%_k_m

: {H (‘Wj)aw—k—m”

j=b+1
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L—1

Ay o) A &
kML s (s C])L—loop — /H (2#)4FO‘B (71, -+, T2n; D, Q)/ (27)* ZTI
b=1

a=1

1_‘|1:<_i6fyaj)¢_|_7(j . m:|

J:

. . 2n .
© o~ b ¢ Y l —qo~%i ¢ .
SRt UL gy lell( R Ey = fm} }
We simplify this expression using,

s = (f+ 1 — m)vs + v (f + 7 — k —m) + 2m;

to write
o B N
Cf—m Sk —m i fe—m =k —m
l (
[+f—m" Pl —F—m
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L—1 2n

_ dt, / d*l
kML s (s C])L—loop — / H (27T)4Fg;)(7“17 s Tons P, Q)/ (27)* Z 1r {
b=1

a=1

H<_i€’yaj)¢_|_7(j - m:|

j=1

— e~ ! m G 1 —iey™ i '
< (—iey )¢+Vb—mw+7b—k—m Llll( ! )%#j%m}}

We simplify this expression using,

kvs = W+ 1 —m)ys +UN- 1 — £ —m) + 2mys
to write

! 1k, ~AF !
ﬂ%—%—m W W5£—|—7(b—]€—m

ﬂ—l—#b.—m\_/ﬂ%—#b.—k—m

[+f—m" Pl —F-—m
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Thus, the result has the structure;

kML pap (0, Q)L—loop = 2mil4s(p, Q)L-loop + Aus(p; q).

The relevant term contributing to A,3(p,q) is

and most terms cancel
—tr {(ieyal)ﬂwf —— 5 :ﬁ(ievo‘ﬂ)hm ka — 75 :ﬁ(ie’yaj)ng%jikm:
+ f[l —iey™ £+z%j-m: 5 :ﬁ)(m%)ﬂﬂ‘j j%_m_
- (—z‘evo‘l)wﬁf — :ﬁ(ievaj)£+74j j J m +"':>
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Thus, the result has the structure;

kML pap (0, Q)L—loop = 2mil4s(p, Q)L-loop + Aus(p; q).

The relevant term contributing to A,3(p,q) is

R e e e
and most terms cancel
- {(ieva”w _— e km o :ﬁ(m%)"f whod .
+ :Jf[l(iev%)%#j m Y5 :ﬁ)(ie”y%)%% jk—m_
— (Fiey™) i_ i :;2 =1ey" )£+74j %m t }
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The only surviving terms are

o { H(_m%)%%j “ | T H(_m%)ﬂ— yi—k—m }

Lj=1 . | j=1 _

Hence, the final result for the anomalous piece is:

Aaﬁ(p7Q) — _/H (d27f)4Fg;/)(r1w--7T2n§p7Q)
dA/ 2n | [ 2n o ; 2n : ]
X /(277)4 ;Tr {175 _jlj[l(—zev )¢+7(j - jl_[(—zefy )¢+% ;é—m_ }

For n > 1 we can shift the integration momentum and cancel the termes.

-

The ABJ anomaly does not receive quantum corrections

(Adler-Bardeen theorem)

Steven Adler William A. Bardeen
(b. 1939) (b. 1941)
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UV or IR?
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On general grounds, the anomaly is understood as a fundamental
incompatibility between the classical symmetry and the regularization
procedure.

The symmetry is anomalous because the breaking introduced by the
regularization cannot be subtracted by a local counterterm added to the
action.

From this point of view the anomaly can be regarded as a UV effect.

But there is also an IR side...
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Let us look at the on=shell amplitude

(0]TX(0)|p, @)er = T+ (p, ). (p) 5 ()

p?=q*=0

P

where p"<7,(p) = 0.We recall,

iruaﬁ (p, Q) — fle,uaﬂapg + fQE,LLaBaqU + f3€,uoza)\pﬂpaq>\
T f4€,uoz0>\QBpaq>\ - f5€,u/5’a)\pozpaq>\ - f6€,U/ﬁO')\QOépo-q>\

and due to the on-shell condition
filp,q) = fi(p- q) (symmetric in p and g)

and from Bose symmetry f1 = —f2, f3 = —fe,and fa = —J5.

Vector current conservation further implies:
fa=p°fs—p-afs =0
2 e f1(p,q) = p-qf3(p,q)
fi—q¢fa—p-qfs =0
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The amplitude is then given only in terms of f3(p, q) and f4(p, q)

L uas(p, q) = f3(p,q) [p 4 €uapo (D7 — 47) + €uaoapD" ¢ — %Mq&paqx}

p?=q?=0

+ f4(p7 Q) (E,Lbaa)\QB — e,uﬁa)\pa)pan
Due to p.«/,(p) = 0, the term with f4(p, ¢) does not contribute to the amplitude.
Using as well

D G€napol” = €aBorPul’ Q@ + €18oaPal’ T + €raoalsl 1,

p - qeuaﬁaqa — eaﬁaAQ,upan + E,uﬁaAQozpan + EuozaAQBpan'

the amplitude takes the form:

P

(0]J4(0)|p, @) oz = i(p + Q)" f3(p, @)eaporp® & *(p) ' (q)
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The amplitude is then given only in terms of f3(p, q) and f4(p, q)

L uas(p, q) = f3(p,q) [p 4 €uapo (D7 — 47) + €uaoapD" ¢ — %Mq&paqx}

p?=q?=0

+ f4(p7 Q) (E,Lbaa)\QB — e,uﬁa)\pa)pan

Due to p.«/,(p) = 0, the term with f4(p, ¢) does not contribute to the amplitude.

Using as well €aBorWy + €8oruWa + EcruaWs + ExpasWo + €uapoWx = 0
o o\ o\ oA\
—P " q4€uap0P —  €aporPulP 4 + €puporPal 4 + €pacAPsP 4 ,
p - qe,uozﬁaqa — eaﬁaAQ,upan + E,uﬁaAQozpan + 6,&0&0’)\Q5p0-q>\‘

the amplitude takes the form:

P

(0]J4(0)|p, @) oz = i(p + Q)" f3(p, @)eaporp® & *(p) ' (q)
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(014 (0)[p, @) or = i(p + @)* f3 (D, Q) eaporp’ ¢ (p) /" (q)

The function f3(p, ¢) can be computed from Feynman diagrams

- 9 1 1—=x

e Ty
fs(p,q) = —/ d:v/ dy
™ Jo 0 2ryp - ¢ — m?

If we take a naive massless limit,

, ie? 1
fnlzlgO fs(p,q) = 272 (p + q)?
and we find
e? (p+q)" Sa () TP
. L _ o )\ (87 5
T}LII_I>10<O’JA(O)‘}?, q>d — o2 (p_|_q)2 CaBoAP { 4 (p)th (Q)

At the level of the current, the anomaly is signalled by a massless pole!
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Thus, the anomaly has two faces:

* When looking at the divergence of the current, it comes associated with
ambiguities in the UV behavior of the integrals. Fixing them forces us to give
up the axial-vector symmetry in favor of gauge invariance.

* When looking at the current itself, it is signaled by the appearance of a
massless pole (i.e., an IR effect)
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In fact, being careful, we should have written the result for the amplitude as

62 (p_I_Q)M N o T
— e’ (0) P (q).
92 (p+q)2 +Z.€€ BoAP (g (10) (CI)

- i _
Tim (0].74(0)[p. 4).r =

The reason is that the integration over y in

- 9 1 1l—=x
e Y
f3(p,q) = —/ dﬂ?/ dy
( ) T2 0 0 Qxyp'q—mQ

produces a logarithm and an imaginary part

Im f3(p,q) #0 for (p+q)° >4m’

when m — 0 the real part develops a pole and the imaginary part a delta-
function singularity whose coefficient is the anomaly

62

lim Im I#ef (p,q) = —GO‘BUAPUQA (p + q)“5((p + 9)2)

m—0 2T
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In fact, being careful, we should have written the result for the amplitude as

62 (p_I_Q)M N o T
— e’ (0) P (q).
92 (p+q)2 +Z.€€ BoAP (g (P) (CI)

- i _
Tim (0].74(0)[p. 4).r =

The reason is that the integration over y in

- 9 1 1l—=x
e Ty
f3(p,q) = ﬁfo dﬂ?/o dy 5————

produces a logarithm and an imaginary part

1 1
— =PV— —ind(x)
Im f3(p,q) #0 for (p+ T + 1€ T

when m — 0 the real part develops a pole andthe imaginary part a delta-
function singularity whose coefficient is the anomaly

62

lim Im I#ef (p,q) = —GO‘BUAPUQA (p + q)“5((p + 9)2)

m—0 2T
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This discontinuity in the imaginary part of the amplitude can be understood
physically.

Let us use the Cutkosky rules:

ImI'**?(p, q) ~ <‘ + -{{}i

where, e.g.
I
: ~ /
N S < X A
e \W
fermion-antifermion fermion-antifermion
creation by J) annihilation (2 diagrams)
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This discontinuity in the imaginary part of the amplitude can be understood
physically.

Let us use the Cutkosky rules:

ImI'**?(p, q) ~ <l + -{{}i

where, e.g.
<l - )-(T

fm T (p, @) (b, M)es( 22) ~ 37 [ [ @%b (b Avit alks i s 03

01,02

Xout (K1, 01; Ko, 02| J%(0)]0)i,
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Im Pﬂaﬁ(p7 q)ea(pv Al)eﬁ(qv )\2) ~ Z /dSkl /d3k2 out <p7 )\17 q, )\2“{17 01, k27 02>in

01,02

X out (K1, 01; Ko, 02| J%(0)]|0)i

The first important thing is to invoke the Landau-Yang theorem: no state
of spin-one can decay into two on-shell photons.

Thus, the fermion-antifermion system should have zero spin. This means that

in the center of mass frame they have the same helicities

01 =09 =0
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We begin with the pair creation by the axial-vector current:
out <k17 g, k27 U‘JZ(O) ‘O>in ~ @(kly O-)/YM/VSU(k% O-)

In the massless limit, the helicity turns into * chirality

1 . 1
lim u(p, £=) = us(p) lim v(p, i§> = v=(p)

m—0 9 m—0

Thus, using

U (ko) y5us (k) = 0
we find

lim out<k17 0, kz, U‘JZ(O)‘O%H =0

m—0
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We turn now to the annihilation of the two fermions

out<p7 A1; 4, )\2\1{1705 k270>in = —€2€u(Pa )\1)€u(k, )\2)

_ V(L —p+m)y |V (f2 — ¢+ m)y”
<tk 0) (k1 —p)? —m? " (k2 —q)* —m? ulles, o)

Using now that
Ux (ko) v "7 us(k) = 0
we conclude that the second amplitude also vanish in the massless limit
T}Liinoout<pa)\1§qv A2lki, 05k, 0)in =0

Thus, we would find that the amplitude approaches zero with the mass

Im T+ (p, q) ~ 0
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out <p7 )\17 q, )\2“{17 g, k27 0>in — _€2€M(pa >\1)€1/(k7 )\2) /W

=P+ m)y” (ke — g+ m)y” A
= pP = (kg —m2 |07 N

X@(kg, O')

But not so fast...

In the massless limit, on-shell fermions can emit collinear on-shell photons, and
the intermediate state can fall on-shell.

The denominator then vanishes and we have an indeterminate limit.

That is why, being more careful we obtained:

Im T+ (p, ¢) ~ (anomaly) x § ((p + Q)2)

Thus, the anomaly appears as an IR discontinuity of the imaginary part of
the amplitude.

Interestingly, this imaginary part in unambiguous.
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A two-dimensional excursion:
the Schwinger model
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To keep things simple, we consider a massless Dirac fermion in |+
dimensions, and compactify the spatial direction to a circle of length L.

We consider the following representation of the Dirac matrices

o_ (01 (01
P10 ) T TET 410

with the chirality matrix given by
1 O
Vs = fyOfyl ( 0 1 )

Decomposing the Dirac fermion into its VWeyl components ¢ = ( u+ ) the Dirac
equation reads -

((90 — 81>U+ = O, ((90 + 81)u_ =0

chirality is linked to
the direction of motion

Uy = up (2’ + '), u_ = u_(2" — ')

N—— N——

left-mover right-mover
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the wave function for free fermions are

1 .
U:(tE)(iEO + 371) _ _e—zE(:BOiwl) with F = Fp

V'L

and since the spatial direction is compatified, the momentum is quantized:

2T
= —, - Z
p 7 n
the spectrum is:
E E
A A
S > .
p p
vV, V_
(positive chirality, left movers) (negative chirality, right movers)
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To quantize the Dirac fermion, we construct firts the ground state of the
theory by filling all negative energy states (Dirac sea)

E

A

and expand:

us(@) = 3 lax(Bp (@) + b (B)ol? ()]

E>0

L chieal
a+(E):annihilates a fermion with £>0and p = FE / (£ chirality)
T

bl (F) : creates an antifermion with E>0and p=<£F

where,

(i.e., annihilates a fermion with £ < 0 and p = + E)
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We look now at the classical symmetries of our theory

L =iul (0y+ )us +iu' (9y — 0y)u_

Vector U(I):

b — e

R T

whose associated Noether current is

Jy =yt
Axial U(I):

W — PP
with

Th = s

M.A.Vazquez-Mozo

I T

e T

Introduction to Anomalies in QFT

Ur — e “uL

%= (

Uy — €

J\ =

(

f f

u1u+—kuiu_
—U Uy T U_U_

+1

f f

u1u+——uiu_
—uluy —u_u_
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the corresponding conserved charges are

L L
QV — / d.flfl J{)/ — / dCIZ'l (’U,E_U+ —+ UT_U_)
0 0

L L
Qa = / dz' Jy = / dz' (uiujL — u]t_u_)
0 0

Using the orthogonality relations of the wave functions

L
/ dx! vf) ()" fuf )(CC) = 0p g
0
(E)

we find nele) = 3 an(B)u (z) + (BN (2)"

(fermions minus

Qv = Z [aL(E)ajL(E) - bJ—rF(E)bJr(E) +al (E)a-(E) - i (£)b- (E)} antifermions)

(“net” number of

Qn = 3 (LB (B) ~ B (ED(E) ~ al (Ba—(E) + BL(ED- ()| +rve minus v
chirality states
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In the free theory, both charges are conserved... but what about switching an
external electrical field?

We do it adiabatically. In the &7" = 0 gauge

a1

The effect of this external field on the fermions is shifting the momentum by
p—p— e’

Adiabaticity allows to treat the system at each instant as “time independent” (no
transitions).
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p%p—eszfl

The shift have different effects on the states on each branch of the spectrum:

E=p S T E=p—ed’ (it “sinks™)

E=—p e S S T E=—p+ed! (it “raises”

N
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A number of negative chirality empty states
become “holes” (negative chirality antifermions),

while some occupied negative energy states with \ /

positive chirality get positive energy (positive
chirality fermions) &

o

* p
The external field creates pairs of +’ve chirality
fermions and —‘ve chirality antifermions!
But, how many pairs!?
. . L
N — shift in the spectrum _ eé 1o ; N = el
spectrum gap 21/ L 27

This preserves the vector charge:

Qvig) = (N-0)+((0—-N)=0
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A number of negative chirality empty states
become “holes” (negative chirality antifermions),

while some occupied negative energy states with \ /

positive chirality get positive energy (positive
chirality fermions) &

o

* p
The external field creates pairs of +’ve chirality
fermions and —‘ve chirality antifermions!
But, how many pairs!?
. . L
N — shift in the spectrum _ eé 1o ; N = el
spectrum gap 21/ L 27

But changes the axial charge:

Qa(r)) = (N—-0)—(0—N)=2N
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Qa(ro) = (N—-0)—(0—N)=2N N = %eéam

We have found that, in the presence of an external electric field, there is a
violation in the conservation of the axial current.

Its rate of variation is

QA _ QA(TO) _ ELég,

TO T

This implies a violation in the conservation of the axial current

which gives the value of the axial anomaly in the Schwinger model:

6 14
Ol A () or = o= T ()
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The anomaly in the massless Schwinger model has surprising
consequences...

In fact, in two dimensions the vector and axial-vector currents are closely
related.

Y5 = =7 s Vs = €
Hence,
Jy(z) = eIy, ()
Thus the anomaly can be recast in terms of the vector current as

e €
" 0, (v (T))or = %e“”ﬁzﬂy(aﬁ) — ;e“”(‘?ﬂ@%y(m)
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0T (@) = o€ T (1) =~ 0, (@)

In addition, the vector current has to satisfy the Maxwell equations

Ou T (1) = —e( T (1)) oy e Ol () — 0¥ 0,0 () = —e( T (x))ur

Defining the pseudoscalar field .7* = Z¢,, F" = ewap% the two equations
combine into:
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What is this mode? Let’s remember than in two dimensions, a vector can be
decomposed as

A,u — oM -+ Euyayr],

Due to the interaction with the fermions, the pseudoscalar mode acquires a
mass.

The 2D Dirac fermion works like a “technifermion” which produces a
massive photon.

Unfortunately, this only works in 2D!
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What is this mode? Let’s remember than in two dimensions, a vector can be
decomposed as

pure gauge pseudoscalar

Due to the interaction with the fermions, the pseudoscalar mode acquires a
mass.

The 2D Dirac fermion works like a “technifermion” which produces a
massive photon.

Unfortunately, this only works in 2D!
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The Dirac-sea picture of the anomaly in the Schwinger model underlines its IR
character

The anomaly it is determined by a number of states crossing the £ =0
Fermi level
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